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Abstract

This thesis develops graph projection techniques for designing fast graph algorithms. Many classical
graph-algorithmic techniques simplify a problem by replacing the input graph with a structurally
simpler graph on essentially the same vertex set. Examples include tree embeddings, decompositions,
spanners, sparsifiers, and shortcut constructions. This thesis develops a different viewpoint: expanding
the graph. We construct a larger auxiliary graph G’ = (V’, E’) together with a many-to-one projection
map 7 : V' — V U{L}. The key insight is that, although G’ is larger, it can have a much simpler
structure than the original graph. This allows us to solve problems faster after lifting them to G’,
and then project the solution back to G. Using this perspective, we obtain new techniques that
break long-standing bounds in graph algorithms.

First, we develop DAG projection, which projects a DAG G’ to an input directed graph G while
preserving distance, flow, and cut information. This allows many distance-, flow-, and cut-related
problems on general directed graphs to be reduced to corresponding problems on DAGs. In particular,
it gives a black-box reduction from minimum-cost flow on general graphs to minimum-cost flow
on DAGs, with only a subpolynomial loss in running time. As a consequence, we obtain the first
almost-linear-time combinatorial algorithm for minimum-cost flow on dense graphs, giving the first
combinatorial improvement over the Goldberg—Tarjan algorithm from 1987.

Second, we develop path cover, which projects from a directed graph G’ whose strongly connected
components have small diameter to an input directed graph G while covering all short paths. This
serves as a deterministic counterpart to the powerful low-diameter decomposition paradigm and
leads to the first deterministic near-linear-time algorithm for negative-weight shortest paths, giving
the first deterministic combinatorial improvement since Goldberg’s algorithm in 1995.

Third, we propose common-neighborhood clustering, which projects a union of graphs in
which pairs of vertices share many common neighbors to an input graph G. This leads to the first
deterministic algorithm for global minimum vertex cut that closes the gap between deterministic
and randomized time complexities, answering an open question posed by Gabow in 2006, and yields
new results for vertex connectivity in parallel and distributed computing.

Finally, we study Steiner shortcuts, which project a shallow graph G’ to the input graph G
while preserving distance, flow, and cut information. We show how the viewpoint of “expanding the
graph” has the potential to circumvent the classical barrier for good-quality shortcuts on general
directed graphs, and discuss its broader consequences.

Altogether, these results show that expanding a graph into a larger but more structured object

can be a powerful algorithmic principle.
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Zusammenfassung

Diese Dissertation entwickelt Graphprojektions-Techniken zum Entwurf schneller Graphalgorith-
men. Viele klassische graphalgorithmische Techniken vereinfachen ein Problem, indem sie den
Eingabegraphen durch einen strukturell einfacheren Graphen auf im Wesentlichen derselben Knoten-
menge ersetzen. Beispiele hierfiir sind Baumeinbettungen, Zerlegungen, Spanner, Sparsifizierer und
Shortcut-Konstruktionen. Diese Dissertation entwickelt eine andere Sichtweise: die Erweiterung
des Graphen. Wir konstruieren einen grofleren Hilfsgraphen G’ = (V' E’) zusammen mit einer
viele-zu-eins-Projektionsabbildung 7 : V/ — V U L. Die zentrale Einsicht ist, dass G’, obwohl er
grofler ist, eine deutlich einfachere Struktur als der urspriingliche Graph haben kann. Dies erlaubt es
uns, Probleme schneller zu losen, nachdem wir sie auf G’ gehoben haben, und die Losung anschliefSend
zurlick auf G zu projizieren. Aus dieser Perspektive erhalten wir neue Techniken, die langjéhrige
Schranken in Graphalgorithmen durchbrechen.

Zunachst entwickeln wir die DAG-Projektion, die einen DAG G’ auf einen Eingabegraphen G
projiziert und dabei Distanz-, Fluss- und Schnittinformationen erhélt. Dadurch kénnen viele distanz-,
fluss- und schnittbezogene Probleme auf allgemeinen gerichteten Graphen auf entsprechende Probleme
auf DAGs reduziert werden. Insbesondere ergibt sich daraus eine Black-Box-Reduktion von Min-
Cost-Flow auf allgemeinen Graphen auf Min-Cost-Flow auf DAGs, mit nur einem subpolynomiellen
Verlust in der Laufzeit. Als Konsequenz erhalten wir den ersten kombinatorischen Algorithmus in
nahezu linearer Zeit fir Min-Cost-Flow auf dichten Graphen und damit die erste kombinatorische
Verbesserung gegeniiber dem Goldberg—Tarjan-Algorithmus von 1987.

Zweitens entwickeln wir Path Cover, das von einem gerichteten Graphen G’, dessen stark
zusammenhéngende Komponenten kleinen Durchmesser haben, auf einen Eingabegraphen G projiziert
und dabei alle kurzen Pfade abdeckt. Dies dient als deterministisches Gegenstiick zum méchtigen
Paradigma der Low-Diameter Decomposition und fiithrt zum ersten deterministischen Algorithmus in
nahezu linearer Zeit fiir kiirzeste Wege mit negativen Kantengewichten, was die erste deterministische
kombinatorische Verbesserung seit Goldbergs Algorithmus von 1995 darstellt.

Drittens schlagen wir Common-Neighborhood Clustering vor, das eine Vereinigung von
Graphen, in denen Knotenpaare viele gemeinsame Nachbarn haben, auf einen Eingabegraphen
G projiziert. Dies fiihrt zum ersten deterministischen Algorithmus fiir den globalen minimalen
Knotenschnitt, der die Liicke zwischen deterministischen und randomisierten Zeitkomplexitaten
schlie3t, beantwortet eine von Gabow 2006 gestellte offene Frage und liefert neue Ergebnisse fiir
Knotenzusammenhang in parallelem und verteiltem Rechnen.

Schlieflich untersuchen wir Steiner-Shortcuts, die einen flachen Graphen G’ auf den Eingabegraphen
G projizieren und dabei Distanz-, Fluss- und Schnittinformationen erhalten. Wir zeigen, wie die
Sichtweise der , Erweiterung des Graphen“ das Potenzial hat, die klassische Barriere fiir Shortcuts

guter Qualitdt auf allgemeinen gerichteten Graphen zu umgehen, und diskutieren ihre weiterreichen-



den Konsequenzen.
Zusammen zeigen diese Ergebnisse, dass die Erweiterung eines Graphen zu einem grofleren, aber

stiarker strukturierten Objekt ein wirkungsvolles algorithmisches Prinzip sein kann.
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CHAPTER 1

Introduction

Mathematics often advances by replacing a complicated object with a simpler one that preserves
the structure of interest. A matrix may be understood through its spectrum or a low-rank approxi-
mation; a high-dimensional dataset through a lower-dimensional representation; a graph through
an embedding or sparsifier. Such simplifications, often viewed as forms of compression, have driven
major breakthroughs across theory and practice.

This thesis explores a complementary direction. Instead of compressing an object into a smaller
representation, we may lift it to a larger but more structured auxiliary object, solve the problem
there, and then project the solution back. This lift-and-project perspective appears in several forms
across mathematics and theoretical computer science; see, e.g., resolution of singularities [HirG4a;
Hir64b], graph lifts and covering graphs [ALMO02], and extended formulations [KSZ20]. However, it
has remained underexplored in algorithm design.

This thesis explores the lift-and-project perspective in fast graph algorithms. We develop new
structural tools for graphs that are difficult to obtain from the classical compression viewpoint
alone. These tools lead to new algorithms breaking several barriers for fundamental graph problems,
including minimum-cost flow, negative-weight shortest paths, and minimum vertex cuts. More
broadly, this thesis suggests that the lift-and-project perspective deserves greater attention in
algorithm design and that it has the potential to become as influential as the compression-based
viewpoint that has shaped algorithms over the past decades.

Below, we explain the precise meaning of this perspective in graphs and then briefly discuss the

specific tools and their applications.

Lift-and-project perspective in graphs. Given an input graph G = (V, E), we construct
a structurally simpler graph G’ = (V', E’) together with a projection map = : V' — V U {L}.
Equivalently, each vertex v € V may have multiple representatives in G’, namely the vertices in
7~ 1(v). We call these vertices the lifts of v. Nodes in V' that are mapped to L are called Steiner
vertices; they do not correspond to any node in V. See Figure 1.1 and Figure 1.2 for illustrations.
Many classical graph techniques can be interpreted as special cases of this viewpoint in which
the projection is one-to-one, and hence |V’| = |V|. For example, a tree embedding constructs a
random tree G’ such that the distance between every pair of vertices u,v in G’ approximately
preserves the distance between the corresponding vertices 7(u), 7(v) in the input graph G (details
in Section 2.3). Another example is low-diameter decomposition, where G’ is a disjoint union of
small diameter components on the same vertex set as G that preserves every short paths (details in

Section Section 4.3). Other examples include spanners [Alt+93], sparsifiers [ST11], and expander
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w(a1) =m(az2) =a, w(b1) =w(b2) =b, =(c1)=m(c2)=c

Figure 1.1: A graph projection where the directed cycle G is lifted to a directed path G’. The path
unfolds the cycle while preserving all directed paths in the cycle. For example, the path ¢ —a — b
in GG is preserved as ¢; — as — by in G'. One can verify that every directed path in G is preserved
in a similar way.

decompositions [SW19].
In contrast to the one-to-one mapping, this thesis explores the power of expanding the vertex set:
a vertex of G may correspond to multiple vertices in G’, and G’ may also contain additional Steiner

vertices. We highlight the following techniques and applications developed from this viewpoint.

DAG projection (Chapter 2). In DAG projection, the graph G’ is a directed acyclic graph
(DAG) that approximately preserves distances, cuts, and flow information in the original graph
G. DAG projections immediately transfer results on DAGs, usually simpler and more efficient, to
directed graphs.

As one highlighted application, DAG projection yields a black-box reduction from exact minimum-
cost flow on general graphs to its approximate version on DAGs, with only an n°) loss on the
running time. This reduction allows future work on combinatorial minimum-cost flow to focus on
DAGs, which are typically much easier to handle than general graphs. By combining this reduction
with a simple augmenting-path-based approximation algorithm on DAGs, we give a combinatorial
algorithm that computes an exact minimum-cost flow in n?+t°(1) time. This is the first combinatorial
improvement since Goldberg—Tarjan [GT87], and is almost optimal in dense graphs. All previous
faster algorithms, including the almost-linear-time algorithm [Che+25], rely on interior-point methods.
We discuss more details in Chapter 3.

DAG projections also reduce several major open problems on almost-optimal parallel and
combinatorial algorithms for ezact single-source shortest paths (SSSP) and maximum flow to

easier settings:

1. exact directed SSSP to (1 + 1/polylog(n))-approximate SSSP on DAGs; and

2. exact directed maximum flow to n°M-approximate maximum flow on DAGs.

Importantly, by combining the first reduction with a reduction from SSSP on DAGs to undirected
graphs [HXX25], we show for the first time that parallel exact SSSP on directed and undirected
graphs is equivalent up to subpolynomial factors.

Beyond SSSP and maximum flow, DAG projection is versatile enough to yield a broader range of
applications: We improve the state of the art for (14 ¢)-approximate distance preservers [HXX25] and
single-source minimum cut [CLL13], and obtain simpler constructions of (n'/3, €)-hopsets [KP22b;

BW23] and combinatorial maximum-flow algorithms [Ber+24; Ber+25a].
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Figure 1.2: A graph projection with a Steiner node. The bidirected clique G has unit capacities,
while every edge in G’ has capacity 4. There is a Steiner node z, with 7(z) = L. The flow values
are preserved: For example, the maximum-flow value from a to b in G is 4, and this is exactly
preserved by the maximum-flow value from a; to bs in G’. More generally, every two vertices in G
have maximum-flow value 4, and these values are preserved exactly in G’.

Path Cover (Chapter 4). In path covers, the graph G’ is a directed graph whose strongly
connected components have small diameter, and G’ covers all short paths of the input directed graph
G.' Path covers play a role analogous to neighborhood covers in undirected graphs [Awe-+98], which
have long been central to derandomizing algorithms based on low-diameter decompositions in the
undirected setting. We believe that path covers will serve as a useful tool for the design of future
deterministic algorithms on directed graphs.

As one highlighted application, path cover leads to the first deterministic nearly-linear time
algorithm for negative weight single-source shortest paths. All known near-linear time algorithms for
this problem have been inherently randomized [BNW22; BCF23; Fis+25; 1L.M24], as they crucially
rely on low-diameter decompositions.

Path covers also have applications beyond derandomization. For example, they serve as an
important subroutine in our combinatorial minimum-cost flow algorithm; see Section 3.2.2 for more
details.

Common-neighborhood clustering (Chapter 5). In common-neighborhood clustering, the
graph G’ is a disjoint union of graphs in which every two vertices share many common neighbors,
while preserving the unbalanced vertex cuts® of the original graph G. The motivation for this tool is
twofold: first, the main difficulty in vertex-connectivity problems often lies in handling unbalanced
vertex cuts; second, finding a minimum unbalanced vertex cut becomes easier in graphs where every
two vertices have many common neighbors, as observed in [Li+21].

We show that this tool has cross-paradigm applications to minimum vertex-cut problems, with

consequences for derandomization, parallel computing, and distributed computing.

o In parallel and distributed models, we obtain almost-tight reductions from global vertex connec-

IThe notion of “cover” is defined formally in Chapter 4. Informally, it means that every short path in G has a
corresponding lift in G’, as illustrated in Figure 1.1.

2A vertex cut (L, S, R) is a partition of the vertex sets into disjoint sets L, S, R where L has no edges connected to
R. An unbalanced vertex cut (L, S, R) is one in which L is much smaller than S.



tivity to its s-t version. This leads to an n*T°M-work® and n°M)-depth parallel algorithm for
vertex connectivity, improving over the 35-year-old O(n“+1)-work*, O(log? n)-depth algorithm
of [LLW8S]. In the distributed CONGEST model, the reduction implies the first sublinear-round

algorithm for vertex connectivity when the diameter is moderately small.

¢ In the sequential model, we present a deterministic O(mk)-time algorithm for vertex connec-
tivity, where k < n is the vertex connectivity. For moderate values of k, this strictly improves
over all previous deterministic algorithms for unweighted graphs, whose running times were
O(m(n + k%)) [EveT5]°, O(m(n + ky/n)) [Gab06], and O(m20+") [SY22].

¢ In the sequential model, we give a deterministic algorithm for computing a global minimum
vertex cut in a vertex-weighted graph in mn!t°() time. In dense graphs, this breaks the long-
standing Q(n*)-time barrier achieved by the trivial approach of computing all-pairs maximum
flows. Up to subpolynomial factors, our algorithm matches the fastest randomized 6(mn)—
time algorithm of [HRGO00], and affirmatively answers the question of [Gab06] of whether
deterministic O(mn)-time algorithms exist even for unweighted graphs. The algorithm also

works for directed graphs.

Steiner shortcut (Chapter 6). Shortcutting is not new but a classical technique. Given a
directed graph G = (V, E), a reachability shortcut adds edges F; C E*, where E* is the transitive
closure® of G, producing a graph G = (V, EU E, ) that preserves reachability exactly but has much
smaller reachability diameter.” Equivalently, G has the same transitive closure as G, but every
reachable pair is connected by a short path in G,. From the viewpoint of graph projection, this is
the special case where the projection map is one-to-one: the shortcut graph and the input graph
have essentially the same vertex set.

This definition faces strong barriers. Thorup [Tho92] conjectured that every directed graph with
m edges admits a reachability shortcut of near-linear size and polylogarithmic reachability diameter.
More precisely, he asked whether one can add O(m) shortcut edges so that every reachable pair has
distance at most polylog(n). This conjecture was refuted by Hesse [Hes03], and a long line of recent
work has sharpened the corresponding lower bounds [HP21; Lu+22; BH23; VXX24; HSW25].

We revisit this barrier through the lift-and-project perspective. If shortcuts are viewed as
projections from a shallow graph G’ = (V’, E’) that is not required to have the same vertex set as
G = (V, E), then the shortcut graph should be allowed to contain not only new shortcut edges, but
also new Steiner vertices. This leads to the notion of Steiner shortcuts: shallow auxiliary graphs G’
that project back to the input graph G while preserving reachability information.®

This change of viewpoint substantially alters the landscape. We give explicit Steiner-shortcut
constructions that bypass all known shortcut lower-bound instances [Hes03; HP21; Lu+22; BH23;
VXX24; HSW25]. We also propose a candidate hard instance as a next step toward refuting the
Steiner version of Thorup’s conjecture. See Paper F for more details.

Beyond reachability, we also develop shortcuts that preserve flow and cost information. On
undirected graphs, these shortcuts lead to almost-optimal parallel algorithms for (1 + €)-approximate

minimum-cost flow with edge and vertex capacities and costs; see Paper G for more details. Whether

3Here n® denotes the work of matrix multiplication, which can be achieved with n°(1) depth. Matrix-multiplication
algorithms are typically highly parallelizable.

4We use O() to hide polylogarithmic factors throughout this thesis.

5We use 6() to hide subpolynomial factors throughout the thesis.

6A transitive closure E* has an edge (u,v) € E* iff. there is a path from u to v in G, i.e., u can reach v in G.

"Here the reachability diameter means maX(y, )eg* dista, (u,v), where distance assume edges have unit lengths.

8We do not emphasize “many-to-one” mapping from G’ to G here because for this shortcut problem, lifting each
vertex in G to multiple vertices in G’ is equivalent to lifting to one vertex. The emphasis is on expanding the graph G
by Steiner vertices, which gives the name “Steiner shortcut”. We will discuss more in Chapter 6.



similar results can be obtained for directed graphs using Steiner shortcuts remains open, and we

discuss this further in Chapter 6.






CHAPTER 2

DAG Projection

Cycles are a central obstacle in directed graph algorithms. In an acyclic graph, algorithms can be
designed much more easily: trees can be processed bottom-up, and DAGs admit topological orderings
that enable dynamic programming. Thus, one of the most appealing ways to simplify a graph is to
remove its cycles. In this chapter, we will show how to represent an arbitrary directed graph by a
DAG while preserving distance, flow, and cut information.

Section 2.1 formally defines DAG projection. Section 2.2 discusses its applications. Section 2.3
surveys related work on removing cycles from graphs, both directed and undirected. Finally,
Section 2.4 gives an overview of the existential construction of DAG projections. This chapter is

based on Paper A.

2.1 DAG Projection

We show that, given any directed graph G = (V| E), we can construct an almost-linear-size DAG
G' = (V', E'), together with a projection map 7 : V' — V U {L}, which approximately preserves
both distance and flow information in G in the following sense.

For u,v € V, we use distg(u,v) and maxflowg (u,v) to denote the distance and maximum-flow
value, respectively, from u to v in G. For disjoint sets S,T C V', let distg/ (S, T) be the distance
from S to T after contracting S and T into single vertices. Similarly, let maxflowg: (S, T) denote the
maximum-flow value, equivalently the minimum-cut value, from S to T" after contracting S and T
into single vertices. The DAG G’ has the following guarantees: for every pair of vertices u,v € V,
the distance and maximum-flow value from 7=1(u) to 771 (v) in G’ approximate the corresponding

quantities from u to v in G.

Theorem 2.1. For every directed graph G = (V, E) with edge lengths and capacities, there exists a
DAG G’ = (V', E') together with 7 : V' — V U{L} such that |E'| = |E|**°M) |V'| = |[V|*t°() | and

(1 + ¢)-distance-preserving: For every u,v € V, we have

diste(u,v) < distgr (71 (u), 77 (v)) < (1 +¢) - distg(u, v). (2.1)

n°M-flow-preserving: For every u,v € V, we have

maxflowg (u, v) < maxflowe (771 (u), 77 (v)) < n°D - maxflowg (u, v). (2.2)
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[ Distance [ From — To [ Approximation [ Total size ]
[MNO7] undirected — tree O(k) O(kn1+1/F)
[BFN19] undirected — tree | O(n!/*logt—1/%p) nk
[AHW25] directed — DAG O(log® nloglogn) O(mlog®n)
[Fil26] directed - DAG O(lognloglogn) O(mlog®n)
Ours (Theorem 2.1) | directed - DAG (14 1/polylog(n)) mIToD
[ Maximum flow [ From — To [ Approximation [ Total size ]
[Rac02] undirected — tree O(log® n) 2n
[HHRO03] undirected — tree | O(logZ nloglogn) 2n
[R&c08] undirected — tree O(logn) O(mn)
[RS14] undirected — tree | O(lognloglogn) 2n
Ours (Theorem 2.1) | directed — DAG no() mITo)

Table 2.1: Summary of results on approximating undirected and directed graphs by trees and DAGs,
respectively. For distances, we trade O(mlog®n) size and Q(logn) approximate for m!'+t°(\) size and
(14 o(1)) approximation. For maximum flow, we give the first such DAG.

Moreover, if we only want (1 + €)-distance-preserving, the projection can be made to be a strict

projection: for every (u',v") € E’, we have (w(u'),m(v")) € E.

The existential statement is already non-trivial. In fact, many works studied compact DAG
representations of arbitrary directed graphs, but they were limited to much larger approximation
factors, mainly because the projections considered there were one-to-one; see, e.g., [AHW25]. Our
result shows that the lift-and-project viewpoint provides a way to overcome this barrier. See Table 2.1
for a summary of previous results on removing cycles of undirected or directed graphs.

As two concrete examples, observe that Figure 1.1 gives a DAG projection that preserves distances
exactly, when all edges in the figure have length 1. Similarly, Figure 1.2 gives a DAG projection that
preserves flow: if all edges in G have capacity 1 and all edges in G’ have capacity 4, then every two

vertices in G have maximum-flow value 4, and this value is preserved exactly in G’.

2.2 Applications: Reducing Problems to DAGs.

Besides the existential results, we also give fast algorithms for constructing G’ and =, both in the
sequential and parallel models. To discuss parallel computing, we recall that parallel algorithms are
measured by two parameters: (1) work, which is the total number of operations performed by the

algorithm, and (2) depth, which is the length of the longest dependency chain in the computation.

Theorem 2.2. If (1 + ¢)-approzimate SSSP, respectively n°W _approzimate mazx flow, can be solved
in W(m,n) work and D(m,n) depth on DAGSs, then the DAG projection in Theorem 2.1 can be
constructed in n°® - W (m,n) work and n°Y) - D(m,n) depth on general directed graphs.

In particular, the DAG projection in Theorem 2.1 can be constructed in almost-linear work and
n0-5+o() depth.

Theorem 2.2 leads to many algorithmic applications, which we discuss below.

New Landscape of Parallel Shortest Paths and Maximum Flow. We give the following
reductions for single-source shortest paths (SSSP) and maximum flow. These results show that,

when the goal is to obtain polynomial improvements, it is enough to focus on DAGs.

Theorem 2.3. If (1 + &)-approzimate SSSP (or n°M -approzimate maz flow) can be solved in
W(m,n) work and D(m,n) depth on DAGs, then exact SSSP (or exact maz flow), can be solved in
n°® W (m,n) work and n°Y) - D(m,n) depth on general directed graphs.
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Undirected DAG Directed Undirected DAG Directed
5(771) work (1 n 1 ) 5(777) work
~ ? 1ogO (1) n ~
O(1) depth ! approx O(1) depth
[Li20; ASZ20] [Roz+23] [Li20; ASZ20] [ [Roz42¢
V\Ours
P g \\ — I
[HXX24] O(m) work [HXX24] O(m) work
? —— ? pl/2+o(1) — Exact D e nl/2+o(1) depth
[CF23] [CF23]
Old Landscape of SSSP New Landscape of SSSP
Undirected DAG Directed Undirected DAG Directed
(1 + €) approx (1 + €) approx
Q(m) work 2 n°M_approx Q(m) work
O(1) depth O(1) depth
A T Folklpre TPAA ~Our} T Folkl
I ~_ I
[Ram87] g ) [Ram87] i
<—work and depth Exact ~<—rwork and depth
[Che+25] [Che+25]
[Madi1] [Madi1]

Old Landscape of Max Flow New Landscape of Max Flow

Figure 2.1: Old and new landscapes of parallel SSSP and maximum flow algorithms. The green area
highlights the settings where near-optimal parallel algorithms are known. The red area highlights
the settings as hard as the exact directed setting. The solid arrows represent non-trivial efficient
parallel reductions, while the dotted arrows represent trivial ones.

Theorem 2.3 can be proved by the following reduction chains.

1. Reduce exact SSSP (or exact max flow) on general digraphs to (1 + £)-approximate SSSP
(or n°M_approximate max flow) on general digraphs using the existing exact-to-approximate

reduction framework [Roz+23];

2. Reduce (1 + ¢)-approximate SSSP (or n°M-approximate max flow) on general digraphs to
(1+¢)-approximate SSSP (or n°M)-approximate max flow) on DAGs, using our DAG projection

Theorem 2.1.

Thus, we successfully reduce major open problems of finding parallel algorithms for ezact single-
source shortest paths (SSSP) and maximum flow to easier settings, leading to a clean landscape of
both problems: Consider algorithms in the six settings based on the following combinations: (1)
exact or approximate, and (2) on directed graphs, DAGs, or undirected graphs. Our reductions
categorize these six settings for both SSSP and maximum flow into only two regimes. See Figure 2.1.
The easy regime consists of only the approximate undirected setting, and the hard regime contains
the remaining five settings. These five settings are equivalent in the sense they all admit algorithms
with the same work and depth up to subpolynomial factor.

This significantly cleans up the landscape of both problems. With this new landscape, to improve
the state-of-the-art of either exact directed SSSP or maximum flow, it suffices to improve either (1)
approximation algorithms on DAGs, or (2) exact algorithms on undirected graphs.

Other applications. Beyond SSSP and maximum flow, DAG projection also reduces other
fundamental problems on general directed graphs to their counterparts on DAGs, including hopsets,

distance preservers, and bounded single-source maximum flow.

Distance preservers: improved. Given a directed graph G = (V, E) with edge lengths and a
set of demand pairs P CV x V, a (1 + ¢)-approximate distance preserver ((1+ ¢€)-DP) is a
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subgraph H C G such that for every (s,t) € P, we have disty(s,t) < (1 +¢) - distg(s,t). A
long line of work (e.g. [CE06; Bod17; HXX25]) have been trying to find (1 4 ¢)-DPs of smallest
size |E(H)].

Currently, the best bounds for DAGs are strictly better than the ones for general directed
graphs. To simplify the discussion, we focus on the O(n)-size regime. There exists a (1 +¢)-DP
for DAGs of size O(n+p+/n), which gives O(n) as long as p = O(y/n) [CE06; HXX25]. However,
the best bound for general directed graphs achieves O(n) size only when p = O(n'/?) [Bod17].
Our DAG projection Theorem 2.1 closes this gap up to n°(!) factor.

Corollary 2.4. For ¢ > 1/polylog(n), there exists a (1 + €)-approxzimate distance preserver
for any n-node directed graph with polynomial edge lengths and p demand pairs of size (n +

pyv/n) - n°M | which is n' TN for p = O(y/n).

Hop-set: simplified. Given a directed graph G = (V, E) with edge lengths, a (8, e)-hop-set of G
is a set of additional edges H C V x V added to the graph so that for every s,t € V we have
(i) distg(s,t) < distqup(s,t), and (2) dist(Gﬁ&H(s,t) < (1+¢)-distg(s,t) where dist(gL)JH(s,t)
denotes the lengths of the shortest path from s to t using at most 8 edges.

The breakthrough result of Kogan and Parter [KP22b] showed the existence of linear-sized
(O(n'/3), )-hop-sets for DAGs, but only linear-sized (O(n?/®), e)-hop-sets for general graphs.
With significant effort, Bernstein and Wein [BW23] closed this gap by showing linear-sized
(O(n'/3),¢)-hop-sets for any graph.

Theorem 2.1 can bypass this significant effort and close the gap up to n°?) factor in a black-box
way. Indeed, by applying the construction of [KP22b] for DAGs on top of our distance-preserving
DAG projection, we immediately obtain n'*°™M-sized (O(n'/3),)-hop-sets.

Bounded Single-Source Max flow: improved. Let G be a graph with positive integral edge
capacities and source s € V(G). Let maxflow? (s,t) = min{k, maxflowg(s,t)} denote the
k-bounded maximum flow value from s to t. If G is a DAG, the algorithm based on network
coding by [CLL13] can compute maxflow’, (s, ) for all t € V(G) in O(k“~1m) total time, while
the best known algorithm on general graphs is to trivially compute maxﬂow’f;(s, t) for every t
using Q(mn) time.

Using Theorem 2.1, we obtain a non-trivial algorithm that beats the mn bound when k €
(nQ(1)7 nl/w—Q(l)).

Theorem 2.5. There is a randomized algorithm that, given a directed graph with positive integral
edge capacities, a source s, and an integer k, computes n°®) -approzimation of maxﬂow’é(s, t)

for all vertices t in k*m'T°M) time.

These results illustrate the broad impact of DAG projection, and we believe that the applications

listed here are far from exhaustive.

2.3 Related Work on Removing Cycles

The question of removing cycles has a long history, starting from tree embeddings on undirected

graphs.

Undirected graphs. On undirected graphs, this idea has been remarkably successful through the

literature on tree embeddings. A tree embedding of a graph G is a collection T of trees on the same
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vertex set such that, for every pair of vertices s,t € V(G),
distg (s, t) < ITnigl_distT(s,t) < a-distg(s,t),
€

where « is called the length slack. A remarkable result of Mendel and Naor [MN07] shows that length
slack O(logn) is achievable using only O(logn) trees. A stronger slack of (1 + ¢) can be achieved by
changing the definition to clan embeddings', introduced by Filtser and Le [F1.21]. There is also a
literature on probabilistic tree embeddings, which embed the shortest-path metric of a graph into a
distribution over tree metrics with small expected distortion [Bar96b; FRT04].

Beyond distances, there is another line of work on preserving cut and flow structure by trees. For
example, Mendel and Naor [MN07] show that every undirected graph G = (V, E) admits a tree T
such that the minimum cut, equivalently the maximum-flow value, between every two disjoint vertex

sets is preserved up to an O(lognloglogn) approximation factor.

Directed analogue. A natural question is whether an analogous form of cycle removal is possible
for directed graphs. The direct analogue of replacing an undirected graph by trees is to replace an

arbitrary directed graph by a small collection of DAGs.

The distance version of this problem has received increasing attention in recent years [ATTW25;
Fil26; Bho+26]. Formally, it asks for a collection of DAGs Dy, ..., Dy on the same vertex set as G
such that, for every pair of vertices (s, ),

distg(s,t) < mindistp, (s,t) < - distg(s, ).

This line of work [AHW?25; Fil26; Bho+26] shows that length slack A = O (logn) is achievable using
O(logn) DAGs, while (1 + ¢) slack is known only for certain restricted graph classes. Whether
(1 + ¢) length slack is possible for general directed graphs remains open and was conjectured to be
impossible in [AHW25].

Notice that this line of work follows the viewpoint of simplifying a general digraph by a collection
of DAGs on the same vertex set, which is exactly why obtaining (1 + ¢) length slack is so hard.
Our contribution on DAG projection suggests that the lift-and-project viewpoint is the right way to

circumvent this barrier.

Besides DAGs that preserve distances, no analogous result was known for preserving flow or cut

structure in directed graphs before our work.

2.4 Existential Proofs

In this section, we sketch the proof of Theorem 2.1. In Section 2.4.1, we present a construction
with the (1 + ¢)-distance-preserving property. In Section 2.4.2, we present a construction with the
n°M_flow-preserving property.

Although Theorem 2.1 is stated as preserving both distances and flow, the two guarantees can be

obtained separately and then combined by taking the disjoint union of the two auxiliary graphs.

1A clan embedding does not create a collection of trees, but instead creates a single tree T on a new vertex set V’
together with a one-to-many map from V to V’. This is similar in spirit to lift-and-project, but was not previously
extended to other settings.
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2.4.1 Distance DAG Projections

Remember that a strict DAG projection from G’ = (V', E’) to G = (V, E) using 7 : V' — V satisfies
that for every (v/,v’) € E', we have (w(u'), 7(v")) € E.

Given a directed graph G = (V, E) with edge lengths {¢ : E — N>1, the goal is to construct
a (1 + e)-distance-preserving DAG projection D onto G. For convenience, when we say that D
preserves the (s,t)-distance for s,t € V(G), we mean: there exist s',t' € V(D) with 7(s’) = s and
m(t') =t such that

distg (s, t) < distp (1 (s), 7 1(t)) < (1 +¢)-distg(s,t).

We will use the following directed low-diameter decomposition (LDD) as a subroutine.

Lemma 2.6 ([BCF23; BNW22]). Let G = (V, E) be a directed graph with edge lengths and let d be a

positive integer. There exists a random set of edges E*™ (a low-diameter decomposition) satisfying:

e each SCC of G — E™™ has diameter at most d,

o for every e € E, Prle € E™™] < sipp - la(e)/d,

where sppp = O (1).

Now, the construction is as follows.

Step 1 (LDD). Compute LDDs of G with diameters 2¢ for all 0 < i < O(logn). Fix one such
LDD for a given i with parameter d = 2¢, yielding an edge set E™™ as in Lemma 2.6. We show how
to build a DAG projection that preserves (s, t)-distances in G whenever distg(s,t) is on the order of
d/e. The final projection D will be the union of the O(logn) projections over all i, thereby handling
all pairs (we assume edge lengths are polynomial on n).

Let C be the family of SCCs of G — E™™. By construction, each C' € C has diam(G[C]) < d. Let

o =n°W) (to be fixed later), and classify clusters by size:

o large if |C| > n/o,

o small if |C| < n/o.

Step 2 (recursive construction for small clusters). For each small C € C, recursively construct
a DAG projection D¢ of G[C] that (1 4 ¢)-approximately preserves distances for all pairs of vertices
in G[C] (instead of just length bounded pairs).

Step 3 (shortest-path trees for large clusters). For each large C € C, pick an arbitrary root
rc € C. In G, compute a shortest-path tree 72" rooted at rc and a reversed shortest-path tree 733
rooted at r¢ (i.e., every (s,r¢)-path in T2 is a shortest (s,7¢)-path). Define D¢ to be the DAG
projection that combines T2"* and T3 (as disjoint copies of subgraphs of G) by merging the common

root r¢.

Step 4 (combining everything). Let C = (Ci,...,C.) be a topological ordering of the SCCs in
G — E™™. Form D’ by concatenating the D¢, using copies of edges in G: for every 1 <i < j < z,
every u' € V(Dc¢,), and every v € V(Dg;), if (n(u), n(v')) € E(G) then add the edge (u',v’) to D'.

Finally, let © = sppp/e. Create x copies Dj,..., D! of D’ and concatenate them in the same
manner: for every 1 <i < j <, v’ € V(Dj), and o' € V(Dj), if (7(u'),7(v")) € E(G) then add
(v, v"). The resulting DAG is D.
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Distance preservation. It is easy to see that
distg (s, t) < distp (7' (s), 7 (t))

since 7 is a (weight-preserving) graph homomorphism (the only edges we added to D are in Step
3 and 4, which are copies of edges in the original graph): Every path in D connecting a vertex in
77 1(s) to a vertex in 7~1(¢) can be mapped to a path in G connecting s to ¢ with the same length.

Hence the distance in G is at most the distance in D.

In what remains, we will only prove the harder direction
distp (771 (s), 771 (t)) < (1 +¢) - dista(s, t).

Fix s,t € V(G) with distg(s,t) = d/e. Let p be an s—t path in G of length ¢c(p) = d/s. By
Lemma 2.6, in expectation there are s;pp/e edges of p lie in E™™. Hence we can partition p into
subpaths p1, pa, ..., each entirely contained in G — E**™. Notice that edges connecting p; to p;y1 is

preserved in D according to Step 4.

Let a,b € V be the endpoints of some subpath p;. Let p’ be a shortest a—b path in G — E**™.
Decompose p’ into maximal subpaths pf, ..., p;, so that each p; lies within a single SCC of G — E™™.
Notice that edges connecting pj to pj,, is preserved in D’ according to Step 4. If that SCC is a
small cluster, then the endpoints’ distance is preserved by the recursive construction. Otherwise, it

is a large cluster.

Let Cp, be the first large cluster meeting p (not p’, we switch our attention to the whole path p)
and, similarly, C'r be the last. Let p be the subpath of p from its first vertex in C, to its last vertex
in C'r. Denote these endpoints by Start(p) and End(p). By the definition of D¢ for a large cluster
C, D¢ contains T2 followed by Tg™, both rooted at r¢. Thus a copy of Start(p) in 77 reaches
r¢, within distance at most d (since G[CL] has diameter d and T¢? is a shortest path tree), and
from r¢, we can reach a copy of End(p) within distance ¢¢(p) plus at most d additional length via
Tt (this is because the original distance from Cf, to End(p) is at most d 4 £g(p): from Cp, we can
reach Start(p) whithin distance d, the we follow p to reach End(p)). Hence, the total distance is at
most ¢¢(P) + 2d, which has an additive O(d) overhead. Since distg(s,t) = d/e, this additive term is
negligible and absorbed in the (1 + O(g)) multiplicative guarantee.

Size of the projection. If we write f(n) as the width (maximum number of copies) of the DAG
projection returned by the above construction on an n-vertex graph, then f(n) can be calculated as

follows.
(1) In Step 1 and Step 4, we know that D contains 2 = O (1/¢) copies of D’.
(2) In Step 2, each vertex is copied f(n/c) times in D’
(3) In Step 3, each vertex is copied 2 - 02 times in D', where the factor 2 comes from the forward

and reversed shortest path trees, and the factor o2 comes from the fact that there are at most o

large clusters (because each large cluster has at least n/o vertices).

To summarize, we get the following recursive inequality:
f(n) <O (1/e) - (f(n/o) +20%).

Notice that & = 1/polylog(n) according to our assumption. By choosing an appropriate parameter
o =n°M the desired bound f(n) = n°®) follows.
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Algorithmic Aspect. The algorithm above runs in m!*°(!) time; it takes near-linear time in the
size of the output, which is m!*°() because we simply call LDD which can be computed using SSSP
as a subroutine.

In the parallel setting, our goal is to reduce DAG projection construction to approximate SSSP
on DAGs. But, currently, the algorithm needs to call as a subroutine the SSSP algorithm on general
graphs, which does not admit efficient parallel algorithms yet. Our strategy is to reduce SSSP
on general graphs to SSSP on DAGs using our distance DAG projection itself. This leads to the
‘chicken-and-egg’ situation: (When we are given an SSSP on DAGs oracle), we can reduce distance
DAG projection to SSSP on general graphs, and we can reduce SSSP on general graphs to distance
DAG projection.

Our strategy (detailed in Paper A) is to find a spiral recursion: We define h-length DAG
projection that only preserves distances up to h, and we reduce it to h/ n°M_length SSSP on general
graphs which computes distance up to h/n°"), reducing to h/n°M-length DAG projection. This

spiral recursion will finally make h small enough so the construction is trivial.

2.4.2 Flow DAG Projections

Given a graph G = (V, E) with edge capacities denoted by Ug : E — R>¢, we will show how to
construct a n°M-flow-preserving DAG projection.

We consider expander decomposition as the analogue of LDD in the flow setting. We first give
some necessary definitions.

For a flow f, we represent the demand routed by f as a pair of vectors (A, V), where A,V :
V — R>( denote the source demands and sink demands routed by f, respectively.

We say a demand (A4, V) is d-respecting for some function d : V' — Rx¢ if A(v), V(v) < d(v)
for every v € V. For an edge set E' C F, define

volg/ (v) = Z{ Ug(u,v) | (u,v) € E' or (v,u) € E'},

and for a vertex set C' C V write volgs |¢ for the restriction of function volgs to C.

A flow has congestion « if the flow value on each edge is at most x times the edge’s capacity.

Definition 2.7 (Terminal Expanding). Given a directed graph G = (V, E) with edge capacities and
a function d : V. — R>g, we say d is ¢-ezpanding on G if every d-respecting demand is routable via

a flow f in G with congestion at most 1/¢.
We next formalize the hierarchical structure we will use.

Definition 2.8 (Expander Hierarchy). Given a directed graph G = (V, E) with edge capacities, an
¢-expander hierarchy with t layers consists of edge sets E, ..., E; with By = E and E; = (. Let
By = Ut>j>i E;. For every 1 < i < t and every strongly connected component (SCC) C of G — E\;,

the function volg,

¢ is ¢-expanding in G[C].

By [Ber+24], such a hierarchy exists with expansion ¢ = 2-9(V1°g ™) and t = v/Iogn.

Constructing the DAG projection D. Let Fi,...,F; be the expander hierarchy of G with
expansion ¢ = 2_0(\/@) and t = v/logn. The construction proceeds recursively from top to bottom
using the hierarchy. We will only describe the top level.

Fix an SCC C of G. By definition, volg, , |¢ is ¢-expanding in G[C]. Let D¢ be a DAG
projection of G[C] — E;_1 obtained recursively. We build a DAG projection D, of G[C] similar to

Figure 1.2 as follows:
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« Create two disjoint copies D(C} ) and D(C2 ) of D¢, and add a dummy vertex we.
e For every v € V(Dg)), add an edge (v, wec) with capacity volg,_, (7(v)).

o For every v € V(D(C?)), add an edge (we,v) with capacity volg, , (7(v)).
Here 7 denotes the projection map from the vertices of D¢ to G.

Let C4,...,C, be the SCCs of G in a topological order. We obtain D by concatenating the
graphs D¢, ..., D : for every 1 <i < j < z and for every u € V(Dg, ), v € V(D’Cj)7 add an edge
(u,v) in D whenever (7(u),n(v)) € E(G).

Size of D. There are t = O(y/logn) layers, and in each layer we make two copies of every vertex in
the next layer. Hence, every vertex of G (and every dummy vertex w¢) is copied at most 2¢ = no)
times overall. For edges, we only add edges (u,v) in D if (7(u), 7(v)) € E or one of u, v is a dummy

vertex. Since the number of vertex copies is n°() it follows that |E(D)| < m!*+o(),

Correctness. We first show that maxflowg(s,t) < maxflowe (77 1(s), 77 1(¢)). Given a flow f in
G from s to t, we show how to route f in D from 7~ 1(s) to 7~1(¢) with the same value. Because we
concatenate D’Cl, ey D’CZ using all edges of G respecting the topological order, it suffices to show
that the restriction fc of f to a fixed SCC C' can be routed in D,. Consider a flow path p of fo; we

decompose it into three segments:

1. The prefix of p before it uses any edge of E;_;. This segment is routed inside Dg ) by the

recursive embedding.

2. The subsequence of p from its first edge (u1,v1) € Fy—1 to its last edge (ug,v2) € Ey—q1. We
replace this by the two-hop path (u),we,vs) where w(u}) = uy and 7(v}) = ve. Feasibility
holds because the capacity of (u},wc) is volg,_, (u1), and analogously for (we,v5) so no
congestion larger than 1 is introduced when considering all flow paths of f (a feasible flow in

G) passing through E;_;.

3. The suffix of p after its last edge in E;_1, which is routed inside Dg ) by recursion.

Then we show that maxflowg: (71 (s), 7= (t)) < n°Mmaxflowg(s,t). Given a flow f in D, we
map it back to G with congestion at most n°1). For all portions of f© that do not traverse dummy
vertices, we use the projection 7; since each original vertex has at most n°(!) copies, this incurs at
most an n°) congestion blow-up.

Next, consider every subpath of flow paths of fP that are incident to the dummy vertex wc.
This induces a demand that is n°(") - volg, ,-respecting in G[C] (the n°!) factor comes from the
number of vertex copies), hence is routable in G[C] with congestion at most 1/¢ = 90(V/logn) — po(1),
Although each we may itself be replicated n°(!) times across lower layers, the resulting multiplicative
factors still yield total congestion n°() overall.

The congestion can be made 1 by scaling down the flow value by n°("), which gives the correctness.

Algorithmic Aspect. Excluding the time for computing the expander hierarchy in Definition 2.8,
the construction of DAG projection takes near-linear time in the output size, which is m!*+°() time.
In the sequential setting, by using almost-linear time maximum flow algorithm to compute
expander decomposition, this gives m!T°(1) total time.
Unfortunately, to obtain efficient parallel reduction, this suffers from a similar bottleneck as in
the distance DAG projection algorithm: Expander decomposition usually requires maximum flow on
a general graph as a subroutine (which does not admit fast parallel algorithms), and we intend to

reduce max flow on general graphs to max flow on DAGs.
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The idea is again to design a spiral recursion: (Given a max flow on DAGs oracle) We define §
additive-error DAG projection to tolerate some § additive error, and reduce it to 6-n°") additive-error
maximum flow on general graphs, which reduces to § - n°1) additive-error DAG projection. The

additive error will finally be large enough so the problem is trivial.
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CHAPTER 3

Combinatorial Minimum-Cost Flow

Beyond the applications discussed in Chapter 2, we highlight another application of DAG projection
to minimum-cost flow (MCF). This application requires strengthening the DAG-projection guarantees
developed in Chapter 2.

In Section 3.1, we review the history of MCF and state our main results. In Section 3.2, we give

a detailed overview of the algorithm. This section is based on Paper B.

3.1 Our Results

MCF can be viewed as a combination of shortest paths and max flow: it minimizes the summation
of all flow paths distances, or cost, while maximizing the flow value. Fast algorithms for MCF have
been studied since the 1950s [Dan51; Ful61; Kle67; EK72; Tar85; Orl88]. Classical combinatorial
algorithms follow a residual-graph paradigm: repeatedly improve the current solution by augmenting
along a negative cycle or a shortest augmenting path in the residual graph. This line culminated
in push-relabel-based algorithms [GT87; GT90; Ahu+92] with running time O(mn). Within the
classical combinatorial framework, progress then appeared stuck at this bound for decades.

Minimum-cost flow is also a graph-structured linear program. After the long stagnation of
combinatorial algorithms, faster algorithms increasingly relied on continuous optimization, especially
interior-point methods, while exploiting the special structure of the MCF linear program [DS08;
LS19; AMV22]. This line culminated in almost-linear-time algorithms [Che+25; Bra+23].

Recent advances have given combinatorial algorithms for special cases of MCF| including bipartite
matching and max flow [CK24a; CK24b; Ber+24; Ber+25a], but the general MCF problem has
remained stuck at the O (mn) running time of Goldberg and Tarjan [GT87] from 1987. We give the

first combinatorial improvement and achieve almost-linear time on dense graphs.

Theorem 3.1 (Combinatorial exact minimum-cost flow). There is a randomized combinatorial

algorithm that computes a minimum-cost flow in n?>T°) time.

The main significance of our result is not only the running time, but also the structural reduction
behind it. We give a black-box reduction from minimum-cost flow on general directed graphs
to approximate minimum-cost flow on DAGs. Notably, this implies that future work on faster

combinatorial MCF can focus on the simpler structure of DAGs.

Theorem 3.2 (Reduction from exact MCF to approximate MCF on DAGs). There is a combinatorial

algorithm for computing an exact minimum-cost flow whose running time is proportional to the cost
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of oracle calls for computing approzimate’ MCF on DAGs, with cumulative total size m'*°) and
1+0(1) .

cumulative total number of vertices n
From DAG projection to Theorem 3.2. We have shown in the last section that DAG projection
allows us to reduce distance-, flow-, and cut-related problems to DAGs, with only a subpolynomial
loss in complexity. Since MCF naturally combines shortest paths and maximum flow, it can also be
reduced to DAGs using DAG projection, leading to Theorem 3.2. This step, however, is non-trivial:
it requires strengthening the definition of DAG projection so that it preserves both flow values and
costs. We defer the details to Section 3.2.2.

From Theorem 3.2 to Theorem 3.1. The main MCF result, Theorem 3.1, can then be derived
by combining Theorem 3.2 with an n?t°(M)-time MCF algorithm on DAGs. The latter can be
obtained by a simple almost-linear-time combinatorial algorithm for minimum-cost flow on dense
DAGs, similar to [Ber+24]. More details can be found in Section 3.2.3.

3.2 Overview of the Algorithm

In this section, we sketch the three ingredients behind our n2+°(!) combinatorial algorithm Theorem 3.1
for minimum-cost flow:

1. in Section 3.2.1, we reduce exact MCF to the approximate primal-dual version of MCF;

2. in Section 3.2.2, we reduce this approximate problem on general directed graphs to the same

problem on DAGs via a flow-cost-preserving DAG projection;

3. in Section 3.2.3, we give a simple augmenting-path-based algorithm for approximate PD-MCF

on DAGs.

For a directed graph G = (V, E) and an edge e € E, we write {g(e) for its length and Ug(e) for
its capacity. For a vertex v € V, we write degq(v) wf > vee Ua(e) for its capacity-weighted degree.
When the graph is clear from context, we omit the subscript G. For a flow f, we write its value
val(f) as the amount of flow it sends, and cost(f) as the cost of the flow defined as ) . f(e) - £(e),
i.e., we call £(e) both the length of an edge and also the cost of the edge.?

The demands D in this section are all (single-commodity) demands, where each vertex gets a
value: positive means flow should leave this node, and negative means flow should enter this node. A
flow routing a demand is defined in the natural way. We write [D| =3_ <y p,)=0 D(v)-

We say that an algorithm makes g-efficient oracle calls to an oracle O if:

e the total number of vertices over all instances given to O is at most g - n,
o the total number of edges over all instances given to O is at most g - m, and

o the additional running time outside the oracle calls is at most g - m.

3.2.1 Exact-to-Approximation Reduction

Throughout this section, all MCF instances are assumed to have non-negative edge lengths. For
exact MCF, this is without loss of generality: if an edge (u,v) has negative length, we may reverse it

to (v, u), negate its length, and modify the demands by adding U (u,v) to v and —U(u,v) to u. This

IThe definition of approximation here is involved, and we defer the precise definition to Section 3.2.1.

2Although mixing cost and length might be confusing, if one considers minimum cost flow as a combination of
shortest path and maximum flow, then the notation of ‘length’ makes sense. It also combines many recent development
of length bounded flows.
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folklore reduction transforms the instance into one with non-negative lengths. For multiplicative
approximation problems, non-negative lengths are the natural setting.
We first explain how to reduce exact MCF to the approximate primal-dual version of MCF.

Minimum cost flow has the following primal-dual LP.

(P) min) £(e)- f(e) (D) max ) (=D(u))-¢(u) =Y Ule)-e)

ecE ueV eclk
s.t. Z fle) — Z f(e)=D(u) YVueV,st. o) —ou) <l(e)+Llle) Ve=(u,v)eE,
ecot(u) e€d— (u) 5

lle)>0 VeekFE.
0< f(e) <Ul(e) Veec E.
We can view  : E — R>¢ as a length increase. We can view ¢ as a distance function (from
source to sink). The goal of the dual is to enlarge the distance from source to sink by applying a

small length increase. We write

Dual(,7) = 3 (~D(w)) - o(u) — 3~ U(e) - i)

ueV ecE

We say a primal-dual triple (f, ¢,0) is a (k, A)-approximate PD-MCF if (i) f has congestion at
most x, and (ii) cost(f) < X - Dual(¢, /).

The problem of (k, A)-approximate PD-MCF is: given a graph G with positive, polynomially
bounded integer capacities and lengths, find a (k, A)-approximate PD-MCF. We denote an oracle

solving the (k, A)-approximate PD-MCF by OERMCF.

Theorem 3.3. Fore = o(l/log9 n), there is an algorithm solving exact minimum-cost flow using
0 (nO(l/log(l/s)) . 52/53)

-efficient calls to a (k,1 + €)-approzimate PD-MCF oracle.

By setting £ = n°1) and ¢ = 1/n°(1), Theorem 3.3 implies that exact MCF can be solved using
only n°M calls to a (k, 1 + €)-approximate PD-MCF oracle.
Theorem 3.3 is interesting in its own right. However, since it is not directly related to the main

theme of graph projection, we omit the details here and refer interested readers to Paper B.

3.2.2 Flow-Cost-Preserving DAG Projection

We next explain how to reduce approximate PD-MCF on a general directed graph to approximate
PD-MCF on a DAG. This is our main structural contribution.

We first need to strengthen the definition of DAG projection defined in Chapter 2 to preserve
both flows and costs: A flow-cost-preserving DAG projection of a directed graph G is defined as

follows.

Definition 3.4. A flow-cost-preserving DAG projection of G = (V, E) is a DAG G’ along with a
projection map 7 : V(G') = V. We call it (k, A)-flow-cost-preserving DAG projection, or say it has
congestion slack x and length slack A if

1. For every demand D’ routable in G’ by a feasible flow with cost B, m(D’) is routable in G with

congestion x and cost B and,

2. For every demand D routable in G by a feasible flow with cost B, #71(D) is routable in G’ by

a feasible flow with cost at most A - B.
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m(D') is defined in the natural way: m(D")(v) = >_ (1=, D'(¢'). #7Y(D) is a bit trickier: we
fix a topological order of G', if D(v) > 0, then we choose the first vertex v/ in the topological order
with 7(v') = v and let #71(D)(v") = D(v); if D(v) < 0, then we choose the last vertex v’ in the
topological order with 7(v') = v and let #71(D)(v') = D(v); otherwise we let #71(D)(v') = 0. i.e.,
we lift the demand to be a demand on the DAG from the first copy of sources to the last copy of
sinks.

The following lemma shows the power of DAG projection.

Lemma 3.5. Let G be a directed graph, and suppose G’ is a (k', X')-flow-cost-preserving DAG

projection of G. Then one call to OERMCF on G’ can be transformed into a solution to OEB%SF on

G.

The formal statement additionally requires a projection algorithm that maps primal and dual
objects between G and G’. For the overview, the key intuition is simple: if G’ approximately preserves
all relevant flows and their costs, then solving PD-MCF on G’ is essentially as good as solving it on

G.

We now sketch how such a DAG projection is constructed.

Existence

The construction relies on two primitives: a length-constrained expander hierarchy, and a bounded-

width path cover.

Primitive 1: LC expander hierarchy. A moving cut C assigns a non-negative value to every
edge. Each moving cut is associated with a length parameter denoted by leng(C'). When we view C
as an h-length moving cut, we denote graph G — C by the graph increasing the length of each edge e
in G by C(e) - h.

For such a cut C, define vols(v) e Y wee Cle) - Ule).

We say that a demand D is volg-respecting if |D(v)| < vola(v) for every vertex wv.

We say that a demand is h-length symmetrically constrained if it can be decomposed into pieces,
each supported on a strongly connected subgraph of diameter at most h.

An (h, s)-length ¢-expander with respect to vole is a graph in which every volo-respecting h-length
symmetrically constrained demand can be routed with congestion at most 1/¢ and average cost at
most hs. Here s is the length slack.

A ¢p-expander hierarchy with length slack s is a sequence of moving cuts C1,...,C; such that
for every scale h and every level i, if we interpret Cs; def > j>i C; as an h-length moving cut, then
G — Cs; is an (h, s)-length ¢-expander with respect to volg,.

We require Cy(e) = 1 for all e € F, and in our setting we have s = n°(") and ¢ = 1/n°"). Such

hierarchies are known to exist [Hae+25b].

Primitive 2: bounded-width path cover. We have discussed path covers in the intro (details
in Chapter 4), and it has an important role here.

A deov-path cover of G with diameter dgiam is a graph G, together with a projection map
m: V(G') = V(G), such that:

1. every edge of G’ projects to an edge of G (so 7 is essentially a graph homomorphism from G’

to G);

2. every path p of length at most d.., in G lifts to a path in G’, i.e., there is a path p’ such that
m(p') = p (under the natural definition of 7 (p’)); and
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3. every SCC of G’ projects to an induced subgraph of G and has strong diameter at most dgjam.

The width of the path cover is

def -1
W = max |7 v
e 7 )],

that is, the maximum number of copies of a vertex. Bounding the width is crucial for controlling

congestion.

One-layer hierarchy. To illustrate the main idea, first assume that the input graph G itself is
already an (h, s)-length ¢-expander with respect to deg, for every scale h.

For each dyadic scale I/, we construct a DAG G™) that is responsible for routing flow paths of
cost roughly A’ - n°"). The final DAG projection is the disjoint union over all dyadic scales.

We start from a bounded-width path cover GEZ;) with diameter parameter hqjam = ', covering
parameter heoy = A’ -n°M) | and width w = n°"). Similar to the idea of [Coh00], we look at its SCCs

and classify them as follows.

Light SCCs. If |S| < n/o, where o = n°(1) is a parameter, we recurse on G[S] and replace S by

its recursively constructed DAG projection.

Heavy SCCs. If |S| > n/o, we do not recurse. Instead, we use the expander property: since G[5]
has strong diameter at most h’, any sufficiently local demand inside S can be routed at low
congestion and average cost h’'s. We therefore replace S by a simple star gadget: one copy of
S for entering the gadget, one central hub vertex vg, and one copy of S for exiting it. The

edges incident to the hub have capacity degs(+) and length A's.

After replacing every SCC in this way, the SCC structure disappears and we obtain a DAG DM,
The crossing SCC edges can also be defined naturally in Dt

The final step is to add bridges between heavy SCCs. We duplicate D™ into two copies and,
for every pair of heavy SCCs (S, 52), we add O(logn) edges from the hub of S to the hub of Ss.
The i-th bridge has capacity equal to the maximum flow that can be sent from S; to S in G with

average cost at most r; = (1 +¢)".

Forward mapping. Given a feasible flow F' in G, we lift each flow path P to the appropriate
scale G according to its cost. Because the path cover lifts all paths up to length Aoy, the path P
lifts to a path in Gﬁ’é?, which decomposes into pieces inside SCCs.

For a light SCC, we can simply recurse. So the case that all SCCs are light is easy to solve.

If the path passes through at least on heavy SCC, let the first one be S; and last one by Ss.
For each S1,S2, we route through the corresponding star gadget. We connect the two hub vertices
vs, , Vs, using the appropriate bridge. The bridge length approximates the cost of the corresponding
subpath from 57 to Sy up to a factor of (1 + ¢), while the additional star cost is only h’s, which can
be made negligible compared to the total cost of the path by parameter choice (since h's = h’ - n°()
and the path length cost(P) = b’ - n°", we could make hs = ¢ - cost(P)). Thus, the total loss is
only a (14 O(g)) factor.

Feasibility follows because star capacities are chosen according to vertex degree, and bridge capac-
ities are chosen according to the maximum amount of flow that can be routed at the corresponding

average-cost scale.

Backward mapping. Conversely, a flow in the DAG can be mapped back to G:
o the light-SCC part is handled recursively,
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o the star gadgets are implemented using the expander property inside the corresponding heavy
SCC, and

e each bridge is realized by the definition of its capacity.

This gives the backward projection.

Multiple layers. For a full LC-expander hierarchy, the construction recurses through the hierarchy
levels. At a high level, instead of building a star over each heavy cluster, we replace each heavy
cluster by a lower layer DAG projection, then build the star and bridges. The analysis follows a

similar flavour but is much more complicated.

Fast construction

The existence proof above is not yet algorithmic; the main bottleneck is that it seems to require
exactly the approximate MCF oracle we are trying to obtain. To be precise, there are two places
that require an MCF oracle:

1. constructing the LC-expander hierarchy usually requires a MCF oracle for the cut-matching

game, and

2. computing the capacities of the bridges between heavy SCCs requires at least an approximate
MCF.

This results in a ’chicken-and-egg’ situation: we want to compute DAG projection to get a MCF
algorithm, but it requires MCF as a subroutine.

A similar issue also appears in [HJS26a]. For their purpose, they wish to construct a DAG
projection that only preserves distance so that it can help the algorithm for single-source shortest
path (SSSP), but the construction requires (1) low-diameter decomposition (LDD), which requires
an SSSP oracle, (2) computing bridges similar to our case, which requires an SSSP oracle. Their
solution is to introduce an h-length version of the projection problem: instead of preserving all
distances, the projection only needs to preserve distances up to scale h. They can also define the
h-length version of LDD and SSSP. Then they try to reduce the h-length problem to a smaller-scale
h/z-length problem for a suitable parameter z = n°M) | and repeat this O(logn) times to get the
final algorithm.

We apply the same philosophy here. We define:

e an h-length DAG projection, which only needs to preserve flows of average cost at most h;
e an h-length approximate MCF problem; and

e an h-length LC-expander hierarchy.
At a high level, we obtain the following cycle of reductions:

1. reduce h-length DAG projection to h-length LC-expander hierarchy plus h-length approximate
MCF.

2. reduce h-length LC-expander hierarchy to h-length approximate MCF;

3. reduce h-length approximate MCF to h-length DAG projection with the help of the DAG MCF
oracle;
4. reduce h-length DAG projection to (h/z)-length DAG projection using concatenation.

Taken together, these reductions decrease the length scale from h to h/z, and the recursion

terminates once h becomes small enough to handle directly.



25

A natural question is why we do not simply apply the last reduction repeatedly, since it already
decreases the length scale. The reason is that the concatenation enlarges the size of the DAG by a
factor of z each time. Repeating this for O(log, n) levels would lead to a polynomial blow-up. In
contrast, the four-step recursion above avoids this: the parameter z enters the running time of the

recursion, but not the final approximation guarantees or the final size of the projection.

3.2.3 Weighted Push-Relabel Algorithm for MCF on DAGs

Given the first two ingredients, it remains to solve approximate PD-MCF on DAGs.

Lemma 3.6. There exists an augmenting-path-based algorithm on DAGSs that returns a (3,14 ¢)-

approximate PD-MCF solution.?

The algorithm extends the weighted push-relabel method for maximum flow on DAGs from
[Ber+24] to the minimum-cost flow setting.
As in classical push-relabel for MCF [GT90], we maintain a potential function ¢ : V' — R. For

an edge (u,v), its reduced length is

Colu,0) E 0 (u,v) — ($(u) — $(v)).

The algorithm alternates between:

o relabel steps, which decrease vertex potentials, and

o push steps along admissible edges, i.e., edges whose reduced length is sufficiently negative.

The classical Goldberg—Tarjan algorithm takes O(mn) time essentially because an edge can
become admissible up to O(n) different times. Our key idea is to define admissibility using a carefully
chosen weight function w : £ — Ryg.

Following [Ber+24], on a DAG one can assign weights so that:

1. every flow f of interest satisfies

w(f)
val(f)

=0(n),  where w(f) = " fle)w(e),

eckE

and

We then declare an edge e admissible when its reduced length is roughly —©(w(e)). Saturating
such an edge changes the relevant potentials by at least w(e). Since the total potential range is O(n),

edge e can be saturated only O(ﬁ) times. Summing over all edges gives

;O(Jf@)) - O("%@) !

which is the desired bound.

31n fact, the weighted push-relabel algorithm on DAGs returns a (3, 1 + €)-strongly-approximate PD-MCF solution,
which is stronger than what the rest of the framework requires.






27

CHAPTER 4

Path Cover

In many cases, we might want more than just the preservation of distances or flows between pairs of
nodes. In this chapter, we introduce an object with a stronger property: it covers all bounded-length
paths, of which there may be exponentially many. Naturally, because it has a stronger property,
it is less structured: it is no longer a DAG, but it is close to a DAG in the sense that its strongly
connected components (SCCs) have small diameter.

In Section 4.1, we define path covers. In Section 4.2, we discuss their application to deterministic
negative-weight single-source shortest paths. In Section 4.3, we discuss related work on low-diameter
decompositions and neighborhood covers, as well as their connection to path covers. In Section 4.4,
we present the existential proof of path covers. In Section 4.5, we prove a lower bound showing
that the classical one-to-one viewpoint does not suffice for our purposes, and that graph projection

provides the right perspective. This chapter is based on Paper C.

4.1 Path Cover

We show that, given any directed graph G = (V, E) and a parameter d, there exists a nearly-linear-size
directed graph G’ = (V’, E’) that covers all paths of G and has small SCC diameter, in the following
sense.

Given a path p = (v1,...,vg), we say that a path p’ = (v,...,v},) in G' is a lift of p if w(v}) = v;
for all i € [k]. We say that « is a strict projection if w: V' — V and for every (u’,v’) € E’, we have

(r(u'),w(v")) € E, i.e., 7 is a graph homomorphism.
Theorem 4.1. For any directed graph G = (V, E) with edge lengths and parameter d, there is a
graph G' = (V' E') and a strict projection 7 : V' — V such that

o |[E'|<(1+41/logn)|E|,

o cevery path of length at most d in G has a lift in G’,
o every SCC of G' has diameter O(dlog®n).

See Figure 1.1 for an example: (1) G’ is not too large compared to G, (2) every path in G has a
lift in G’, and (3) G’ is a path, and thus every SCC has diameter 0.

The name path cover comes from the literature on neighborhood covers in undirected graphs. In
fact, both are closely connected to the influential concept of low-diameter decomposition (LDD). We

discuss more details in Section 4.3.
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4.2 Application: Deterministic Negative-Weight SSSP

Path cover is a versatile tool. Here, we discuss one highlighted application: the first near-linear-time
deterministic algorithm for negative-weight SSSP. Given a directed graph G = (V, E, w) with edge-
weight function w : E — Z' and a source vertex s € V, the goal is to compute the distance from s

to every other vertex ¢, denoted by distg(s, t).

History. The classical Bellman—Ford algorithm solves this problem deterministically in O(mn)
time, and a long line of work improved this bound to O (my/n) [Gabs5; GT89; Gol95).

A major breakthrough occurred in 2022, when Bernstein, Nanongkai, and Wulff-Nilsen gave
the first near-linear-time algorithm for Neg-SSSP [BN'W22]; subsequent works further improved
the polylogarithmic factors [BCF23; LM24]. These algorithms are randomized and may fail with
small probability. Before the concept of path cover, it remained open whether one could obtain a

deterministic near-linear-time algorithm.?

Our contribution. We give the first deterministic near-linear-time algorithm for negative-weight

SSSP using path cover, as stated below.?

Theorem 4.2. There is a deterministic algorithm that solves negative-weight SSSP on a directed
graph with integer edge weights in
O(mlog® nlog(nW))

time, where W bounds the absolute values of the edge weights.

Bottleneck: Derandomizing LDD. The main bottleneck in obtaining Theorem 4.2 is that all
previous near-linear-time randomized algorithms relied on a highly randomized primitive: directed
low-diameter decomposition (LDD). At a high level, LDD takes as input a parameter d and produces
a randomized subgraph G’ of the original graph G such that (1) each strongly connected component
(SCC) of G has diameter at most O (d), and (2) every path of length at most d in G is covered by
G’ with good probability. By generating O(logn) independent samples of LDD, each path is covered
in one of them with high probability.* The randomized algorithm only needs polynomially many
relevant paths to be covered by G’ since we only care about shortest paths between pairs of vertices,
so a union bound over the high-probability guarantee for each relevant path suffices.

The difficulty in derandomizing directed LDD is that a deterministic analogue must work for all
paths simultaneously. The first question is whether such an object even exists. Unfortunately, if one
follows the usual LDD intuition—namely, trying to find a collection of subgraphs with SCC diameter
at most O (d) that cover all length-d paths—then such an object provably cannot be efficient on
directed graphs: Section 4.5 shows that ©(m'®) edges are needed in total to cover all length-d
paths using subgraphs. This explains why derandomizing directed LDD, and hence derandomizing

negative-weight shortest paths, had remained stuck.

We do not discuss the interesting case of real weights in this thesis. We assume that all weights are integers
polynomially bounded in the size of the graph.

2There is also another line of work based on continuous optimization and interior-point methods for minimum-
cost flow, which implies Neg-SSSP and achieves m!7°(1) time deterministically [Che+25; Bra+23]. Since these
algorithms are highly non-combinatorial, solve a much more general problem at the cost of substantial additional
complex machinery, and currently run in almost-linear rather than near-linear time, we do not emphasize them in this
shortest-path narrative.

3Another concurrent work [Li25] also gives a deterministic near-linear-time algorithm for Neg-SSSP and was
published at the same time as Paper C.

4We use with high probability to denote an event that happens with probability at least 1 — #, where ¢ can be an
arbitrarily large constant.
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Circumventing the bottleneck: Path Cover. One can see that Theorem 4.1 gives exactly what
we want: G’ covers all length-d paths and has small SCC diameter. The crux of circumventing the
lower bound is exactly the lift-and-project viewpoint. To see a concrete example, consider the cycle
in Figure 1.1: if we want to use subgraphs to cover all paths, then we need to take n subgraphs, each
of which is a path obtained by deleting one edge from the cycle. However, if we follow Figure 1.1 and
construct G’ by connecting two copies of the cycle with one edge deleted, then G’ suddenly covers
all paths in the cycle, while having only twice the size of G.

It also turns out that G’, together with a strict projection map, is enough to solve SSSP. The

details are given in Paper C.

4.3 Related Work on LDD and Neighborhood Covers

Undirected graphs. Low-diameter decomposition and neighborhood covers are two closely related
concepts. Low-diameter decomposition was initially proposed as a powerful tool in distributed com-
puting [Awe85], and later became highly influential and powerful in general algorithm design [BN'W22].
On an undirected weighted graph G = (V, E, w), it is defined as follows: given d, output a random
set of edges E’ such that (1) G — E’ has components of diameter at most d, and (2) each edge
e is included in E’ with probability O(w(e)logn)/d. The first property follows the same idea of
simplifying graph structures to make the problem easier, and the second property is usually used
to argue that a certain path is covered after deleting E’: every path of length at most O(dlogn)
is completely preserved, or covered, in G — E’ with probability 0.5. This motivates the study of
neighborhood covers.

In an undirected graph, a neighborhood cover with parameter d is defined as a sequence of
subgraphs E1, ..., Eogogn) such that (1) every connected component of E; has diameter at most
O(dlogn) for every ¢, and (2) every d-neighborhood, defined as the set of all vertices at distance at
most d from a vertex u € V and denoted by Ball(u, d), is completely contained in one connected
component of F; for some i. One can see that (1) and (2) correspond to the properties guaran-
teed by LDD, and naturally, neighborhood covers are considered deterministic analogues of LDD.
See [Awe+-98] for more details.

Directed graphs. We can also define low-diameter decomposition on directed graphs in a way
similar to undirected graphs: given d, output a random set of edges E’ such that (1) G — E’ has
SCC diameter at most d, and (2) each edge e is included in E’ with probability O(w(e)log®n)/d.
An efficient algorithm for constructing such an LDD can be found in [BNW22].

Due to the success of neighborhood covers in undirected graphs, it is natural to expect an analogue
for directed graphs. However, it is hard to define what a neighborhood should mean in a directed
graph, since distance is not symmetric. Thus, we instead focus on paths. One could then try to
define a path cover as a sequence of subgraphs that covers all paths and has small SCC diameter, in
direct analogy with neighborhood covers in undirected graphs. As mentioned above, this definition
is impossible to achieve efficiently, and this leads to our contribution of path cover. We view path
cover as the right directed analogue of the relationship between LDD and neighborhood covers in

undirected graphs.

4.4 Existential Proof

This section sketches the existence of the d-path cover G’ of G in Theorem 4.1.
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We start with some standard notation: For every vertex v € V' let deg%ut (v) be the out-degree of

out out

v, i.e., the number of edges leaving v. For a vertex set S C V' let degy"(S) = ) . gdegs” (v) be the

number of edges starting in S. Lastly, for any vertex u € V', define
Bally (u,r) = {v € V| distg(u,v) < r}

to be the ball centered at v with radius r.

Construction. Our algorithm is recursive.

If G is a strongly connected component with diameter O(d log® n), then one can trivially return

the whole graph and terminate the recursion.

Otherwise, the algorithm finds a good partition by picking an arbitrary node v and growing a

ball from it by computing Bally" (u,i - d) for i = 1,2,3,... until we find a “thin layer” i* such that

1
deg (Ballgy' (u,i* - d)) < (1 102 ) - degg" (Ballg" (u, (i* — 1) - d)) . (4.1)
og n
Since the ball cannot grow multiplicatively too often it is clear that i* = O(log®n). The algorithm

works separately and recursively on both
B°" .= Bally*(u,i* -d)  and  B°":=V\ Balld*(u, (i* —1)-d).
Note that B®* and B°" only overlap at the “ring” around u from radius (i* —1)-dtoi*-d.

We focus here on the interesting case that the ball grown from u is not more than a constant
fraction of the graph, i.e., deg®'*(B°") < 0.9m, our proof shows that otherwise there is a way to
carve out a large ball and still make progress. Note that by running Dijkstra’s algorithm locally from
u the time needed to grow the ball B°" is 0] (deg%ut(BOUt)) and therefore essentially proportional to
its size and independent of the size of B°®*. This makes the recursion efficient. Let H°" and H°%
be d-path covers of the induced subgraphs G[B°"] and G[B°"], respectively, which are constructed

recursively.

For technical reasons, we strengthen the property of H°" (and likewise for H °ut): not only do
we require each d-path in G[B°"] to have a lift p’ in H°"*, we require a one-to-one mapping between
the start vertices of p and p’. In other words, each vertex v in G[B°"] has a representative vertex v’
in H°" such that if a d-path in G starts at v, then its lift in G’ starts at v'.

We build the d-path cover of G (denoted G’) by concatenating H°" and H°"* as follows: for
every (u,v) € F with u € B°" and v € V' \ B, we add edges from all copies of the vertex u in H°"
to the representative of the vertex v in H°"*. Having a representative for each vertex avoids having
to add prohibitively many edges from all copies of u to all copies of v. Defining the representatives
of vertices in G’ throughout the recursion is straightforward once the path-covering property in the

next paragraph is clear.
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Bout

Hout Hout

Figure 4.1: An illustration of the construction. A path entering V — B°" (for example a path
starting at w) will not leave B°"* again because of the length d layer in the middle, thus covered by
Hout.

O (d)-clustered graph. Notice that if A", H°" are O (d)-clustered graphs, then G’ is a O (d)-

clustered graph because edges can only be from H°" to HOU,

Path Covering. We show that G’ indeed covers all d-paths in G.

We consider the case where a path p starts at v, € B°" and leaves B°" at some point (i.e.,
enters V' \ B°"). Other situations (completely inside B or starting in V'\ B°") can be handled
similarly. Let v;) be the first vertex on p that is not in B°". Let p; be the subpath of p before v;,
(excluding v;,) and let pp be the remainder of p (starting at v},).

Notice that

v, € V\ B =V \(V\Ballg" (u, (i* — 1) - d)) = Ballg"(u, (i* — 1) - d).
This means that every path starting at v;) with length at most d (in particular, ps) is contained in
Ballg(u, (i* — 1) - d + d) = BallZ**(u,* - d) = B°"".

Therefore p; lies completely inside G[B°™] and py lies completely inside G[B°™], so H" covers p;
with a lift p} and H°" covers ps with a lift p.
We then concatenate pj and p} using the edge from the last vertex of p} to the first vertex of p}

which is the representative of v/ in H°"). The concatenated path maps to p.
P

Size of the path cover. We first show that the size of G’ satisfies

BE)< Y des(n(v).
v’ eV (G")
Let (u/,v') be an edge concatenating H°" and H°", where v’ € V(H") and v’ € V(H°") are

copies of u € B and v € V '\ B°", respectively, so that (u,v) € F and v’ is the representative of v

in H°". In this case, we say that (u,v) contributes to v'. Notice that (i) (u,v) can contribute to u’
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at most once among all edges concatenating H" and H°", because we add only one edge from u’
to the representative of v in H°" (which is why we define representatives); and (ii) (u,v) cannot

contribute to u’ again in the recursive construction of H°%, because (u,v) is not an edge of G[B°"].

Combining these two facts, every vertex v’ is contributed to by at most deg‘éut(w(u’ )) edges, which

establishes the claimed inequality.

out

It remains to bound }° /¢y (g degd (m(v")). Intuitively, Equation (4.1) guarantees that each
recursion layer increases the total degree by at most a factor of (1 +1/ log? n) times the smaller side
which is sufficient to yield an overall bound of (1 + 1/logn) - m on the final total degree (we defer
the calculation to the technical section). Since we have |E(G')| < 3, cy ) deg(m(v")), we get
the desired size bound

|E(G")] < (1+1/logn)-m

4.5 A Barrier for Covering Paths via Subgraphs

In this section, we prove the following lemma.

Lemma 4.3. For every m,\ > 1, there exists an O(m)-edge directed graph G and d such that
every collection of d\-clustered graphs GY, ..., G, C G covering all d-paths in G must have total size

22 [E(GY)] = Q(my/m/A).

Fix m, A > 1. We will build a directed graph G with O(m) edges and a distance parameter d.

Step 1: choose parameters. Let
L:=|\y/m/A| and d:=2+3L.

So L =0(y/m/X) and d = ©(/m/\).

We will also use one more parameter
R :=2d\.

Note that R > d\ by construction.

Step 2: ladder gadget. Create vertices ay,as,...,ar+1. For each layer j =1,..., L do:

o create R new vertices wj 1,...,w; R,

e add the directed cycle

Wj,1 = Wi = -+ =7 W5 R = Wj1,

o add edges a; — w,, for every r € [R],

o add edges w;, — a;41 for every r € [R].

Thus, to “go through” layer j you can do
aj = Wjr = Wjrtl =7 Ajtl,

which is 3 edges.

The number of edges in one layer is

R (cycle) + R (entries) + R (exits) = 3R = 3 - 2d\ = 6d\.
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Since there are L layers, the total number of edges in the ladder is

6d\- L = 6(2+ 3L)AL = O(AL?) = O(\ - (m/\)) = O(m).

Key property of the ladder. Let H be any subgraph of G whose SCCs all have diameter at
most dA. Consider a fixed layer j. If H contained all R edges of the directed cycle of layer j, then
that SCC would have directed diameter R — 1 > d\, contradicting that H is dA-clustered. Hence:
For every dA-clustered subgraph H and every layer j € [L], H omits at least one edge of that layer’s

cycle.

Step 3: star in front of the ladder. Add a special vertex r (the center of the star) and add
the edge » — a1. Then add
M := |m/20|

new vertices s1,...,sy and add star edges
sg =1 fort=1,..., M.

This adds M 4+ 1 = O(m) edges. Since the ladder already cost O(m) edges, the whole graph G has
O(m) edges.
Step 4: the d-paths we care about. Consider a path that:

1. starts with some star edge s; — r,
2. then takes r — aq,

3. then for each layer j = 1,..., L takes a 3-edge traversal

aj = Wiy =7 Wirj41 = Gjtl-

This path has length
1 (star) + 1 (toa1) + 3L = 24 3L = d.

So these are d-paths in G.

Step 5: diagonalization for one star edge. Let {G, ..., G.} be any collection of dA-clustered
subgraphs of G that covers all d-paths.

Fix one star edge e; := s; — r. Define
I;:={i€z]:e; € E(G)) }.

We claim that
Ll > L (4.2)

Suppose toward a contradiction that |I;| = ¢ < L. For each i € I;, for every layer j it omits at
least one cycle edge in that layer. Since ¢ < L, we can pick for every i € I a distinct layer £(i) € [L]
and let f; be one cycle edge in layer £(i) that G omits.

Now we build a d-path P as in Step 4, but with the following extra choice: in layer £(i) we force
the traversal to use exactly the edge f;, and in all other layers we traverse arbitrarily. This is a valid
d-path because every layer allows us to pick any two consecutive cycle vertices.

By construction:

o Ifi ¢ I, then G does not contain the first edge e;, so P ¢ G.
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o If i € I;, then G does not contain f; (by choice), and P uses f;, so again P ¢ G..
Thus P is a d-path that is not contained in any G}, contradicting the assumption that the family
covers all d-paths. Therefore (4.2) holds.

Step 6: counting. For each of the M = ©(m) star edges e; we have found at least L subgraphs
that contain it. So the total number of edge—subgraph incidences is at least

M
oL = ML
t=1

But B
> IEG))
i=1

counts all edge—subgraph incidences (each time an edge appears in some G it is counted once).

Hence

SSIE@)] > ML

i=1

Finally, M = ©(m) and L = ©(y/m/\), so

Z|E(G;)| > Q(m) - Q(vm/\) = Q(my/m/)),

which is exactly the desired lower bound.

This completes the proof.
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CHAPTER 5

Common-Neighborhood Clustering

In this section, we introduce another object called common-neighborhood clustering, which can be

interpreted as graph projection. It is useful for vertex-cut-related problems.

This chapter is organized as follows. In Section 5.1, we motivate the definition of common-
neighborhood clustering through the problem of vertex connectivity. In Section 5.2, we present its
broad applications to vertex-cut problems. In Section 5.3, we discuss its construction. This chapter

is based on Paper D and Paper E.

5.1 Common-Neighborhood Clustering

Consider the following problem called vertex connectivity: given a connected undirected graph
G = (V, E), how can we find the smallest number of vertices whose removal makes G disconnected?
[Li+21] observed that this problem becomes easy if every two nodes share many neighbors. This
motivates the following attempt to simplify the graph by lift-and-project: Given any undirected graph
G = (V, E), can we build a graph G’ = (V’, E’) and a function 7 : V' — V so that (1) solving vertex
connectivity on G’ gives the answer on G, and (2) every two vertices in G’ share many neighbors?

Common-neighborhood clustering is designed exactly for this purpose. The goal is clear, although
there are many technical details to handle in order to obtain a correct definition. Let us go further

into the problem details in order to reach a rigorous definition.

Balanced vs. unbalanced vertex connectivity. If removing a vertex set S C V makes
G = (V, E) disconnected, we say that S is a vertex cut. This also means that G — S contains several
connected components, at least two. Let L C V be one of them with the smallest number of vertices.
Then we can represent the vertex cut by (L, S, R), where R=V — L — S.

The vertex cut (L, S, R) is called balanced if |L| > Q(|S]). [Li+21] observed that if the minimum
vertex cut is balanced, then it is relatively easy to find: This part requires the isolating cut lemma
and we do not go into the details here. Intuitively, if |L| > Q(]S|), then one can sample each vertex
with probability 1/|L|. With good probability, exactly one sampled vertex lies in L, no sampled
vertex lies in S, and all other sampled vertices lie in R. Then an isolating cut lemma solves this case
by a reduction to max-flow computation.

Thus, the hard case is an unbalanced vertex cut, where |L| < o(|S|). Therefore, it suffices for

common-neighborhood clustering to construct a graph G’ that preserves unbalanced vertex cuts.
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Common-neighborhood clustering. Now we can give the definition. For u € V', we use Ng(u)
to denote the neighbors of u, i.e., {v € V | (u,v) € E}. We use AAB to denote the symmetric
difference between the two sets A and B, i.e., (A — B)U (B — A).

Theorem 5.1. For any undirected graph G = (V, E), there exist vertex sets Vi,..., Vi CV such that

o there exists a minimum unbalanced vertex cut (L, S, R) of G such that L CV; for some i € [k],

e foralli € [k] and u,v € V;, we have |[Na(u)ANg(v)| < O (|L)).

Moreover, each vertex w € V is contained in at most polylogarithmically many different sets V;.

The first property ensures that it suffices to find L C V; for each ¢ € [k] in order to minimize
Ng(L). The second property ensures that finding such an L is relatively easy according to the
observation of [Li+21].

Extension to directed weighted graphs. Theorem 5.1 is very flexible and can be extended
to the more general setting where the graph is directed and each vertex is assigned a weight by a
function w : V' — N. We can define minimum vertex cut in such a graph naturally as follows: define
w(S) = ,cqw(s); (L, S, R) is called a vertex cut of size w(S) if there are no edges from L to R;
and it is called unbalanced if w(L) < o(w(S5)).

It turns out that the following theorem is true.

Theorem 5.2. For any directed graph G = (V, E) with vertex weights w : V — N, there exist vertex
sets Vi,...,Vi. CV such that

o there exists a minimum unbalanced vertex cut (L, S, R) of G such that L C V; for some i € [k],

e foralli € [k] and u,v € V;, we have w(Na(u)ANg(v)) < O (w(L)).

Moreover, each vertex uw € V is contained in at most polylogarithmically many different sets V;.

Theorem 5.2 will be useful for solving weighted minimum vertex cut in directed graphs.

Connection to graph projection. Although Theorem 5.1 and Theorem 5.2 do not immediately
look like graph projection, they can also be viewed as graph projection: the graph G is lifted to the
disjoint union of the clusters Vi,..., Vi, where each vertex is lifted to at most polylogarithmically
many vertices. This lifted graph, although larger, is more structured and makes the problem easier

to solve.

5.2 Applications to Minimum Vertex Cut

Both Theorem 5.1 and Theorem 5.2 can be made algorithmically efficient depending on the setting
of the problem. In this section, we discuss each problem and the result we obtain from common-

neighborhood clustering.

Parallel and distributed vertex connectivity. Recall that vertex connectivity is given an
undirected graph and asks to find the minimum number of vertices whose removal disconnects
the graph. In a breakthrough result [Li+21], they show that vertex connectivity can be solved
using polylogarithmically many calls to a max-flow subroutine in the sequential model, thus giving
an m!'T°(M_time algorithm for vertex connectivity using the state-of-the-art max-flow algorithm.
However, their algorithm is highly sequential, and it is not known whether this almost-perfect

reduction can be carried out in other models as well.
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Our contribution is to use common-neighborhood clustering as a tool to make this reduction work

beyond the sequential model.

Theorem 5.3. Vertexr connectivity can be reduced to vertex-capacitated maz flow in the parallel
PRAM and distributed CONGEST models, with an n°Y loss in complexity.

The way we obtain Theorem 5.3 is to use common-neighborhood clustering from the last section
to break the problem into clusters, and then solve the problem inside each cluster. See Paper D for

more details.

Deterministic small vertex connectivity. [Li+21] gives a randomized algorithm, and a fasci-
nating question is how to close the gap between randomized and deterministic algorithms. There
have been many attempts on this problem, dating back to 1975 [Eve75; Gab06; SY22]. To simplify
the literature, let x be the vertex connectivity of the input graph, and focus on small k. We mention
that the current best known bound is m!to() . 2”2, where k is the vertex-connectivity value. The
dependence on k is exponential, which is not ideal. There are algorithms that run better for larger x

[Eve75; Gab06], but they have complexity at least O(mn) even for constant .

Our contribution is an exponential improvement in the dependence on x: we obtain a deterministic
vertex-connectivity algorithm running in m!'T°M . k time, which subsumes and strictly improves all

previous results [Eve75; Gab06; SY22] up to subpolynomial factors on this problem.

Theorem 5.4. There is a deterministic algorithm solving vertex connectivity in m*t°(M) .k time,

where K is the vertex connectivity of the input graph.

The way we obtain Theorem 5.4 is to again apply common-neighborhood clustering, together
with the terminal-reduction framework introduced by [LP20]. The crucial point is that common-
neighborhood clustering, as a general graph object, is inherently deterministic, and can therefore

help with derandomization. More details can be found in Paper E.

Deterministic directed weighted minimum vertex cut. A natural generalization of vertex
connectivity is the following directed minimum weighted vertex cut problem: given a directed graph
G = (V, E) with vertex weights w : V' — N, find a vertex set S whose removal makes G not strongly
connected, while minimizing w(S). This problem is very general: it subsumes vertex connectivity,

directed edge min-cut, max flow, and many others.

A randomized algorithm was proposed for this problem in 9] (mn) time [HRGOO0] 25 years ago.
Although there have been many attempts at derandomization for the unweighted case [Gab06; SY22],
no deterministic algorithm was known for the vertex-weighted case even to break the trivial algorithm

that makes n? calls to max flow. Our contribution is to close this gap up to subpolynomial factors.!

Theorem 5.5. There is a deterministic algorithm solving the directed minimum weighted vertex cut

14o0(1)

problem in m n time.

The way we obtain Theorem 5.5 is to use the weighted version of common-neighborhood clustering,
Theorem 5.2, which breaks the problem into easier pieces and allows it to be solved there. More

details can be found in Paper E.

LAfter we closed this gap, a subsequent work broke the randomized bound from mn to mn0-99+0(1) [CT25].
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5.3 Construction

A proof of existence. We first give a simple, but inefficient, algorithm that shows the existence of
common-neighborhood clustering. Define the neighborhood-difference graph G’ = (V| E’) as follows:
for any pair of vertices (u,v) € V x V, (u,v) € E’ if and only if |Ng(u)ANg(v)| < 2|L*| where
(L*, S, R) is one of the minimum vertex cut of the input graph.

We also need the notion of the sparse neighborhood cover that is studied in the literature [Awe+98].
We define it as follows.

Definition 5.6 (Sparse neighborhood cover (SNC)). Given an undirected graph G = (V, E), the

sparse neighborhood cover of G is a set of vertex sets C (called clusters) such that

1. (sparse) each vertex v € V is contained in at most O (1) clusters in C,
2. (low diameter) the diameter of G[C] for any C € C is at most O(logn),

3. (cover) for every v € V, there exists a cluster C € C such that Ng[v] C C.

It is also proved in [Awe+98] that SNC can be constructed efficiently. We claim that applying
SNC on G’ gives us a common-neighborhood clustering. Let us verify each property of common-
neighborhood clustering one by one.

1. Each vertex u € V' is contained in at most O (1) clusters in C according to the (sparse)

condition.

2. For any C € C and any u,v € C, there exists a path from u to v in G’ with length O(logn)
according to low diameter, denoted by (u,v1,vs,...,v). Notice that an edge (u,v1) € E’ means
we can delete and add 2|L*| nodes from Ng(u) to get Ng(vi). We can repeat this argument
along the path, which shows that |Ng(u)ANg(v)| = O(]L*|logn). This proves that C has

neighborhood difference at most O(|L*|logn), i.e., it is a common-neighborhood cluster.

3. L* has neighborhood difference at most 2|L*| as observed in [Li+21], L* must be a clique in
G’ according to the definition of G’ (actually here we do not require G[L*] to be connected,
this additional property is to assist a faster algorithm which we will explain later). Thus, take
an arbitrary v € L*, and note L* C N¢/[v], which means L* is contained in some cluster due
to property (cover).

This completes the existential proof. O

The construction is not efficient however. We showed in Paper D and Paper E how to build it

efficiently in different settings.
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CHAPTER 6

Steiner Shortcut

This chapter is organized as follows. In Section 6.1, we motivate and define Steiner shortcuts. In
Section 6.2, we extend the definition of Steiner shortcuts to broader settings that preserve distance

and flow information. This chapter is based on Paper F and Paper G.

6.1 Introduction to Steiner Shortcut

Shortcuts were initially proposed by Thorup [Tho92]. In a graph, we say that u can reach v if there

is a path from u to v. A shortcut is defined as follows.

Definition 6.1 (Shortcut). Given an arbitrary directed graph G = (V, E), a shortcut of depth d or
d-shortcut is a set of additional edges E C V' x V that gives a graph G’ = (V, EU E’) such that, for
every a,b € V, (1) if a can reach b in G, then a can reach b in G’ through a path with d edges, and

(2) if a can reach b in G’, then a can reach b in G.

This can be viewed as a graph lift-and-project object as well: the reachability problem, which
asks which vertices a given source vertex s can reach, is lifted from G to G’. The graph G’, although
larger, is more structured and allows reachability to be solved faster. For example, running BFS
from s up to depth d gives an algorithm with depth d and linear work in the parallel model.

Shortcutting is closely connected to the problem of parallel reachability: if one can compute a
depth-d shortcut of linear size, meaning O(m) size where m is the number of edges of the input
graph, for any directed graph, then one can solve reachability in parallel with linear work and depth

d. The first question to ask is therefore whether such an object really exists, namely
What is the smallest d such that every directed graph admits a d-shortcut of linear size?

Unfortunately, strong lower-bound results rule out subpolynomial d: a long line of work [Hes03;
HP21; BH23; VXX24] leads to a lower bound of n'/5.

A new viewpoint: Steiner shortcut. Instead of giving up on the search for a subpolynomial-
depth shortcut, we revisit the definition in Definition 6.1: if the goal is to lift a problem to a larger
but more structured graph G’ = (V’, E’), then the vertex set V' does not need to be the original

vertex set V. This lift-and-project viewpoint leads to the following definition of a Steiner shortcut.

Definition 6.2 (Steiner Shortcut). Given an arbitrary directed graph G = (V, E), a Steiner shortcut
of depth d is a set of additional vertices V' and additional edges E' C (VUV') x (VUV’) that gives
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a graph G’ = (VUV', EU E’) such that, for every a,b € V, (1) if a can reach b in G, then a can
reach b in G’ through a path with d edges, and (2) if a can reach b in G’, then a can reach b in G.

Why one copy per original vertex suffices. At first glance, Definition 6.2 may seem more
restrictive than the graph-projection viewpoint from the introduction, where a vertex of G may
correspond to multiple vertices in G’. For reachability shortcuts, however, the two viewpoints are
essentially equivalent.

Suppose a more general projection maps a set of vertices 71 (v) in the auxiliary graph to a vertex
v € V. We can choose one representative r,, € 7—1(v) and identify it with the original vertex v. All
remaining vertices in m~1(v) \ {r,} are treated as Steiner vertices. Finally, we add bidirectional
edges between v and each vertex in m=*(v) \ {r,}. This allows paths to enter and leave any copy of
v through the representative v, while introducing only Steiner vertices besides the original vertex set.

Thus, for the purpose of reachability shortcuts, the formulation in Definition 6.2 is sufficient.

Circumventing the lower bound. In Paper F, we show that this new definition circumvents all
previous lower-bound attempts [Hes03; HP21; BH23; VXX24]. Moreover, despite several attempts in
our work, we cannot rule out the existence of an almost-linear-size Steiner shortcut with depth n°™)
for arbitrary directed graphs. This leaves a promising direction for future work: prove or disprove

the following Steiner shortcut conjecture.

Is there an almost-linear-size Steiner shortcut of subpolynomial depth for every directed graph?

Applications of the Steiner shortcut conjecture. Proving the Steiner shortcut conjecture
would have a huge impact on the parallel computing community: it could lead to the first almost-
optimal reachability algorithm, both in work and depth, which currently seems out of reach.

Moreover, by extending the definition to preserve distances and flows, it could also lead to the
first combinatorial almost-linear-time algorithms for bipartite matching, max flow, and minimum-cost
flow, all with almost-linear work and subpolynomial depth. This would reshape our understanding
of graph algorithms.

On undirected graphs, this has already been achieved in our work Paper G: we use an almost-
linear-size Steiner shortcut of subpolynomial depth that preserves properties beyond reachability—
namely, flow and cost—to obtain the first almost-linear-work combinatorial algorithm for approximate
MCF on undirected graphs, with subpolynomial depth. Whether a similar result can be obtained for

directed graphs remains wide open. We discuss this formally in the next section.

6.2 Generalized Steiner Shortcuts

Let us refer to shortcuts in Definition 6.1 as reachability shortcuts. In this section, we formalize the
generalization of reachability shortcut that also preserves distances and flows. Then, we explain why
the construction of these shortcuts would imply algorithmic breakthroughs in parallel algorithms
for shortest paths and maximum flow in Section 6.2.1. For convenience, we assume lengths and
capacities are polynomially bounded integers in this section.

Here, we define a notion of length-constrained flow shortcuts (LC-flow shortcuts). This is a
shortcut added to the graph so that every multi-commodity flow can be routed with approximately
the same congestion and length, but all flow paths only require a small number of edges.

To formalize this, we need notation for multi-commodity flows. Let G = (V, E) be a graph

with edge capacity ¢ : E — R>¢ and edge length ¢ : E — Ryg. A (multi-commodity) flow F in
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G assigns value F(P) > 0 for each directed path P in G. We say that P is a flow path of F if
F(P) > 0. The congestion on edge e of F' is congp(e) = % and the congestion of F is
congp = maxecpg congp(e). The length of F is the maximum total length overall flow paths of F, i.e.,
maxp.p(py>o £(P). The hopbound of F' is the maximum number of edges overall flow paths of F, i.e.,
max p.p(py>o | E(P)|. For any vertex set U, a demand D on U assigns a value D(u,v) > 0 for each
vertex pair (u,v) € U. The demand Dp routed by F is defined as Dp(u,v) := 3> F(P).

We say that D is routable with length ¢, congestion , and hopbound h if there exists a flow F with

u,v)-path P

length ¢, congestion x, and hopbound A that routes D. When D is routable in G with congestion 1,

we sometimes just say that D is routable in G. With this, we are ready to define LC-flow shortcuts.

Definition 6.3 (Length-Constrained Flow Shortcuts). A shortcut G' = (VUV/,EUE’) is a
length-constrained flow shortcut of G with hopbound h,' congestion slack , and length slack s if:
1. Every demand on V routable in G with length A and congestion 1 is routable in G’ with length

As, congestion 1, and hopbound h, and

2. Every demand on V routable in G’ with length A and congestion 1 is routable in G with length

A and congestion k.

The concept of LC-flow shortcut above is also defined in undirected graphs in our paper Paper G.
We show that, for any n-vertex undirected graph G with capacity and length at most poly(n) and
a parameter k, there exists a flow shortcut G’ with hopbound h = O(k), length slack s = O(k),
congestion slack poly(klogn)n®1/Vk) and size |E'| < n'+O1/VRpoly(logn). It is an interesting

open problem if an LC-flow shortcut with non-trivial guarantee exists for directed graphs.

Reachability Shortcuts, Distance Shortcuts, and Congestion Shortcuts. Observe that a
reachability shortcut is precisely an LC-flow shortcut when the constraints related to length and
congestion in Definition 6.3 are removed.

We will use the terms distance shortcut and congestion shortcut to refer to an LC-flow shortcut
when the respective constraint related to congestion and length in the definition of Definition 6.3 is
removed.

More specifically, when focusing only on length, Definition 6.3 simplifies to distance shortcuts as
follows. Let distg(s,t) denote the distance from s to ¢ in G. Let dist”(s,¢) denote the minimum
length of paths with hopbound A from s to ¢t in G.

Definition 6.4 (Distance Shortcuts). A shortcut G' = (V UV, EU E’) is a distance shortcut of G
with hopbound h and length slack s if, for every vertex pair (s,t) € V x V|

1. If distg (s, t) < A, then distls (s,t) < \s and
2. If distgr (s, t) < A, then distg(s,t) < A.

When focusing only on flow (or equivalently flow congestion), Definition 6.3 simplifies to congestion

shortcuts as follows:

Definition 6.5 (Congestion Shortcuts). A shortcut G' = (VUV', EU E’) is a congestion shortcut
of G with hop bound h and congestion slack & if

1. Every demand on V routable in G is routable in G’ with hopbound h, and

2. Every demand on V routable in G’ is routable in G with congestion k.

1The hopbound in this section has the same purpose as the diameter in previous sections. We change our terminology
to hopbound to avoid confusion, because the graph here has edge lengths.
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6.2.1 Exact Shortest Paths via Distance Shortcuts

In this section, we observe that a near-optimal parallel algorithm for constructing a distance shortcut
with length slack (14-0(1/logn)) would imply a near-optimal parallel algorithm for ezact single-source
shortest paths with O(m) work and polylog(n) depth.

In the SSSP problem, given a graph G and a vertex s, we need to output the exact distance
d(u) from s to every other vertex u in G. For a-approximate SSSP, we are given a graph G and
a vertex s, output an approximate distance J(u) from s to every other vertex w in G, such that
d(u) < d(u) < ad(u).

The reduction from parallel exact SSSP to distance shortcut construction follows from combining
tools from [KS97] and [Roz+23].

Theorem 6.6. For any n,m,m’, h, suppose there is an algorithm A which takes an O(m)-edge O(n)-
vertex directed graph and computes a distance shortcut of hopbound O(h), length slack (14 0(1/logn))
and size O(m'). Then, there is an algorithm computing exact SSSP of an m-edges n-vertex directed
graph with O (1) calls to A, with additional O (m +m') work and O (h) depth.

In undirected graphs, there exist distance shortcuts of hopbound n°"), length slack (1 +1/log?n)
and size n't°(M) (e.g. [Coh00; HP19]). Moreover, [EN19] showed how to construct them in m!*+e()
work and n°(") depth.

If this can be generalized to directed graphs even when the shortcut size is m!'T°(1) then

Theorem 6.6 would imply an exact SSSP algorithm with m!'t°() work and n°*) depth.

Corollary 6.7. Suppose there is an algorithm that, given O(m)-edge O(n)-vertex directed graph,
computes a distance shortcut of hopbound n°™M), length slack (1+0(1/logn)), and size m*+°W) . Then,
there is an algorithm for computing exact SSSP in an m-edge n-vertex directed graph in m*+to()
work and n°Y depth.

Indeed, in directed graphs, the state-of-the-art is still far from this goal, because the problem is
even harder than reachability shortcut. There exist distance shortcuts of hopbound O(nl/ 3), length
slack (14 ¢) and size O(n/e?) [BW23], but they require large polynomial time to construct. [CFR20]
showed a parallel algorithm with O(m/e?) work and n®->*+°(1) depth to construct a distance shortcut
of hopbound n'/2+°() length slack (1 + ) and size O(n/e?).

Note that, since Theorem 6.6 is a work-efficient reduction, any improvement to the n'/2+o(1)
hopbound of [CFR20] would immediately improve the state of the art for the parallel exact SSSP
problem which currently requires O(m) work and n'/2+°() depth [CFR20; Roz+23].

Proof. We first present an algorithm for computing (1 + o(1/logn))-approximate SSSP in an
O(m)-edge, O(n)-vertex directed graph with 1 call to A and additional O (m + m/) time and O (h)
depth. We then show how to solve exact SSSP of an m-edge n-vertex graph using O (1) calls to
the approximation algorithm with additional O (m) work and O (h) depth. Combining the two

reductions finishes the proof.

Approximate SSSP. Given a directed G with O(m) edges and O(n) vertices, we first compute a
distance shortcut of size O(m’), denoted by G' = (VUV',EUE’). We will apply [KS97, Lemma

3.2], to G’, which we state as follows.

Lemma 6.8 ([KS97, Lemma 3.2]). Given a directed graph G, a source vertex uw and parameters

h,e, there is an algorithm computing an h-limited (1 + €)-approximate shortest path dy, defined as
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Vo € V,dp,(v) < dp(v) < (1 +€) - dp(v) where dy(v) is the shortest path distance restricted to only
using h edges from the source u, in 0 (mafl) work and O (hs’l) depth.

We can compute an h-limited (1 4 o(1/logn))-approximate shortest path distances {dS (u)}uev
in O (m +m’) work and O (h) depth (by setting the parameter p = m/k in their paper). We use
{d% (u)}uev as the output. This finishes the algorithm description, which uses 1 call to A with
additional O (m) work and O (1) depth.

In their definition, an h-limited (1 + o(1/logn)-approximate shortest path distances {d$" (u)}uev
satisfies that d (u) < dS" (u) < (1 + o(1/logn))dS$ (u), where dS (u) is the shortest path distance
restricted to only using h edges. According to Definition 6.4, if we write d(u) as the shortest path
distance on G, then we have d$”"(u) < (1+ o(1/logn)) - d%(u) and d%(u) < d$"(u). Thus, we have
dS(u) < d$"(u) < (14 o0(1/logn))(1 + o(1/logn))dC (u), which means d§" (u) is a (1 + o(1/logn))-

approximate distance.

Exact SSSP. The following lemma is a direct implication of Theorem 1.7 and Lemma 3.1 in
[Roz+23],

Lemma 6.9 ([Roz+23, Theorem 1.7 and Lemma 3.1]). Given a directed graph G, a source s € V(G),
there is an algorithm computing the exact distance from s to every vertex in G, using 0] (1) calls to a

(14 O(1/logn))-approzimate distance oracle O on directed graphs and an additional O (m) work
and O (1) depth.?

Given an m edges n vertices graph G, we apply Lemma 6.9 to get an exact distance function by
O(logn) calls to the (1 + o(1/logn))-approximate distance oracle presented in the last paragraph,
and an additional O (m) work and O (1) depth. The lemma follows. O

6.2.2 Parallel Exact Max Flow via Congestion Shortcuts

In this section, we observe that a near-optimal parallel algorithm for constructing a congestion
shortcut with congestion slack polylog(n) (together with an embedding algorithm defined below)
would imply a near-optimal parallel algorithm for ezact maximum flow with O(m) work and polylog(n)
depth.

Definition 6.10 (Backward Mapping). For a shortcut algorithm A which outputs a shortcut G’ of
the input graph G = (V, E), a backward mapping algorithm for A takes input G and G’ generated
by A, along with a flow F’ in G’ with congestion 1, and outputs a flow F in G routing the same

demand as F’ with congestion .

The reduction from parallel exact max flow to congestion shortcut construction follows quite

straightforwardly by repeatedly solving approximate max flow on the residual graph.

Theorem 6.11. Given n,m,m’, h, k, suppose there is an algorithm A which takes an O(m)-edge
O(n)-vertez directed graph and computes a congestion shortcut of hopbound O(h), congestion slackness
k and size O(m'), along with a corresponding embedding algorithm A’ for A, then there is an algorithm
computing exact maz flow with O (k) calls to A and A’ and additional O (k - poly(h) - (m +m/))
work and O (k- poly(h)) depth.

20One might notice that Lemma 4.1 in [KS97] is also about reducing exact shortcut path to approximate shortest
path oracles. However, they require a stronger approximate shortest path oracle: The approximate distance must be
an exact distance on the shortcut G’. Thus, it cannot be used here.
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In undirected graphs, congestion shortcuts with near-optimal quality follow from tree flow

sparsifiers defined as follows.

Definition 6.12. A tree flow sparsifier T of G with congestion slack k is such that
1. The set of leaves of T' corresponds to V(G).

2. Every demand on V(G) routable in G is routable in T
3. Every demand on V(G) routable in T is routable in G with congestion .

Clearly from the definition, a tree flow sparsifier with depth d and congestion slack « is a
congestion shortcut with congestion slack x, hopbound 2d, and size O(n). There exists a tree flow
sparsifier with depth O(logn) and congestion slack O(log? nloglogn) [HHRO03]. Moreover, there is a
parallel algorithm that constructs a tree flow sparsifier with depth O(logn) and congestion slack
O(log? n) in O(m) work and polylog(n) depth [Aga+24].

If this can be generalized to directed graphs even when the shortcut size is O(m)7 then Theorem 6.11

would imply an exact max flow algorithm with O(m) work and polylog(n) depth.

Corollary 6.13. Suppose there is an algorithm that, given O(m)-edge O(n)-vertex directed graph,
computes a congestion shortcut of hopbound polylog(n), congestion slack polylog(n), and size O(m).
Then, there is an algorithm for computing exact max flow in an m-edge n-vertex directed graph in

O(m) work and polylog(n) depth.

Unfortunately, there is no prior work on this, and we leave it an interesting open problem.

Proof of Theorem 6.11

Proof. We first give an algorithm computing an approximate max flow that routes a feasible flow
whose value is at least 1/(2k) times the optimal value on the input graph. Then show how to turn it

into an exact max flow algorithm.

Approximate max flow. We first use A to compute a congestion shortcut on G, denoted by E’.
Let G' = GU E’. We will use Theorem 3.1 (1) of [HHS23], stated as follows.

Lemma 6.14 (Theorem 3.1 (1) of [HHS23]). Given a directed graph G with edge capacities and
unit edge length, length bound h > 1, approximation parameter € > 0, and source and sink s,t € V,
there is an algorithm computing a 1 — & approzimate maximum h-length flow, in the sense that the
flow value is at least 1 — € times the maximum h-length flow from s to t in G. The algorithm takes
9] (m AT E%) work and O (h” . E%) depth.

We use Lemma 6.14 with parameter € = 1/2; h the same as our h, and the digraph the same as
G’ with unit length. The guarantee for the output is a flow F’, which is a 1 — & approximation for
maximum h-length flow, which, in our case, is the maximum flow with hop bound A since the graph
has unit length. Then, we call the backward mapping algorithm A’ to turn F’ into a flow F on G
with congestion k. To make F feasible, we scale the flow on each edge down by a factor of x, and
denote the final flow as F//k. According to Definition 6.3, every flow on G corresponds to a feasible
flow on G’ with hop bound h and the same value. Thus, F’ has a value of at least 1/2 times the
max flow value on G, which implies that F'/x is a 1/(2x) approximate max flow on G.

The algorithm takes an input graph of m edges and n vertices, uses 1 call to A and A’, and
additional O (poly(h) - (m +m/)) work and poly(h) depth using Lemma 6.14.
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Exact max flow. If we have an algorithm computing e-approximate max flow (here € = 1/(2x)),
then we can use a folklore reduction to get the exact max flow: iteratively compute approximate
max flows on the residual graph. In 0 (1/e) iterations the optimal flow value of the residual graph
will be decreased to 1/poly(n). Notice that we can also apply the standard rounding algorithm (for
example, see [Coh95, §5]) if we want to get an integer flow of the max flow value.

The algorithm uses O (k) calls to the approximate max flow algorithm, which corresponds to
O (k) calls to A, A, and additional O ( - poly (k) - (m +m’)) work and O (k - poly(h)) depth. O
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Abstract

We show that every directed graph G with n vertices and m edges admits a directed acyclic graph
(DAG) with m'T°®) edges, called a DAG projection, that can either (14 1/polylog(n))-approximate
distances between all pairs of vertices (s,t) in G, or n°M-approximate maximum flow between all
pairs of vertex subsets (S,T) in G. Previous similar results suffer a Q(logn) approximation factor
for distances [AHW25; Fil26] and, for maximum flow, no prior result of this type is known.

Our DAG projections admit m'*°™ -time constructions. Further, they admit almost-optimal

o) work and m°™® depth, assuming the ones for

parallel constructions, i.e., algorithms with m
approximate shortest path or maximum flow on DAGSs, even when the input G is not a DAG.
DAG projections immediately transfer results on DAGs, usually simpler and more efficient,
to directed graphs. As examples, we improve the state-of-the-art of (1 + ¢)-approximate distance
preservers [HXX25] and single-source minimum cut [CLL13], and obtain simpler construction of
(n'/3, €)-hop-set [KP22b; BW23] and combinatorial max flow algorithms [Ber+24; Ber+25a].
Finally, via DAG projections, we reduce major open problems on almost-optimal parallel

algorithms for ezact single-source shortest paths (SSSP) and maximum flow to easier settings:

¢ From exact directed SSSP to exact undirected ones,
o From exact directed SSSP to (1 + 1/polylog(n))-approximation on DAGs, and

« From exact directed maximum flow to n°"-approximation on DAGs.



Distance [ From — To [ Approximation [ Total size ]
[MNO7] undirected — tree O(k) O(kn1t+1/F)
[BFN19] undirected — tree | O(n!/*logt=1/%p) nk
[AHW25] directed — DAG O(log® nloglogn) O(mlog®n)
[Fil26] directed - DAG O(lognloglogn) O(mlog®n)

Ours (Theorem A.1) | directed — DAG (14 1/polylog(n)) mITo)

[ Maximum flow [ From — To [ Approximation [ Total size ]
[Rac02] undirected — tree O(log® n) 2n
[HHRO3] undirected — tree | O(log? nloglogn) 2n
[Rac08] undirected — tree O(logn) O(mn)
[RS14] undirected — tree | O(lognloglogn) 2n

Ours (Theorem A.2) | directed — DAG n°) mITo()

Table A.1: Summary of results on approximating undirected and directed graphs by trees and DAGs,
respectively. For distances, we trade O(mlog® n) size and Q(logn) approximate for m!'+°() size and
(14 o(1)) approximation. For maximum flow, we give the first such DAG.

A.1 Introduction

Distance and maximum flow structures of undirected graphs can be approximated with trees, using tree
covers [MNO7] and tree cut sparsifier [Rac02], respectively. Both objects are highly influential across many
areas including data structures [MINO7; TZ05], fast algorithms [RS14; Van+24], and online algorithm [Bar96a;
Alo+06]." This motivates the research program on showing analogous results in directed graphs.

In this paper, we make significant progress in this direction and obtain many applications. Below, we first
review tree covers and tree cut sparsifier, as well as the state-of-the-art of their directed analogous objects

summarized in Table A.1.

For any undirected or directed graph G with n vertices and m edges, vertex pair s,t € V(G), and vertex
subset pair S,T C V(G), let diste(s,t) denote the distance from s to ¢ and maxflowg(S,T) denote the

maximum flow value from S to T

Approximating Distances. A tree cover of a graph G is a collection T of trees where diste(s,t) <
minyper distr(s,t) < a - distg(s,t) for every s,t € V(G) and « is called the approximation factor. Every
undirected graph admits, for any k > 1, a tree cover 7 containing O(knl/k) trees with O(k) approximation
and total size | Y, E(T)| = O(kn'*'/*) [MN07].

Motivated by the fact that directed cyclic graphs (DAGs) are usually more algorithmic friendly than
general directed graphs, Assadi, Hoppenworth, and Wein [AHW25] recently introduced a DAG cover
A DAG cover of a graph G is a collection D of DAGs where

distg(s,t) < minpep distp(s,t) < a - distg(s,t). They showed that every directed graph with edge weights

as a directed analog of a tree cover.

from {1,2,..., poly(n)} admits a DAG cover containing O(log n) DAGs with O(log® n loglog n) approximation
and total size | ), E(D)| = O(mlog®n). They also gave a O(m)-time algorithm to construct it. Later,
Filtser [Fil26] strictly improved the approximation factor to O(lognloglogn), while using the same size and
construction time.

Both [AHW25; Fil26] left as an open problem whether their approximation factor can be improved
further.

Approximating Maximum Flow. A éree cut sparsifier of G is a tree T where, for every S, T C V(G),
maxflowg (S, T) < maxflowr(S,T) < a-maxflow (S, T). Every undirected graph admits a tree cut sparsifier
T with O(lognloglogn) approximation and size |E(T')| < 2n [RS14]. However, it remains unknown if there

exists any set of DAGs that could approximate maximum flows of a directed graph.

IThere are probabilistic version of tree covers and tree cut sparsifiers called probabilistic/stochastic tree embedding
[Bar96a; FRT04] and probabilistic tree cut sparsifiers [Rac08], respectively.
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A.1.1 Our Structural Results

We make significant progress on both sides. First, for the distance side, we improve the approximation factor
of O(log nloglogn) [Fil26] down to (14 1/polylog(n)) using a DAG with slightly larger m't°(") size. Second,
for the flow side, we give the first directed analog of tree cut sparsifiers using a DAG of size m!T°®).

To describe our DAGs more precisely, we need a notion of DAG projection. A partial projection to G is a
graph G’ whose vertices of G’ are either copies of vertices in G or Steiner vertices. Formally, there exists a
mapping 7 : V(G') — V(G)U{L}. Wesay «’ € 7~ *(u) is a copy of w and ' € 77 *(L) is a Steiner vertex.’
The width of G’ is the maximum number of copies, i.e., max,ev(c) |7~ " (u)|. If G’ is a DAG, then we say G’

is a DAG projection.

(1 + ¢)-Distance-Preserving DAG. Our first result is a DAG projection with almost-linear size that
can (14 1/polylog(n))-approximate distances.

Theorem A.l. For any directed graph G with edge weights from {0,1,2,...,poly(n)} and € > 1/polylog(n),
there exists a DAG projection G' to G of size |[E(G")| = m**°M and width n°Y) such that, for every
s,t € V(G),

distg (s, t) < dist: (7" (s), 7' (t)) < (1 + e)dista (s, t).

Moreover, there is a randomized algorithm for computing G’ in m*+t°®) time.

Recall that distg: (771 (s), 7 1(t)) is the distance from any copy of s to any copy of ¢ in G’. Tt can be
easily computed, for example, by adding to G’ zero-weight edges from dummy source so to 7~ *(s) and from
7r_1(t) to dummy sink top, and then computing the distance from sg to to.

Compared with [AHW25; Fil26], their DAG cover D only guarantees O(logn loglogn) approximation
albeit with slightly better O(mlog®n) total size.

n°M-Congestion-Preserving DAG. Our next result is a DAG projection with almost-linear size that
can n°M-approximate maximum flows. This is the first directed analog of tree cut sparsifier in undirected

graphs.

Theorem A.2. For any directed graph G with edge capacity from {1,2,...,poly(n)}, there exists a DAG
projection G’ to G of size |E(G")| = m**°Y) and width n°Y such that, for every S,T C V(G),

maxflowa (S, T) < maxflowe: (7~ *(9), 7~ (T)) < n°Pmaxflowe (S, T).
Moreover, there is a randomized algorithm for computing G’ in m*+t°®) time.

Observe that maxflowg: (77 (S), 7~ *(T)) can be computed, for example, by adding to G’ infinite-capacity
edges from dummy source so to 7~ *(S) and from 7~ *(T') to dummy sink to, and then computing the maximum
flow from sg to to.

We emphasize that there are exponentially many maxflow(S,T) values that G’ preserves. So, it is
unclear that G’ exists even if we allow |E(G’)| = O(n?). Note that even though our approximation is n°™),

the best approximation for tree cut sparsifiers in undirected graphs is Q(logn).

Almost-Optimal Size. The size of m!™°W in both Theorems A.1 and A.2 are optimal up to m°™Y
factor. Indeed, since reachability information of m-edge directed bipartite graphs can encode €2(m) bits of
information, the Q(m) size lower bound holds even for arbitrary data structures that can answer reachability
only, let alone approximating distances or flow. In contrast, in undirected graphs, tree covers or tree cut

sparsifiers may have total size o(m).

2A projection has a stricter requirement that 7 : V(G’) — V(G) is a graph homomorphism. That is, there is no
Steiner vertex and if (u/,v’) € E(G’), then (u,v) € E(G) where u = 7(u’) and v = 7(v’) (and they have the same edge
weight). See Definition A.10, which was also used in [Ash+24a]. We usually omit the term “partial” and distinguish
the two concepts only when the difference is crucial.
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Figure A.1: Old and new landscapes of parallel SSSP and maximum flow algorithms. The green area
highlights the settings where near-optimal parallel algorithms are known. The red area highlights
the settings as hard as the exact directed setting. The solid arrows represent non-trivial efficient
parallel reductions, while the dotted arrows represent trivial ones.

Parallel Construction: Reductions to Approximations on DAGs. Not only we can construct
the DAG projections from Theorems A.1 and A.2 in almost-optimal m**°®) time in the sequential setting,

1+o(1) work and m°®

our constructions are also almost optimal in the parallel settings (i.e., they take m
depth), assuming almost-optimal parallel algorithms for approzimate shortest paths or maximum flow on
DAGS.

To formalize this, we say that there is an efficient parallel reduction from problem A to problem O if,
given that O can be solved in w work and d depth on a graph with m edges, then A can be solved in w - me®

work and d - m°® depth on a graph with m edges.

Theorem A.3 (Efficient parallel reductions). There are efficient parallel reductions from constructing DAG
projections in Theorems A.1 and A.2 to, respectively, computing (1+ 1/polylog(n))-approzimate single-source

o(1)

shortest path and n°‘"’ -approximate mazimum flow on a DAG whose topological order is given.

A.1.2 New Landscape of Parallel Shortest Paths and Maximum Flow

Via the efficient parallel reduction in Theorem A.3, we reduce major open problems of finding almost-optimal
parallel algorithms for ezact single-source shortest paths (SSSP) and maximum flow to easier settings, leading
to a clean landscape of both problems. See Figure A.1.

More precisely, using our DAG projections, we obtain efficient parallel reductions

1. From exact directed SSSP to (1 4 1/polylog(n))-approximation on DAGs,
2. From exact directed SSSP to exact undirected ones (using [HXX25]), and

3. From exact directed maximum flow to n°"-approximation on DAGs. This reduction was not known

even in the classical sequential setting.®

Consider algorithms in the six settings based on the following combinations: (1) exact or approximate, and
(2) on directed graphs, DAGs, or undirected graphs. Our reductions categorize these six settings for both
SSSP and maximum flow into only two regimes. The easy regime consists of only the approximate undirected
setting, and the hard regime contains the remaining five settings. These five settings are equivalent in the

sense they all admit algorithms with the same work and depth up to subpolynomial factor.

3Tt confirms the informal statement in [Ber+24] about computing maximum flow, saying that “the main bottleneck
seems to be a fast n°(1)-approximation for DAGs”.
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This significantly cleans up the landscape of both problems. With this new landscape, to improve the
state-of-the-art of either exact directed SSSP or maximum flow, it suffices to improve either (1) approximation
algorithms on DAGs, or (2) exact algorithms on undirected graphs.

We note that we crucially exploit our approximation guarantees. If they were worse, our reductions
between exact and approximate settings above would not work with current techniques. For example, they
would fail if the distance-preserving DAG projection only guaranteed 1.01-approximation.* Thus, the previous
results with Q(logn) approximate [AHW25; Fil26] indeed do not work. Similarly, if the congestion-preserving

DAG projection guaranteed n’-!-approximation, then the reduction would have been too inefficient.

A.1.3 Transferring Results from DAGs to Directed Graphs

Lastly, our DAG projections immediately transfer algorithms on DAGs, usually simpler and more efficient, to
directed graphs. Below, we list problems that we improve the state-of-the-art or obtain simpler algorithms

via DAG projections.

Applications of Distance-Preserving DAG Projections.

Distance preservers: improved. Given a directed graph G = (V, E) with edge lengths and a set of
demand pairs P CV x V, a (1 + ¢)-approzimate distance preserver ((1+ €)-DP) is a subgraph H C G such
that for every (s,t) € P, we have distg(s,t) < (14 ¢) - dista(s,t). A long line of work (e.g. [CE06; Bod17;
HXX25]) have been trying to find (1 + £)-DPs of smallest size |E(H)|.

Currently, the best bounds for DAGs are strictly better than the ones for general directed graphs. To
simplify the discussion, we focus on the O(n)-size regime. There exists a (1 + £)-DP for DAGs of size
O(n + py/n), which gives O(n) as long as p = O(y/n) [CE06; TXX25].> However, the best bound for general
directed graphs achieves O(n) size only when p = O(n'/?) [Bod17].° Our distance-preserving DAG projection

Theorem A.1 closes this gap up to n°® factor.

Corollary A.4. For € > 1/polylog(n), there exists a (1 + €)-approzimate distance preserver for any n-node
directed graph with polynomial edge lengths and p demand pairs of size (n + py/n) 0D which is n' W for

p=0(/n).

Corollary A.4 exploits that the width in Theorem A.1 is n°® so that we do not blow up the number of

vertices, and also that G’ is actually a projection (see Definition A.10), not only a partial projection.

Hop-set: simplified. Given a directed graph G = (V, E) with edge lengths, a (8,¢)-hop-set of G
is a set of additional edges H C V x V added to the graph so that for every s,t € V we have (i)
dista (s, t) < disteum(s,t), and (2) dist(g&H(s,t) < (1+e¢)-diste(s,t) where disthH(s,t) denotes the lengths
of the shortest path from s to t using at most 3 edges.

The breakthrough result of Kogan and Parter [KP22b] showed the existence of linear-sized (O(n'/?),e)-
hop-sets for DAGs, but only linear-sized (O(n?/%),e)-hop-sets for general graphs. With significant effort,
Bernstein and Wein [BW23] closed this gap by showing linear-sized (O(n'/®), ¢)-hop-sets for any graph.

Theorem A.1 can bypass this significant effort and close the gap up to n°W factor in a black-box way.
Indeed, by applying the construction of [KP22b] for DAGs on top of our distance-preserving DAG projection,

we immediately obtain n't°M_sized (O(n'/?), e)-hop-sets.

Potential applications. There are gaps between DAGs and general directed graphs in several variants
of min-distance problems [DK21; CZ22]. Also, the recent approximate restricted SSSP algorithm [ABK25]
is much simpler on DAGs. Thus, DAG projections could potentially help close these gaps or simplify the

algorithms.

41t fails because the reduction in Lemma A.15 by [Roz+23] requires (1 + o(1/logn))-approximate oracle.

5This holds even in the exact setting by applying Lemma 4.6 of [[IXX25] to the exact distance preservers on
undirected graphs by [CE06].

6The bound of O(n + n2/3p) by Bodwin [Bod17] works even in the exact setting.
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Applications of Congestion-Preserving DAG Projections.

Combinatorial Max flow: simplified. The combinatorial maximum flow algorithms by [Ber+24;
Ber-+25a] runs in O(n2) time, near-optimal on dense graphs. They first showed a very simple push-relabel
algorithm that gives O(1)-approximation on DAGs and then generalized to general graphs via expander
hierarchies in a white-box way. Our reduction from exact max flow to n°*-approximation on DAGs (via
Theorem A.2), directly generalizes their algorithms for DAGs to general graphs in a black-box way with an

additional n°™®) factor in time.

Bounded Single-Source Max flow: improved. Let G be a graph with positive integral edge
capacities and source s € V(G). Let maxflowk (s, t) = min{k, maxflowg(s,t)} denote the k-bounded mazimum
flow value from s to t. If G is a DAG, the algorithm based on network coding by [CLL13] can compute
maxflowl, (s, t) for all t € V(G) in O(k*~'m) total time, while the best known algorithm on general graphs
is to trivially compute maxflowf:(s,t) for every t using Q(mn) time.

Using our congestion-preserving DAG projection, we obtain a non-trivial algorithm that beats the mn

bound when k € (nml)7 nl/wfﬂ(l))‘

Theorem A.5. There is a randomized algorithm that, given a directed graph with positive integral edge
capacities, a source s, and an integer k, computes n°M _approzimation of maxﬂow’(“;(s,t) for all vertices t in

E“m o™ time.

Potential application. Vertex cut sparsifiers for k terminals with optimal ©(k?) size are only known on
DAGs [HLW21], but the best construction on general graphs still requires O(k?) size [KW12]. Can we use

congestion-preserving DAG projection help bridging this gap, even with approximation?

A.1.4 Related Work

There has also been a line of work on preserving distances in undirected graphs by tree-like graphs with
multiple copies of the original vertices. This includes the multi-embeddings of Bartal and Mendel [BMO03], the
clan embeddings of Filtser and Le [FL21], and tree embeddings with copies [HHZ22]. However, these works
incur at least logarithmic distortion and are tailored to undirected graphs.

In contrast, our distance DAG projections apply to directed graphs and achieve (1 + €)-approximation
with almost-linear size. Moreover, for our congestion DAG projection, we are not aware of prior copy-based

constructions aimed at preserving congestion or flow.

A.1.5 Organization

In Section A.2, we will sketch the existence of our distance DAG projections and congestion DAG projections,
without considering the time complexity. In Section A.3, we give a full definition of all the basic notations
used in the paper. In Section A.4, we give a formal definition of all DAG projection-related concepts, and
show their applications assuming efficient construction. In Section A.5, we will show an efficient algorithm
for constructing distance DAG projections assuming SSSP oracles on DAGs. In Section A.6, we will show an

efficient algorithm for constructing congestion DAG projections assuming max flow oracles on DAGs.

A.2 Overview

In this section, we sketch the existence of our distance and congestion DAG projections, ignoring running

time and focusing only on the idea and existence.

A.2.1 Distance DAG Projections

Our construction is inspired by the (n"(l), €)-hop-sets of [Coh00] in undirected graphs.
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Given a directed graph G = (V, E) with edge lengths /¢ : E — N>i, the goal is to construct a
(1 + e)-distance-preserving DAG projection D onto G. For convenience, when we say that D preserves the
(s,t)-distance for s,t € V(G), we mean: there exist s',t' € V(D) with 7(s") = s and 7 (t') = ¢ such that

dista(s,t) < distp (™' (s), 771 (t)) < (1+4¢)-dista(s, t).

We will use the following directed low-diameter decomposition (LDD) as a subroutine.

Lemma A.6 ([BCF23; BNW22]). Let G = (V, E) be a directed graph with edge lengths and let d be a positive

integer. There exists a random set of edges E*™ (a low-diameter decomposition) satisfying:

e each SCC of G — E™™ has diameter at most d,
o for every e € E, Prle € E*™| < sLpp - Lc(e)/d,

where s,pp = 19) (1).

Now, the construction is as follows.

Step 1 (LDD). Compute LDDs of G with diameters 2° for all 0 < i < O(logn). Fix one such LDD
for a given i with parameter d = 2°, yielding an edge set E™™ as in Lemma A.6. We show how to build a
DAG projection that preserves (s, t)-distances in G whenever dista(s,t) is on the order of d/e. The final
projection D will be the union of the O(logn) projections over all 4, thereby handling all pairs (we assume
edge lengths are polynomial on n).

Let C be the family of SCCs of G — E™™. By construction, each C' € C has diam(G[C]) < d. Let o = n°®")

(to be fixed later), and classify clusters by size:
e large if |C| > n/o,

o small if |C| < n/o.

Step 2 (recursive construction for small clusters). For each small C € C, recursively construct a
DAG projection D¢ of G[C] that (1 + £)-approximately preserves distances for all pairs of vertices in G[C]
(instead of just length bounded pairs).

Step 3 (shortest-path trees for large clusters). For each large C € C, pick an arbitrary root
ro € C. In G, compute a shortest-path tree T3 rooted at r¢ and a reversed shortest-path tree T3 rooted
at rc (i.e., every (s,rc)-path in T2 is a shortest (s,7c)-path). Define D¢ to be the DAG projection that
combines T2"" and T& (as disjoint copies of subgraphs of G') by merging the common root rc.
Step 4 (combining everything). Let C = (Ci,...,C.) be a topological ordering of the SCCs in
G — E™™. Form D’ by concatenating the D¢, using copies of edges in G: for every 1 <i < j < z, every
u' € V(Dc,), and every v' € V(Dc,), if (n(u'),n(v")) € E(G) then add the edge (u’,v’) to D',

Finally, let * = sp.pp/e. Create x copies D1, ..., D, of D’ and concatenate them in the same manner: for
every 1 <i<j<um u €V(D]),and v' € V(D)), if (r(u'), 7(v")) € E(G) then add (u’,v’). The resulting
DAG is D.

Distance preservation. It is easy to see that
distg(s,t) < distp (71'71(5),7'('71(15))

since 7 is a (weight-preserving) graph homomorphism (the only edges we added to D are in Step 3 and 4,
which are copies of edges in the original graph): Every path in D connecting a vertex in 7~ '(s) to a vertex
in 77 (t) can be mapped to a path in G connecting s to ¢ with the same length. Hence the distance in G is
at most the distance in D.

In what remains, we will only prove the harder direction

distp (Wﬁl(s),ﬂfl(t)) < (1+e¢)-distg(s,t).
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Fix s,t € V(G) with diste(s,t) = d/e. Let p be an s—¢ path in G of length g (p) = d/e. By Lemma A.G,
in expectation there are sipp/e edges of p lie in E**™. Hence we can partition p into subpaths p1,p2,.. .,
each entirely contained in G — E™™. Notice that edges connecting p; to p;+1 is preserved in D according to
Step 4.

Let a,b € V be the endpoints of some subpath p;. Let p’ be a shortest a—b path in G — E**™. Decompose
p’ into maximal subpaths pi,...,p,, so that each pj lies within a single SCC of G — E™™. Notice that
edges connecting p} to pj,, is preserved in D’ according to Step 4. If that SCC is a small cluster, then the

endpoints’ distance is preserved by the recursive construction. Otherwise, it is a large cluster.

Let Cr, be the first large cluster meeting p (not p’, we switch our attention to the whole path p) and,
similarly, Cr be the last. Let p be the subpath of p from its first vertex in C to its last vertex in Crg.
Denote these endpoints by Start(p) and End(p). By the definition of D¢ for a large cluster C, D¢ contains
T3 followed by T, both rooted at rc. Thus a copy of Start(p) in Tian reaches r¢, within distance at most
d (since G[CL] has diameter d and T¢, is a shortest path tree), and from r¢, we can reach a copy of End(p)
within distance ¢ (p) plus at most d additional length via Tg‘;‘; (this is because the original distance from
Cr to End(p) is at most d + g (p): from Cr we can reach Start(p) whithin distance d, the we follow p to
reach End(p)). Hence, the total distance is at most

(G(ﬁ) + 2d7

which has an additive O(d) overhead. Since distg(s,t) = d/e, this additive term is negligible and absorbed
in the (1 4+ ©(e)) multiplicative guarantee.

Size of the projection. If we write f(n) as the width (maximum number of copies) of the DAG

projection returned by the above construction on an n-vertex graph, then f(n) can be calculated as follows.
(1) In Step 1 and Step 4, we know that D contains z = 9] (1/¢) copies of D'.
(2) In Step 2, each vertex is copied f(n/c) times in D'.
(3) In Step 3, each vertex is copied 2 - ¢* times in D’, where the factor 2 comes from the forward and

reversed shortest path trees, and the factor o2 comes from the fact that there are at most ¢ large clusters

(because each large cluster has at least n/o vertices).

To summarize, we get the following recursive inequality:
f(n) <O (1/e) - (f(n/o) +207).

Notice that € = 1/polylog(n) according to our assumption. By choosing an appropriate parameter

o =n°®Y, the desired bound f(n) = n°® follows.

Algorithmic Aspect. The algorithm above runs in m'T°®) time; it takes near-lincar time in the size

14+o(1

of the output, which is m )| because we simply call LDD which can be computed using SSSP as a

subroutine.

In the parallel setting, our goal is to reduce DAG projection construction to approximate SSSP on DAGs.
But, currently, the algorithm needs to call as a subroutine the SSSP algorithm on general graphs, which does
not admit efficient parallel algorithms yet. Our strategy is to reduce SSSP on general graphs to SSSP on
DAGs using our distance DAG projection itself. This leads to the ‘chicken-and-egg’ situation: (When we are
given an SSSP on DAGs oracle), we can reduce distance DAG projection to SSSP on general graphs, and we

can reduce SSSP on general graphs to distance DAG projection.

Our strategy (detailed in Section A.5) is to find a spiral recursion: We define h-length DAG projection
that only preserves distances up to h, and we reduce it to h/n"(l)-length SSSP on general graphs which
computes distance up to h/n"(l), reducing to h/n"(l)—length DAG projection. This spiral recursion will

finally make h small enough so the construction is trivial.
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A.2.2 Congestion DAG Projections

Given a graph G = (V, E) with edge capacities denoted by Ug : E — R>¢, we will show how to construct a
n°M_congestion-preserving DAG projection.

We consider ezpander decomposition as the analogue of LDD in the congestion setting. We first give
some necessary definitions.

For a flow f, we represent the demand routed by f as a pair of vectors (A, V), where A,V : V — R>¢
denote the source demands and sink demands routed by f, respectively; see Section A.3.2 for the formal
definition.

We say a demand (A, V) is d-respecting for some function d : V. — Rxg if A(v), V(v) < d(v) for every
v € V. For an edge set B’ C E, define

volg/ (v) = Z{ Ug(u,v) | (u,v) € E' or (v,u) € E'},
and for a vertex set C' C V write volg/ |¢ for the restriction of function volg: to C.

Definition A.7 (Terminal Expanding). Given a directed graph G = (V, E) with edge capacities and a
function d : V' — R>q, we say d is ¢-ezpanding on G if every d-respecting demand is routable via a flow f in

G with congestion at most 1/¢.
We next formalize the hierarchical structure we will use.

Definition A.8 (Expander Hierarchy). Given a directed graph G = (V, E) with edge capacities, an ¢-ezpander
hierarchy with t layers consists of edge sets E1,...,E; with By = E and E, = (). Let Es; = Ut2j>iEj.
For every 1 < ¢ < t and every strongly connected component (SCC) C of G — E;, the function volg, |¢ is
¢-expanding in G[C].

By [Ber+24], such a hierarchy exists with expansion ¢ = 2-0Wlogn) and ¢ = v1ogn. In our actual

efficient construction, we will instead use a weaker hierarchy (Definition A.41) that admit fast construction.

Constructing the congestion DAG projection D. Let E1,..., E; be the expander hierarchy of G
with expansion ¢ = 2_0(@) and t = /logn. The construction proceeds recursively from top to bottom
using the hierarchy. We will only describe the top level.

Fix an SCC C of G. By definition, volg, , |¢ is ¢-expanding in G[C]. Let D¢ be a congestion DAG
embedding of G[C] — E;_1 obtained recursively. We build a congestion DAG embedding D¢ of G[C] as

follows:

e Create two disjoint copies D(cl) and Dg) of D¢, and add a dummy vertex wc.

e For every v € V(D(Cl)), add an edge (v, wc) with capacity volg, , (7(v)).

o For every v € V(D(C?))7 add an edge (wc,v) with capacity volg, , (7(v)).
Here m denotes the projection map from the vertices of D¢ to G.

Let C4,...,C. be the SCCs of G in a topological order. We obtain D by concatenating the graphs
Dg,,...,Dg,: for every 1 < i < j < z and for every u € V(Dg,), v € V(D’Cj)7 add an edge (u,v) in D
whenever (7(u), 7(v)) € E(G).

Size of D. There are t = O(y/logn) layers, and in each layer we make two copies of every vertex in the
next layer. Hence, every vertex of G (and every dummy vertex wc) is copied at most 2° = n°® times overall.
For edges, we only add edges (u,v) in D if (w(u),w(v)) € E or one of u,v is a dummy vertex. Since the

number of vertex copies is n°1)| it follows that |E(D)| < m!To®,

Correctness. We first show that maxflowg (S, T) < maxflowg (771 (S), 71 (T)). Given a flow f in G
from S to T, we show how to route f in D from 7 *(S) to 7~ (T) with the same value. Because we

concatenate D’Cl, ..., D¢ using all edges of G respecting the topological order, it suffices to show that the

z
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restriction fo of f to a fixed SCC C can be routed in D;. Consider a flow path p of fc; we decompose it

into three segments:

1. The prefix of p before it uses any edge of E:_;. This segment is routed inside D(Cl ) by the recursive

embedding.

2. The subsequence of p from its first edge (u1,v1) € Er—1 to its last edge (uz,v2) € Fy—1. We replace
this by the two-hop path (u},wc,v5) where 7(u}) = ui and 7(v3) = v2. Feasibility holds because
the capacity of (u},wc) is volg, , (u1), and analogously for (wc,v5) so no congestion larger than 1 is
introduced when considering all flow paths of f (a feasible flow in G) passing through E;_1.

3. The suffix of p after its last edge in E;_1, which is routed inside Dg) by recursion.

Then we show that maxflowe: (7 ~1(S), 7~ H(T)) < n°Mmaxflows (S, T). Given a flow f2 in D, we map
it back to G with congestion at most n°*). For all portions of f© that do not traverse dummy vertices,
we use the projection 7; since each original vertex has at most n°W copies, this incurs at most an n°W
congestion blow-up.

Next, consider every subpath of flow paths of f that are incident to the dummy vertex we. This induces
a demand that is n°") - volg, _,-respecting in G[C] (the n°") factor comes from the number of vertex copies),
hence is routable in G[C] with congestion at most 1/¢ = 90(/logn) _ o), Although each wc may itself be
replicated n°®) times across lower layers, the resulting multiplicative factors still yield total congestion n°*)

overall.

Algorithmic Aspect. Excluding the time for computing the expander hierarchy in Definition A.8, the
construction of congestion DAG projection take near-linear time in the output-size, which is m*t°® time.
To compute the expander hierarchy efficiently, we employ a weaker version as in stated Definition A.41 which
admit simpler construction by performing expander decomposition in a bottom-up manner.

In the sequential setting, by using almost-linear time maximum flow algorithm to compute expander
decomposition, this gives m*te® total time.

Unfortunately, to obtain efficient parallel reduction, this suffers from the similar bottleneck as in the
distance DAG projection algorithm: Expander decomposition usually requires maximum flow on a general
graph as a subroutine (which does not admit fast parallel algorithms), and we intend to reduce max flow on
general graphs to max flow on DAGs.

The idea is again to design a spiral recursion (detailed in Section A.6): (Given a max flow on DAGs
oracle) We define § additive-error congestion DAG projection to tolerate some ¢ additive error, and reduce it
to 8 -n° additive-error maximum flow on general graphs, which reduces to § - n°") additive-error congestion

DAG projection. The additive error will be finally large enough so the problem is trivial.

A.3 Preliminaries

We use the following notation. For a € N, let [a] = {1,2,...,a}. We write 5(f) = f - polylogn and
o} H=r n°®) . Unless stated otherwise, we use n,m to denote the numbers of nodes and edges of the
input graph, respectively. A randomized algorithm succeeds with high probability (w.h.p.), meaning that it
fails to output the correct answer with probability at most 1/n° for some constant c.

We use [E] to denote the indicator variable of the event E, i.e., [F] = 1 if F happens and [E] = 0
otherwise. We overload [-] for both ranges and indicators; context will be clear. For functions with the same
domain (e.g. di,d2 : V — R), we write di < dz to denote dq(v) < d2(v) for every v € V. Other relations
dy = d2, d1 < da, etc. are defined similarly. For a function d: V — R and a € R, we write d 4+ a to denote
the function (d + a)(v) = d(v) + a for every v € V. For § C V, we write d(S) = ) _sd(v). We write d |s
to denote the function d restricted to S.

An algorithm A with input size ¢ in this paper may make oracle calls to another algorithm A’. We say
the oracle calls are f-work-efficient if the sum of all input sizes to A" over all oracle calls is at most f - ¢, and

f-depth-efficient if the longest dependency chain among all calls has length at most f.
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Graph. All graphs in this paper, unless specified otherwise, are directed graphs G = (V, E) possibly with
edge lengths and capacities. We assume edge lengths and capacities are positive integers bounded by W,
where W is a polynomial in n, for simplicity. We treat edge lengths and capacities as attributes of edges
e € E, so we use £(e) and U(e) to denote the length and capacity of e, respectively, instead of writing
G = (V,E, £, U). We write £c(e) and Ug(e) if we want to stress that the length and capacity are associated
with G. For an edge set £’ C E and vertex sets S, C V, we write

E'(S,T)={(s,t) | s€ S, t €T, (s,t) € E'}.

We use standard definitions of graph terminology for directed graphs, including path, distance, strongly
connected components (SCCs), and shortest-path tree, which can be found in textbooks. For a path H, we
use ¢(H) and U(H) to denote the sum of the lengths or capacities, respectively, of the edges on the path,
and we use |H| to denote the number of edges (edges can repeat, in which case they are counted multiple

times). We use
0TS ={(u,v) |[ueS,veV\S}H and 6§ (S)={(u,v)|veS, ueV\S}

to denote the outgoing and incoming edge sets of S, respectively. We use Start(p) and End(p) to denote the

starting vertex and the ending vertex of a path p.

Projection map. A graph G = (V, E) can be assigned a projection map 7 : V= U or7m:V - UU{L}
(where U can be the vertex set of another graph). We write 7 to stress that m¢ is the labeling function for
G. We write 7! : U — 2V for the inverse mapping, where 7! (u) = {v € V | w(v) = u}. For a set U’ C U,
we write 7 (U') = U, e 7 ().
For a set S C V, we write

m(S) ={m(s) | s € S}\ {L},
and we write

#(S)={ueU|r "(u) C S}
In words, m(S) contains vertices u of G for which some copy of u is in S, and #(S) contains vertices u of G

for which all copies of u are in S.

Remark on DAG as an input. A DAG refers to a directed acyclic graph. In this paper, when we say

a DAG is an input, we assume its vertex set is given in a topological order.

A.3.1 Distances and Shortest Paths

Graph distance. We use distg(s,t) to denote the distance from s to ¢t in G (with respect to the length
function £g). When G is clear from the context, we simply write dist(s, t).
Given a directed graph G = (V, E) and a vertex set A C V, the weak diameter of A (in G) is defined as

max distg (s, t).
s,t€A

In contrast, the strong diameter of A is defined as

max dist s, t
S,tE)zg G[A]( ’ )’

where G[A] is the subgraph of G induced by A. The strong diameter of A is also the diameter of G[A].

Single-source shortest path (SSSP). The single-source shortest path problem is: given a graph
with edge lengths and a source s, find a shortest-path tree rooted at s, i.e., every (s, t)-path in the tree has
length distg(s,t) for every t € V.
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The problem of a-approximate SSSP (denoted by a-ApxSSSP) only requires outputting an approximate
shortest-path tree such that the length of any (s, t)-path (denoted by d(s,t)) satisfies

distg (s, t) < d(s,t) < o - distg(s,t).

The h-length a-ApxSSSP problem only needs to satisfy
1. distg(s,t) < d(s,t) for every t € V, and
2. d(s,t) < a - dista(s,t) only for those t € V with diste(s,t) < h.

We use h-length SSSP to denote the problem of h-length 1-ApxSSSP.

We use a-ApxSSSP-DAG to denote the problem of a-approximate SSSP when the input graphs are
restricted to DAGs. We assume that a topological order of the input DAG is given as part of the input.

A.3.2 Flows and Cuts

Cuts. Given a directed graph G = (V, E), a cut is a partition of the vertex set into two sets (S, S) where
S :=V\ S (when V is clear from the context). For convenience, we also use S to denote the cut (S, S) when

there is no ambiguity. The value of a cut (S, S) is defined as

valg(S) i= Ua(87(8)) = Y Uale),

e€dt(S)

i.e., the total capacity of edges going from S to S. We allow a cut to be @ or V, in which case the value is
defined to be 0.

Flows. Given a directed graph G = (V, E), a (single-commodity) flow f is represented as a collection of
paths in G associated with positive flow values. We call each path p € f a flow path, and we denote its value
by f(p) € Rso. If p & f, we write f(p) = 0. For an edge e € E, we define

fley=">_ ).

(That is, the flow on an edge is the sum of the flows of all paths that use that edge.) By default, we assume

a flow is represented by flows on each edge, so every flow can be represented in O(m) space.

The congestion of a flow f in G is

coty -

If Cong(f) <1, we say f is feasible. Let

st ) = Z flu,v) and i) = Z f(v,u)

(u,v)EE (v,u)EE

be the outgoing and incoming flow at a vertex u € V', and let

flw) = £ () — £ (w)

be the net outgoing flow at u.

The following lemma shows it is possible to convert from flow path decomposition and edge representation.
It is implied by Section 8 of [Aga+24]. In their paper, they only proved the flow decomposition. The reverse
direction that recovers a flow from a set of sink-source demands can be done by a reverse traversal of their

algorithm.

Theorem A.9 (Section 8 of [Aga+24]). Let G be a directed graph with capacities, and let F be a circulation-
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free feasible flow on G. Then there is a parallel algorithm that computes a representation

{(\i, s, 1) Yiew)

such that F' can be decomposed into k directed flow paths, where path i has value \; and goes from s; to t;.
Moreover, given any values (X)) satisfying X; < \i for every i € [k], there is a parallel algorithm that
computes an edge representation of a feasible flow routing X, units from s; to t; for every i € [k].

Both algorithms run in near-linear work and polylogarithmic depth.

Demands. A (single-commodity) demand is a pair (A, V) where A,V : V — R>¢. Given a flow f, the
demand routed by the flow, denoted by Dem(f) = (A, V), is defined as

Ay (u) = max(f(u),0) and Vi(u) = —min(f(u),0).
The value of a demand (A, V) is defined as
val(4,V) =" A(v).
veV

The value of a flow is val(f) = val(Dem(f)). We say f is an (s, t)-flow with value z if f routes the demand

Similarly, we say f is an (S, T)-flow with value = for S,T C V if f routes a demand with source and sink
demands being subsets of S, T

A sub-demand of (A, V), denoted by (A’ V'), satisfies A’(v) < A(v) and V'(v) < V(v) for every
v € V, in which case we write (A", V') <X (A, V). A flow partially routes the demand (A, V) if it routes a
sub-demand of it. We define the support of a demand to be

Supp(A,V)={v eV | A(v)+ V(v) > 0}.

Let m: V — U be a projection map. For a demand D = (A, V) on V, we define n(D) = (A', V') on U
by
Aw)= > A®) and V= Y V(@)

veEV:im(v)=u veEV:im(v)=u

for every u € U.

Volume. Consider F' C E. Let
Sp(w) ={(v,u) € F},  dp(v) ={(w,v) € F},  br(v) =05 (v) Udp(v)
be the sets of edges in F' incident to v. Define

volfb() = Y Uale),  volp(v)= Y Us(e),  volp(v) =volf(v) + volz(v).

665;(1}) e€d . (v)
A demand (A, V) is volg-respecting if

A(v),V(v) < volp(v) for every v € V.

Max flow. The classical max-flow problem is: given a directed graph with edge capacities G = (V, E) and
two vertices s, t, output an (s, t)-flow f with maximum value.

In many cases, however, we need to route a demand instead of fixing the source and sink. Thus, we
define the (generalized) maz-flow problem as: given a demand (A, V), find a feasible flow with maximum

value that routes a sub-demand of (A, V). Notice that this problem is equivalent to the classical setting by
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adding a super source connected to every node v with capacity A(v) and a super sink connected from every
node v with capacity V(v).

We also define the a-approrimate max-flow problem as finding a feasible flow with value at least a
1/a-fraction of the maximum value that routes a sub-demand of (A, V).

It is well known that cuts are dual to flows. Thus, if we can return both a flow and a cut, they will certify
the approximation ratio. To make this formal, we define the a-ApxMFMC problem as finding a feasible flow
f that routes a sub-demand of (A, V) and a cut S satisfying

val($) + > V() + ) A(v) < a-val(f). (A.1)
ves vgS
In this case, (f,S) is called an a-ApxMFMC pair. We define a-ApxMFMC-DAG as the problem a-ApxMFMC
with inputs restricted to DAGs.

Equation (A.1) certifies that f is an a-approximate max flow. To see this, consider adding a super source
connected to every node with capacity A(v) and a super sink connected from every node with capacity V(v),
and apply the classical max-flow/min-cut theorem on the super source and sink.

For technical reasons, we will also sometimes use additive error. We define the problem («, §)-ApxMFMC

as finding a feasible flow f that routes a sub-demand of a given (A, V) and a cut S satisfying

val(S) + V(S) + A(S) < a - val(f) + 6. (A.2)

A.4 DAG Projections and Their Applications

In this section, we introduce the notion of distance-preserving ous DAG projection in Section A.4.1, state
our main result (Theorem A.13), and show its applications in Section A.4.3. Then, we introduce the notion
of congestion-preserving DAG projection in Section A.4.4, state our main result (Theorem A.26), and show

its applications in Section A.4.5.

A.4.1 Distance DAG projections

Definition A.10 (Graph Projections). Let G = (V, E) be a graph with edge lengths. A DAG projection
onto G is a DAG D = (V' E’) together with a projection map « : V' — V that is a weight-preserving graph
homomorphism. That is, for every (z,y) € E’, we have (w(z),n(y)) € E and

o(z,y) = la(m(z), 7 (y))-
The size of the projection is |E’|, and the width of the projection is max,ev |7~ (v)].

Naturally, we would like D to approximately preserve distances in G.

Definition A.11. A DAG projection D onto G is A-distance-preserving if the following holds: for every
s, teV,
distg (s, t) < distp(r ' (s), 7 " (t)) < A - dista (s, t).

The following lemma follows immediately from Definition A.10: every (s’,t')-path in D projects to a

path in G of the same length.

Lemma A.12. If D is a DAG projection onto G, then for every s,t € V we have
distg (s, t) < distp (' (s), 7 (t)).

We say a projection D onto G is a distance projection if it is A-distance-preserving for some .
In Section A.5, we will prove the following key result, which shows that a distance DAG projection can
be constructed efficiently in the parallel setting, given only an approximate SSSP algorithm on DAGs. We

state here a simplified version for e > 1/polylogn. For general ¢, see Theorem A.30.
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Theorem A.13 (Simplified version of Theorem A.30). There is a randomized algorithm that, given a directed
graph G and a parameter o(1) > € > 1/polylogn, constructs a (1 + €)-distance-preserving DAG projection of
G with width n°Y (and its topological order). The algorithm makes n°Y) work-efficient, 19) (1) depth-efficient
calls to an (1 + ¢/ logn)-ApxSSSP-DAG oracle.

By plugging in the best parallel algorithm for approximate SSSP [CFR20] into Theorem A.13, we obtain
the following bound.

Corollary A.14. There is a randomized algorithm that, given a directed graph G and a parameter o(1) >
€ > 1/polylogn, constructs a (1 + €)-distance-preserving DAG projection of G (and its topological order) with
width n°Y in O (m) work and O (\/ﬁ) depth.

A.4.2 Useful Tools for SSSP

Boosting Approximate SSSP . It is possible to reduce exact SSSP to their approximate variants.
For SSSP, we have the following result from [Roz+23].

Lemma A.15 ([Roz+23]). Given a directed graph G with edge lengths and a source s € V(G), there is an
algorithm that solves SSSP on G with source s. The algorithm makes O (1)-work-efficient and 19) (1)-depth-
efficient an oracle that solves O(maxtev(g) dista (s, t)) -length (1 + o(1/logn))-ApxSSSP.

Lemma A.15 is an implication of Theorem 1.7 and Lemma 3.1 in [Roz+23]. One minor difference is
that in Theorem 1.7 they only specify the oracle as a general (1 + o(1/logn))-ApxSSSP on arbitrary graphs
(not necessarily G), instead of an O(maxtev((;) dista (s, t))—length (1+ o(1/logn))-ApxSSSP. However, by
examining their algorithm, the oracle is always called on graphs (not necessarily G) whose maximum source
distance is O(maxtev(@ dista(s, t))

We can strengthen Lemma A.15 by a simple trick so that both the algorithm and the oracle are h-length
bounded.

Corollary A.16. Given a directed graph G with edge lengths, a source s € V(G), and a length bound h,
there is an algorithm solving h-length SSSP on G with source s. The algorithm makes 19} (1)-work-efficient
and O (1)-depth-efficient an oracle solving O(h)-length (1 + o(1/logn))-ApxSSSP.

Proof of Corollary A.16. We build a new graph G’ by adding an edge of length 2h from s to every other
node in V(G). Then we run Lemma A.15 on G’ and s. According to Lemma A.15, it requires an oracle
solving O(maxtewc/) distgz(s,t))—length (14 o(1/1ogn))-ApxSSSP, where O(maxtev(g/) diste (s, t)) < 2h
by the definition of G’. Thus, we can get the exact distances from s in G’ by O (1) calls to an O(h)-length
(1 + o(1/logn))-ApxSSSP oracle on graphs with O(m) edges.

To obtain h-length SSSP on G, notice that if distg(s,t) < h then distg/ (s, t) = dista(s, t). If distg(s,t) >
h, we do not need to return the exact distance in G. Hence, for every t € V(G), it suffices to return
dista(s,t) = distgr (s, t) if distg/ (s, t) < h, and return distg(s,t) = 400 otherwise. O

Low Diameter Decomposition A low-diameter decomposition (LDD) decomposes a directed graph

into small-diameter clusters.

Definition A.17 (Low-Diameter Decomposition). Let G = (V, E) be a directed graph with edge weights
and let d be a positive integer. A low-diameter decomposition (LDD) with diameter d and slack sipp of G is

a sequence of vertex sets (V1,Va,...,V:), which is a partition of V, such that

e each V; has weak diameter at most d in G, and

o for any edge (u,v) € E, the probability that w € V; and v € V; with ¢ > j is at most sLpp - w(u,v)/d.

We call such an edge (u,v) a reversed edge.

Ashvinkumar et al. [Ash+24a] show how to compute an LDD with 9] (1) calls to an SSSP oracle.
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Lemma A.18 ([Ash+24a]). There is a randomized algorithm that, given a directed graph G and a positive
integer d, computes an LDD with diameter d and slack s;,pp = O(log2 n) using 9] (1) calls to a (sLop-d)-length
SSSP oracle on graphs with O(n) vertices and O(m) edges.

Lemma A.18 follows from Lemma 4 in [Ash+24a], with two minor differences.
1. Lemma 4 in [Ash+24a] does not output the order of the sequence (Vi,...,V,) but only outputs the
set of reversed edges. However, this is not a problem since their algorithm inherently specifies the

order of the partition.

2. Lemma 4 in [Ash+24a] only specifies the oracle as a general SSSP, instead of a (sLpp - d)-length SSSP.
However, every oracle call in their algorithm only needs the vertices within distance at most si,pp - d

from the source, so it is effectively a (sr.pp - d)-length SSSP oracle.

A.4.3 Applications of Distance DAG Projections

Reducing Exact SSSP to Approximate SSSP on DAGs. The first immediate implication is
that we can reduce exact SSSP on general graphs to SSSP on DAGs.

Lemma A.19. There is a parallel randomized algorithm solving (exact) SSSP on directed graphs, with
n°WD work-efficient 0 (1)-depth-efficient oracle calls to a (140(1/logn))-approzimate SSSP oracle on DAGs.”

The main idea is as follows. We use Theorem A.13 to construct a DAG projection D of GG, and then
run the oracle to solve SSSP on D. To get the distance between (s,t) in G, we take the minimum over
all pairs (s',¢') in D with 7(s’) = s and 7(t') = ¢; this gives an approximate distance in G. Finally, we
boost the approximate distance to the exact distance by using Lemma A.15. For the formal argument, see
Lemma A.34.

Reducing Exact SSSP to Undirected Graphs. It is known that SSSP on DAGs can be reduced
to (exact) SSSP on undirected graphs (see [HXX25, Lemma 4.6]). Thus, we obtain the following lemma.

Lemma A.20. There is a parallel randomized algorithm solving (exact) SSSP on directed graphs, with
n°Y _work-efficient 0 (1)-depth-efficient oracle calls to an exact SSSP oracle on undirected graphs.

Proof. We apply Lemma A.19 with the following algorithm that solves exact SSSP on a DAG D using
a single oracle call to exact SSSP on an undirected graph D’. We set V(D) = V(D’). Suppose D has a
topological order (vi,...,v,).° For every edge (vi,v;) € E(D) with i < j, we create an undirected edge
(vi,vj) € E(D') with length
o (vi, v5) = o (vi,v5) + (5 — i) - M,

where M is a sufficiently large constant chosen as described in the text. Notice that the (v;,v;)-distance
in D' is at most distp(vs,v;) + (j — i) - M by following the shortest path in D, and any path in D’ that
does not follow the topological order must incur an extra (j —¢+ 1) - M > distp(vi,v;) + (j — ¢) - M. Thus,
running exact SSSP on D’ gives exact SSSP on D after subtracting the corresponding (5 —7) - M term. O

Reducing Hop-set Construction to DAGs. The definition of DAG projection also immediately

gives a hop-set reduction from general graphs to DAGs.

Lemma A.21. Suppose there is an oracle Ous constructing (B,e)-hopset of size s(m,n) for o(1) >
e > 1/polylog(n) on DAGS, then there is a randomized algorithm constructing (B, 3¢)-hopset of size
s(m*ToW pHeWy on general directed graphs, with n°® -work-efficient and 5(1)—depth—eﬁ€cient calls to
(1 + ¢/ logn)-approzimate SSSP and Ons.

"The reduction is strong enough that we can assume the DAG oracle is given a topological order as part of the
inputs. This is a basic assumption across the paper: When we call an oracle on DAGs, a topological order of the DAG
must be given.

8The reduction from directed SSSP to DAGs assumes that a topological order for the input DAG is given. This is
not always a standard assumption in parallel settings, but when we generate the DAG projection, a corresponding
topological order is also produced.
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Proof. The algorithm takes a graph G and applies Theorem A.13 with parameter e, which gives a
DAG projection D of G with width n°, using n°® work-efficient and 5(1) depth-efficient calls to
(1 + £/ log n)-ApxSSSP-DAG. Since D is a projection, it has m**°(") edges and n'T°™ vertices.
We then apply the oracle Ous on D to get a hop set H of size s(m”om7 n”o(l)) which is a (3, £)-hop-set
of D. Let
H = {(n(w), x(0)) | (u,0) € H}.

We show that H is a (8, 3¢)-hop-set for G.
First, for any (u,v) € H, pick (u',v') € H” with () = v and 7(v') = v. By construction, the weight

of (u,v) in H is the same as the weight of (u/,v’) in H”, and since D is a distance projection, we have
distg (u,v) < distp(u',v") < Lyp (U, v") = Lu(u,v),

so adding H does not create shorter-than-original edges in G.
Now fix s,¢ € V. By the definition of a distance DAG projection, there exist s’',t' € V(D) with 7(s") = s,
m(t') = t such that
distp(s’,t') < (14 ¢) - distg (s, t).

Since HP is a (B,¢)-hop-set for D, there is a path pP in DU HP with at most 8 edges and
Cpuup (PP) < (14¢) -distp(s, ') < (1+e)(1 +e¢) - dista(s, t) < (1 + 3e) - dista(s, t)
for ¢ < 1. The projection 7(p”) is a path in G U H with the same number of edges and the same length, so

dist) (s, 1) < (14 3¢) - dista (s, 1)

Reducing Distance Preserver Construction to DAGs. We can reduce the construction of

(1 + €)-approximate distance preservers to DAGs.

Lemma A.22. Suppose there is an oracle Opp constructing (1 + €)-approzimate distance preserver of size
s(n,p) for o(1) > & > 1/polylog(n) on n-node DAGs with p demand pairs, then there is a randomized
algorithm constructing (1 + 3¢)-approzimate distance preserver of size s(n”a(l),p) on n-node general graphs
with p demand pairs, with n°Y -work-efficient and 5(1)—depth—eﬂicz’ent calls to to (1 + &/ logn)-approzimate
SSSP and Opp.

Proof. The algorithm takes a graph G and applies Theorem A.13 with parameter e, which gives a
DAG projection D of G with width e, using n°® work-efficient and 5(1) depth-efficient calls to
(1+ ¢/ logn)-ApxSSSP-DAG. Again, D has m'*t°(") edges and n'*t°(") vertices.

first and v'%' to D, and for every

We modify D as follows: for every v € V(G), add two vertices v
v' € V(D) with 7(v'") = v add edges (v!,v") and (v, v'**) of length 0. Denote the resulting graph by D’.

We apply the oracle Opp on D’ with demand pairs
PP = {0 | (u,0) € P}
to get HP of size s(n'T°M, p). Let
H = {(z(u), 7(v)) | (u,v) € H?, u € V(D), v € V(D)}.

We emphasize that H is well-defined because 7 is a graph homorphism according Definition A.11. (A partial
projection, as in Definition A.23, is not enough.)

Now, we show that H is a (1 + 3¢)-approximate distance preserver for G. Fix (s,t) € P. Then
(sfirst glast) ¢ pD g4

diStHD (Sﬁrst’ tlast) S (1 + E) . diStD, (Sﬁrst7 tlast)‘
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By the way we added zero-length in/out vertices, there exist s’,¢' € V(D) with 7(s’) = s and n(t') = t such
that

dist o/ (sM, #25Y) = distp (s, 1).

Sﬁrst , tlast

Also, the path witnessing dist b ( ) can be chosen to stay inside V(D) except for the endpoints, so

its projection is a path in H. Therefore,
distrr(s,t) < (1+¢) -distp(s', ') < (14 3¢) - dista(s, t),

where the last inequality uses that D is a (1 + ¢)-distance-preserving DAG projection of G. O

Previously, the best (1 4 ¢)-approximate distance preserver has size O(n + +/n - p) [CE06; HXX25]? We
thus immediately get Corollary A.4 by applying Lemma A.22.

A.4.4 Congestion DAG Projections

We can also consider the case where we want D to preserve flow. For technical reasons, we allow the DAG
projection D to contain dummy vertices that map to a dummy value L, and we do not require the projection
to be a homomorphism. This can be removed with some efforts, but this version makes the later algorithms

cleaner. We call it a partial projection, and we will usually omit the word “partial”.

Definition A.23 (Partial Projections). Let G = (V, E) be a graph with edge capacities. A DAG (partial)
projection onto G is a DAG D = (V' E’) together with a (partial) projection map 7 : V' — V U {L}.

Now we define congestion-preserving projections.

Definition A.24. A DAG projection D of G = (V| E) is k-congestion-preserving if for every S,T C V(G),
we have
maxflowe (S, T) < maxflowe (77" (S), 7" (T)) < k- maxflowa (S, T).

Often we want not only the existential property above, but also an explicit and efficient way to project

flows and cuts from D back to G. This is given by the following definition.

Definition A.25 (Projection Algorithm). Let D be a DAG projection of G = (V, E). A k-congestion-

preserving projection algorithm associated with D is an algorithm that, given either

o aflow f? in D with 7(Supp(Dem(f”))) C V, returns a flow f in G with congestion at most «-Cong(f”)
such that 7(Dem(f?)) = Dem(f); or

« acut S in D, returns a cut S in G with value at most val(S”) such that #(S”) C S C 7(SP).

The projection algorithm is efficient if it takes O (|E(D)|) work and O (1) depth.
When we say D is associated with a projection algorithm, we assume the projection is surjective, i.e.
771 (v) # 0 for every v € V(G).

In Section A.6, we will prove the following theorem, showing that congestion DAG projections can be

constructed efficiently in the parallel setting using an approximate max-flow oracle on DAGs.

Theorem A.26. Suppose there is an oracle for a-ApxMFMC-DAG where o = n°Y . Then there is a
randomized algorithm that, given a directed graph G = (V, E) with edge capacities, outputs a DAG projection D
of G together with an efficient n°Y -congestion-preserving projection algorithm, such that |E(D)| = O (|E(G)])
(and D’s topological order is returned). The algorithm makes n° work-efficient and n° depth-efficient
calls to a-ApxMFMC-DAG.

9Lemma 4.6 of [[IXX25] shows that distance preserver on DAGs reduces to (exact) distance preservers on undirected
graphs, which exhibits a construction in [CE06].
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A.4.5 Applications of Congestion DAG Projections

Reducing Exact Max Flow to Approximate Max Flow on DAGs. We first show the immediate

application of reducing exact max flow to DAGs.

Lemma A.27. There is a parallel randomized algorithm solving (exact) maz flow on directed graphs, with

n°D work-efficient n°V -depth-efficient oracle calls to a n°Y -approzimate maz flow oracle’® on DAGs.

To prove the lemma, we first show how to use a congestion DAG projection to reduce the max-flow/min-cut
problem to DAGs.

Lemma A.28. Let D be a DAG projection of G = (V, E) with a k-congestion-preserving efficient projection
algorithm. Let O be an oracle solving a-ApxMFMC on DAGs. Then there is an algorithm solving « -
k-ApxMFMC on G, with complexity proportional to one efficient call to O plus the cost of the projection

algorithm.

Proof. We build a graph D’ from D as follows. For every v € V, add a vertex s, and edges (s,,v’) for every
v’ € V(D) with 7(v") = v, each with infinite capacity. Also for every v € V, add a vertex t, and edges (v', t,)
for every v’ € V(D) with 7(v") = v, each with infinite capacity. Then add a super source s and edges (s, s,)
for every v € V' with capacity A(v), and add a super sink ¢t and edges (t,,t) for every v € V with capacity
V (v). Denote the resulting graph by D’.

Run the oracle O on D’ with source s and sink ¢, and let the resulting flow and cut be (f’,S’). Then
val(S") < a-val(f).

Restrict ' and S’ to D to get f2 and S”. By construction, all source/sink demand of f* lives on vertices
that project to V, i.e. w(Supp(Dem(f”))) C V. Apply the projection algorithm to (f2,SP) to get a flow f
in G and a cut S in GG. By the guarantee of the projection algorithm:

Cong(f) < k- Cong(fD) < K,

so f/k is feasible in G, and
val(S) < val(SP),  #(SP)c S Cn(sP).

Next we relate the cut values. As in the usual super-source/super-sink reduction, any v € V for which
there exists v’ € V(D) with v ¢ S must have s, ¢ S’ (otherwise an infinite-capacity edge is cut), so (s, s)
contributes A(v) to val(S’). Symmetrically, any v € V for which there exists v’ € V(D) with v’ € SP must
have t, € S’ (otherwise an infinite-capacity edge is cut), so (t,,t) contributes V(v) to val(S’). All remaining

contribution to val(S’) comes from edges inside D, i.e. from val(S”). Hence

val(S') > val(SP) + Z A(v) + Z vV (v).

vg#(SP) ven(SP)
Since val(S") < a - val(f’) and val(f) = val(f’), and since
#(SP)c s Cm(sP),
we get

Val(S)—l—ZV(U)—}—ZA(v) < val(SP) + Z V(v) + Z Aw) < a-val(f).

vES vgS veET(SP) vgr(SP)

Finally, we output the feasible flow f/x and the cut S. Multiplying the right-hand side by x to account for

10For technical reasons (cut-matching game in expander decomposition), we require this max flow algorithm to
return an approximate max flow and min cut pair.



69

scaling gives
val($) + 3 V() + Y A(v) < ar-val(f/x),
ves vgs
so (f/k,S) is an a - k-ApxMFMC pair. O

Now we can prove Lemma A.27.

Proof of Lemma A.27. Given a directed graph G, apply Theorem A.26 to construct a DAG projection of G
with an n°M-congestion-preserving efficient projection algorithm, of size O (|IE(G)]), and with a topological
order. Then apply Lemma A.28 to obtain an n°M-approximate max flow on G. It is folklore that an
approximate max-flow algorithm can be turned into an exact max-flow algorithm by working on the residual

graph and rerunning the approximation, so the lemma follows. O

Single-source Bounded Minimum Cuts. Another application is the single-source k-bounded
minimum cuts problem. Previously, efficient algorithms were known only for DAGs. Using our congestion

DAG projection, we obtain an algorithm for general graphs.

Lemma A.29. There is a randomized algorithm given a directed graph with edge capacities, a source s, and
an integer k, find n°Y -approzimate (s,t)-minimum cut for all t € V with MinCutg (s, t) < k in k*m To®

time.

Proof. Given a directed graph G = (V, E) with edge capacities, apply Lemma A.42 with o = 1 and a directed
expander hierarchy whose last layer E; = ), to construct a DAG projection with an n"<U—congestion—preserving
efficient projection algorithm of size O (|E(G)|) and integral capacities. Here we use the almost-linear-time
max-flow algorithm of [Che+25] as the oracle and the directed expander-hierarchy algorithm of [Ber+25a] to

o) time.

obtain the hierarchy in m

Then, add a vertex s* to D and connect it to every vertex in 7~ '(s) with capacity k. For every
t € V'\ {s}, add a vertex t* to D and connect every vertex in 7 *(t) to t* with capacity k. For every edge
(u,v) € E(D), replace it by min(k, Up(u,v)) parallel uncapacitated edges. Denote the resulting graph by D’.
Then |E(D")| = k- O (|E(G)|).

Run the single-source k-edge-connectivity algorithm of [CLL13, Theorem 1.2] on D’ from s* to all t*
to obtain Ap/(s*,t*) for all ¢, in time kO (|E(G)|). We claim that Ap/(s*,t*) is an n°M-approximation to
Ac(s,t) whenever Aa(s,t) < k.

For the lower bound, let f’ be a max flow from s* to t* in D’. Restrict f’ to D to obtain f whose source
demand lies on 7~ (s) and sink demand lies on 7' (¢). Because we introduced at most as many parallel
edges as the original capacity, the congestion does not increase. Applying the projection algorithm yields
a flow f from s to ¢t in G of the same value and congestion at most n°W. Scaling down by n°® makes it
feasible in G, so

Aa(s,t) > Aps(s*,t7) /m°W.

For the upper bound, let S’ be a minimum (s*,¢*)-cut in D’ with value Ap/(s*,t*). If S’ cuts an edge
adjacent to s* or t*, then the cut has value at least k > Ag(s,t) (by the assumption A¢(s,t) < k), so we are
done. Otherwise, 77*(s) € S" and 7= () NS’ = @. Restrict S’ to D to get SP. By construction (replacing
each edge by up to k parallels), either the value of S D increases past k, in which case we are done, or it
stays the same. Moreover, s € #(S”) and t ¢ 7(SP), so applying the projection algorithm to S* gives a
valid (s,t)-cut in G of value at most Ap/(s™,t"). O

A.5 Distance DAG Projection Construction

In this section, we show an efficient parallel algorithm for constructing a (1 + ¢)-distance-preserving DAG

projection, using oracle calls to only an approximate SSSP on DAGs.
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Theorem A.30. There is a randomized algorithm that, given a directed graph G with edge lengths and
parameters 0 < € < o(1) and 0 < § < 0.5, constructs a (1 + €)-distance-preserving DAG projection of G with
width

w = (O(1/e)) "0t/ 1E"

The algorithm makes n®Mw-work-efficient O (1)-depth-efficient calls to an (1+¢/logn)-ApxSSSP-DAG oracle

on graphs.

High-Level Strategy. By Lemma A.15, to reduce SSSP on general graphs to DAGs, it suffices to
construct a (1 + ¢)-distance-preserving DAG projection with € = o(1/logn). The difficulty is that we only
know how to construct such a projection using oracle calls to an ezact SSSP algorithm (to build an LDD),
which creates a “chicken-and-egg” situation.

To resolve this issue, as mentioned in the overview, we will first define the h-length version of DAG

projection.

Definition A.31. A DAG projection D onto G is h-length A-distance-preserving if the following holds: for
every s,t € V with dista (s, t) < h, we have

distg (s, t) < distp(n " (s), 7" (t)) < A - dista (s, t).

We first observe that, when h = 0(1)7 the problem becomes trivial: making h copies of the vertex set,
and build a h-layered graph with original edges connecting adjacent layers suffices (assuming edge length are
positive integers).

Our main technical contribution in this section is to show the following spiral reduction to graduate
reduce h.

1. Using similar ideas in the overview, we can show how to reduce the algorithm of constructing (a fixed

size) h-length distance-preserving DAG projection to h-length SSSP.

2. We can reduce h-length SSSP to h/z-length distance-preserving DAG projection with the help of a
DAG oracle for SSSP using Lemma A.34.

Organization. In Section A.5.1, we show the second point of reducing h-length SSSP to h/z-length
distance-preserving DAG projection. In later sections, we show the algorithm of reducing constructing a

fixed-size DAG projection to an SSSP oracle, and its analysis.

A.5.1 SSSP via DAG Projections for Smaller Length Constraints

The following definition will be used repeatedly to construct DAG projections from smaller ones.

Definition A.32 (Induced DAG Projections). Let G = (V, F) be a directed graph and let (G1,Ga,...,G.) be
a sequence of DAG projections of G. We say that G’ is a DAG projection of G induced from (G1,Ga,...,G)

if G’ is constructed as follows:
e let G' =G1UG2U--- UG, (i.e. take the disjoint union of the DAGs);

o for every u € V(G;) and v € V(G;) with ¢ < j, if w(u) = 7(v) or (w(u),n(v)) € E(G), then we add
the edge (u,v) to G’ with the same length and capacity as in G.

Intuitively, G “concatenate” the DAG projections G, ..., G together, and then “lift” original edges of G
to connect between different G;.
We first show that a distance DAG projection allows us to reduce approximate SSSP on general graphs

to SSSP on DAGs. The reduction uses an additional parameter A\ that lets us decrease the length bound.

Lemma A.33. Suppose 0 < e, < 1. There is an algorithm that, given
e a directed graph G with edge lengths,

e an integer A\ > 1,
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e an h-length (1 + ¢€)-distance-preserving DAG projection D of G with width w, and

e a source s € V(G),
solves (Ah)-length (1 +€)(1 +€")-ApxSSSP on (G, s) by making Aw-work-efficient 0 (1)-depth-efficient calls
to an (14 ¢&')-ApxSSSP-DAG oracle.

Proof. Let D’ be the induced DAG projection induced from a sequence of A copies of D (cf. Definition A.32).
For every s’ € V(D') with 7(s’) = s, we run the (1 + €’)-ApxSSSP-DAG oracle on D’ with source s’. Let
dp/(s',v") be the resulting approximate distance from s’ to v’ in D’.

For each v € V(G), we output

da(v) := min{czD/(s/,v') | m(s") = s, m(v') = v}.

Since there are at most w preimages of any vertex in one copy and we have A copies, this makes at most Aw
oracle calls. Each such call is on a graph of size O(Awm), so the total extra work is O(Awm) and depth is
O (1).

For correctness, note first that D’ is still a projection of G, so any path in D’ projects to a path of the
same length in G. Therefore dg(v) > dista (s, v).

Now let v € V(G) with distg(s,v) < Ah, and let p be a shortest (s,v)-path in G. Partition p into at
most A subpaths p1,...,px such that every p; has length at most i (this is possible because the total length
is at most Ah). By the definition of an h-length (1 + ¢)-distance-preserving DAG projection, for each p; there

is a corresponding path p} in D with
m(Start(p})) = Start(p), 7(End(p}) = End(p;), and £p(p) < (1+¢) - L(py).

Let p} be the copy of p} in the i-th copy of D inside D’. By the construction of the induced projection (we

connect later copies after earlier ones when their projections match), the concatenation

/!

pl=pl @pr @ @ X
is a valid path in D’ from some s’ € 7~ '(s) in the first copy to some v’ € 7~ !(v) in the last copy. Its length

is

U (P") < (1+2) Y La(p) = (1+¢) - La(p) = (1 +¢) - dista(s, v).
The oracle gives a (1 + €’)-approximation to this distance in D’, so

da(v) < (14" £p(p”) < (1 +€) (1 +¢) - dista(s,v).

Since exact SSSP can be reduced to approximate SSSP, we can now reduce exact SSSP to DAGs.

Lemma A.34. There is an algorithm that, given an m-edge directed graph G with edge lengths, a source s,
and integers h > 1 and X\ > 1, solves (\h)-length exact SSSP. The algorithm makes
o O(1)-work-efficient 0] (1)-depth-efficient calls to an algorithm that outputs an h-length (14 o(1/logn))-
distance-preserving DAG projection of width w on graphs with O(m) edges,

o O(Aw)-work-efficient 9} (1)-depth-efficient calls to an (14 o(1/logn))-ApxSSSP-DAG oracle.

Proof. By Corollary A.16, to solve (Ah)-length exact SSSP it suffices to solve 19) (1) instances of (Ah)-length
(1+ o(1/logn))-ApxSSSP on graphs with 0] (m) edges.

For one such instance on a graph G’ with 9] (m) edges, first run the DAG-projection oracle on G’ to
obtain an h-length (1 + o(1/log n))-distance-preserving DAG projection D of G’ with width w. Then apply
Lemma A.33 with € = 0o(1/logn) and &’ = o(1/logn) to solve the (Ah)-length approximate SSSP instance
using Aw calls to an (1+0(1/logn))-ApxSSSP-DAG oracle on graphs with O(Awm) edges and with additional
O(Awm) work and 6(1) depth. O
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A.5.2 DAG Projections via SSSP

In this section, we describe a recursive algorithm DISTDAGPROJ(G, €, h) that takes a directed graph G with
edge lengths and returns an h-length (1 + ¢)-distance-preserving DAG projection of G with width O (1). To
obtain Theorem A.30, it suffices to call DISTDAGPROJ(G, e, nW), since every shortest s—¢ path has length
at most nW. Let § € (0,1) be a constant parameter.

Step 1 (LDD). The algorithm computes O(logn) independent LDDs of G with diameter 2° and slack
stpp = O(log? n), for every
0 <i< [loghl,

and collects them in a family §. These LDDs are computed by combining Lemma A.18 and Lemma A.34, i.e.

we reduce the LDD computations to

1. O (1) calls to DISTDAGPROJ(G’, &, h/A) where G’ has O(m) edges, and
2. 0 (1) calls to the (1 + &/logn)-ApxSSSP-DAG oracle on graphs with 19) (Am) edges,

1—6
where we set the parameter A = 218" " ™,

Sp

By Definition A.17, each S € S is a sequence of vertex sets forming a partition of V. Let 0 = glos’~

be a parameter. For each S € S and each C' € S, we call C

o a large cluster if |C| > n/o, and

e a small cluster if |C| < n/o.

Step 2 (recursive construction for small clusters). For each S € S and each small cluster C € S,

we make the recursive call

D¢ + DISTDAGPROI(G[C], (1 — 1) - &, nW).

logn

Step 3 (shortest-path trees for large clusters). We first make a recursive call on the whole graph

to get a smaller-length projection:

D' « DIsSTDAGPROJ(G, (1 — 22) - ¢, h/).

logn

For each S € S and each large cluster C € S, let ¢ € C be an arbitrary vertex. Using Lemma A.33 with
the D* as the required DAG projection, together with the (1 4+ ¢/logn)-ApxSSSP-DAG oracle, we compute
an h-length a-approximate shortest-path tree 7" rooted at rc, where

a=(1+01-22)) - (1+

logn

) <14+ (1-2)e,

logn

€
logn

and we also compute a reversed shortest-path tree T rooted at r¢ (i.e. every (s,rc)-path in T is a shortest
(s,rc)-path). Let Dc be the DAG obtained by combining Tg"* and T& (as disjoint copies of subgraphs of
G) with their roots r¢ identified, and define the vertex labeling to V(G) in the natural way.

Step 4 (combining everything). For each S = (V4,V2,...,V.) € S, let Ds be the DAG projection
induced from the sequence
(DVUDVWH '7sz)7

where Dy, is the DAG constructed in Step 2 or Step 3 depending on whether V; is small or large.
For each S € §, we make
50(logn)sLpoD
€

zZ =

copies of Dg and arrange them into a sequence (Dé})7 DE.;Q), A D(SZ)). Let D% be the DAG projection of G
induced from this sequence.
Let

D = U Dk.

Ses
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We make two copies of D', denoted D}, D5, and let the final DAG projection D be the DAG induced from
(D1, D3). We return D.

Base case. When G has a constant number of vertices or h is a constant, we return the DAG projection

D induced from
GV, q®, . qmax(V©)Lh)y

(i.e. we repeat G exactly max(|V(G)|, h) times).

A.5.3 Analysis: Approximation

It is immediate that D is an DAG projection onto G, since D is constructed only by applying Definition A.32
to a sequence consisting of (1) DAG projections onto subgraphs of G and (2) subgraphs of G. Thus, it
remains to show that D is an h-length (1 + ¢)-distance-preserving DAG projection of G. By Lemma A.12
and Definition A.11, it is enough to prove that for every s,t € V(G) with distg(s,t) < h,

min{distp(s’,t") | 7(s') = s, 7(t') =t} < (1+¢)-distg(s, ).

We prove this by induction on |V(G)| and on h. In the base case, when |V(G)| is constant or h is
constant, any shortest path of length at most h has at most max(|V(G)|, h) vertices (the path is simple and
edge lengths are positive). Because we stacked max(|V (G)|, h) copies of G, the induced DAG contains a path
from the copy of s in the first layer to the copy of ¢ in the last layer with exactly the same length, so the

base case holds.

Lemma A.35 (Induction). Assume all recursive calls in D < DISTDAGPROJ(G, e, h) are correct. Then,
with high probability, for every s,t € V(G) with distg(s,t) < h, we have

min{distp(s’,t') | 7(s') = s, 7(t') =t} < (1+¢)-dista(s,t).

Proof. Fix s,t € V(G) with diste(s,t) < h. We show the inequality holds w.h.p. for this pair; a union bound
over all s,t gives the lemma.

Let p be a shortest s—t path in G. We need the following.

Lemma A.36. With high probability, there exists S € S such that

el (p)
9logmn ’

1. every cluster in S has diameter at most and

2. p contains at most 50(logn)sLpp /e reversed edges in S (see Definition A.17).

Proof. 1If £z (p) = O((logn)sLpp/€), then |p| = O((logn)sLpp/e) (edge lengths are positive), and taking the
LDD with diameter 1 satisfies the claim: every cluster is a singleton, so diameter 0, and the number of
reversed edges is O((logn)sLpp/¢).

Otherwise, £c(p) = w((logn)sLpp/€). Among the O(logn) diameter scales 2° we took (up to at least
h > £c(p)), there is one scale d in

e-la(p) €-La(p)

d
€ 18logn ' 9logn

For that scale we sampled O(logn) independent LDDs. By Definition A.17, the expected number of reversed

edges on p in such an LDD is at most

14
SLDD - % < 36(logn)sLop/e.

By Markov’s inequality and independence across the O(logn) trials at that scale, w.h.p. one of them has at

most 50(log n)sLpp /e reversed edges and diameter at most ¢ - £c(p)/(9logn). O

Let S € S be as in Lemma A.36, and let d < e - £c(p)/(91logn) be its diameter parameter. Let

(01702a . '70‘1)
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be the sequence of clusters of S that p visits, in order. Let p; be the subpath of p inside C;. By Lemma A.36,
there are at most

Grev := 50(logn)sLpp /€

reversed edges along p. For each p;, define Pre(p;) to be the number of reversed edges on p before p;, and

Suf(p;) the number after p;.

Let C; be the first large cluster along this sequence, and Cy the last large cluster (it is possible that

Cs» = Cy; the one-large-cluster case is handled similarly, so we assume z < y for clarity). Let
Pmid ‘= Pz @pz+1 D--- @py

be the portion of p from the first to the last large cluster.

For every i < z, C; is a small cluster. By the induction hypothesis, D¢, contains a path p} that projects

to p; and

tog, (p) < (14 (1 = 5i5)e) - La(pi)-

Recall that in Step 4 we made
50(log ’I’L)SLDD
€

z =

copies of Dg, so we can place p; in the Pre(p;)-th copy of Ds. We do the symmetric construction for
every i >y (these go into the second big union). Hence we can replace every p; with ¢ < z or i > y by a

corresponding pj with only a factor (1 + (1 —1/logn)e) blow-up, and the edges linking p; to pj,, exist in D:

o if the edge was reversed, we put pj,, in a later copy, so the induced construction adds the connecting

edge;
o if it was not reversed, the edge is already in the same copy.

It remains to replace pmia in D. By construction of D¢, (large cluster), we have a reversed SPT Ticr;, SO
there is a path
ps : Start(pmia) — ro,
in D¢, . Its projection is the corresponding path in G, and since the cluster diameter is at most d <

elc(p)/(9logn) < h, and TE is a (1 + (1 — 5/ log n)e)-approximation,

e-La(p)

Lp)y < (1+(1-5/1 .d< .
(L) < (1+(1—5/logn)e) -d < @

Similarly, in T&!* we have a path

p; e, — End(pmia)
with the same kind of bound.

Between the two large clusters, in Tg"* we have a path

p:nid 1TrC, — rCy
that is a (1 + (1 — 5/ log n)e)-approximate shortest path in G. Also,
dista(re,,rc,) < La(pmia) + 2d

because we can go from r¢, to the entry of pmia in C; in at most d, follow pmia, then go from the exit in C

to rc, in at most d.

We place p;, and pl,;q in the Pre(pe)-th copy of Dg in the first big union, and py, in the Pre(py)-th copy

in the second big union. By the induced construction, these connect to form a path

Prmid i= Pt D Diia D Py
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in D. Its length satisfies

/1 A
o) <2 SEE P 4 (14 (1= 5/ Togm)e) - (Lo pmia) + 20)
-l
< (14 (1= 5/logm)) - Lo (pmia) + 02,

/!

Finally, concatenating the replaced prefix, the middle p;q, and the replaced suffix gives a path in D

from some s’ with 7(s’) = s to some ' with m(¢') = ¢ whose length is at most

e La(p)
2logn

(14 (1= m2)e) - (la (D) = Lo(pmia)) + (14 (1 — 525)e) - La(Pmia) + < (1+¢)-La(p),

~ Togn

for n sufficiently large. This proves the inductive step. O

A.5.4 Analysis: Size and Complexity

Width of the DAG projection. The width of the DAG projection is bounded as follows.

Lemma A.37. Suppose D < DISTDAGPROJ(G, g, h) where G has n vertices. Then D has width
A logé n 1/ log‘S n
fn,e) = (0(1/9)) n

Proof. The base case is trivial since each vertex is duplicated only a constant number of times.
Recall the structure of D. The final DAG D is induced from two copies of D’. Each D’ is the union
(over S € S) of D§. Each Dy is obtained from

z := 50(logn)sLpp /€

copies of Dg. Each Dg contains one copy of D¢ for every cluster C' in S.

For a cluster C' we have two cases.

o If C is a small cluster, then by the induction hypothesis every vertex in C' is duplicated

£(IC], (1 = 1/logn)e)

times in D¢.

o If C is a large cluster, then we build D¢ just from the two trees, so every vertex of G participates in
D¢ at most twice.

Large clusters have size at least n/c and are disjoint, so there are at most o large clusters. Thus, across

all large clusters, each vertex is duplicated at most 20 times. Small clusters are disjoint and have size at

most n/o, so across all small clusters, each vertex is duplicated at most

f(n/a7 1-1/ logn)a)

times.
We have O(log?n) LDDs in S (because we take O(logn) scales and O(logn) independent LDDs per
scale). Every such LDD is blown up by a factor of O((logn)sLpp/e). Putting this together, we obtain the

f(n,e) < O((logn)s/a) ‘ (f(n/o7 (1- 1/logn)5) + 20).
Taking

o= 210g175 n

and unwinding for at most log® n levels (since n — n/o shrinks by los" ™ " each time), we get

fln,e) = (5(1/8))10g5 n n1/10g5 n
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Complexity. Let T'(m,n,e,h) be the work of DISTDAGPROJ(G, €, h) on a graph G with m edges and n
nodes. Let Opac(m) denote the work of one call to the DAG-SSSP oracle on a graph with m edges.

Step 1 runs O(log® n) LDD constructions. By Lemma A.18 and Lemma A.34, this costs
O (1) calls to (1 + ¢/log n)-ApxSSSP-DAG on graphs with O(Awm) edges,

plus

O (1) recursive calls T'(m,n,e, h/X),

Step 2 makes recursive calls on all small clusters. All such calls are in parallel. Since the clusters of a
fixed LDD partition V, and we have only O(log® n) LDDs, we have

Y [E@C)] < O(mlog®n).
ces, ses
So we can upper-bound Step 2 by
O(log®n) - T(m7 n/o, (1 —1/logn)e, nW).
If these recursive calls internally make more oracle calls, we can batch them (by taking the union of the

graphs and adding a super source), so the stated number of oracle calls in Theorem A.30 still holds.
Step 3 makes one recursive call
T (m,n, (1 —10/logn)e, h/X)
and, since there are at most o large clusters, makes O(o) calls to the (1 4 ¢/ logn)-ApxSSSP-DAG oracle on
graphs with O (m) edges.
Step 4 costs time proportional to the size of the final DAG, which is O(w - m) by Lemma A.37.

-5
Recall that A = o = 21°8 '™, Putting these together, we get the recurrence

T(m,n,e,h) < O(T(m,n,e,h/N))+ Y _ O (T(mi,n/o,(1—1/logn)e,nW) ) + Opac(O(\wm)).

Where m; is the number of edges in the i-th small cluster. Observe that, since A = o = glog! = ", the
recursion depth is at most log?® n for expanding both the n part and h part, so the parameter ¢ passed down
the recursion never shrinks below

(1- 1/10gn)1°g26 "e > /2

for n large enough. Moreover, the total number of oracle calls is

~ log28 n

(OW)™ " =0,

and each is on a graph with

O (Awm) = O (wm)

edges (since w is a function of n,e and € stays within a constant factor of the root value). Thus the total

extra work from oracle calls is S
~ 0e28 1, A
(O(l))1 £ Awm =0 (wm) .

Finally, since the recursion depth is only log?® n and all work inside a level can be parallelized, the overall
depth is 5(1)
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A.6 Congestion DAG Projection Construction

In this section, we provide an efficient parallel algorithm for constructing congestion DAG projections using

oracle calls to only approximate max-flow/min-cut on DAGs.

Theorem A.26. Suppose there is an oracle for a-ApxMFMC-DAG where o = n°Y. Then there is a
randomized algorithm that, given a directed graph G = (V, E) with edge capacities, outputs a DAG projection D
of G together with an efficient n°Y -congestion-preserving projection algorithm, such that |E(D)| = O (|E(G)])
(and D’s topological order is returned). The algorithm makes n°D work-efficient and n° depth-efficient
calls to a-ApxMFMC-DAG.

High-Level Strategy. Assuming an oracle for n°"-approximate MFMC on DAGs, our strategy for
constructing a no(l)—congestion—preserving DAG projection is as follows.

Similar to the distance-preserving DAG projection case, the difficulty is that, if we follow the idea from
the overview, then an algorithm for DAG projection requires solving max flow. Our idea is to define a relaxed

notion of (k, d)-congestion-preserving DAG projection as follows.

Definition A.38. Let D be a DAG projection of G = (V, E). A (k,d)-congestion-preserving projection
algorithm associated with D takes as input either

o aflow f2 in D with 7(Supp(Dem(f”))) C V, and returns a flow f in G with congestion at most
K - Cong(fP) such that

Dem(f) < n(Dem(f”)) and val(f) > val(f") -,

or

« acut S” in D, and returns a cut S in G with value at most val(S”) such that
#(S)\{L} € 5 S n(sP).

The projection algorithm is efficient if its complexity is at most the complexity of constructing D.

When § is tiny enough, it is the k-congestion-preserving DAG projection we need.

We first observe that, when ¢ is very big, the problem becomes trivial. In particular, (k = 1,0 > U(FE))-
congestion-preserving DAG projection means the flow projection algorithm does not need to return any
flow, so a DAG with two copies of V' (denoted by Vi, V2), and a center vertex ¢ with edge capacities deg(v)
connecting from each copies of v in V4 to ¢; connecting to each copy of v in V5 from ¢, would work as a DAG
satsfying the cut projection.

Our main technical contribution is to show that it is possible to reduce (k, §)-congestion-preserving DAG

projection to a larger 6 DAG projection. In particular, we will show the following spiral recursion.

o We will show how to get (k, d)-congestion-preserving DAG projection using roughly (x, §)-approximate

max flow by following the idea form the overview.

¢ Then we will show how to get (k,d)-approximate max flow by roughly (k,d - z)-approximate DAG
projection where z = n°M is an appropriate parameter. This step requires concatenating many copies

of (k,d - z)-approximate DAG projection to get a (k, d)-approximate DAG projection.

Organization. As preliminaries, we first define Expander Decomposition and Hierarchy in Section A.6.1.
To implement the main technical contribution that gives the above spiral reduction, we give the following

chain of reduction:

e DAG projection to Expander Hierarchy (Section A.6.2). The key idea for reducing the additive

approximation § by making copies is presented here.
o Expander Hierarchy to Expander Decomposition (Section A.6.3).

¢ Expander Decomposition to approximate max flow (Section A.6.4)
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e Approximate max flow on general graphs to approximate max flow on DAGs using DAG projection
(Section A.6.5).

And in the end, we combine everything together and finish the spiral reduction in Section A.6.6.

A.6.1 Expander Decomposition and Hierarchy

Although we did strong expander decomposition in the intro in the sense that edges are expanding in each
induced subgraph of SCCs, we will do weak expander decomposition, which only guarantees expanding in the

whole graph in this section, because it admits a simpler algorithm.

Basic definitions of ordered vertex-partition. Let G = (V, E) be a directed graph. For a sequence

of vertex sets V = (Vi,...,V.) that partitions V (which we call an ordered vertex-partition), define
EW)={(u,v) eE|lueV;,, veV,, j<i}

to be the set of reversed edges with respect to V.
For two sequences (Vi,...,V,) and (V4,...,V,) that both partition V, we say (Vi,...,Vs) refines
(Vi,..., V) if we can write
(Vlv"'7VT) = (Cl,---,cy),
where each C; is a subsequence of (Vi,...,V,) that partitions V;.

Given G = (V,E) and a ordered vertex-partition ¥V = (Vi,...,V;), we say a demand (A,V) is V-

constrained if for every V;,
Y Aw) = Y V),
veV; veV;

i.e. each part is individually balanced.

Definition A.39 (Terminal Expanding). Let G = (V, E) be a directed graph with edge capacities, let
d:V — Rxo, and let V be a ordered vertex-partition. We say d is V-constrained ¢-expanding on G if every
d-respecting, V-constrained demand can be routed in G with congestion at most 1/¢.

We say an edge set F' C E is V-constrained ¢-expanding on G if volg is V-constrained ¢-expanding on G.

Definition A.40 (Expander Decomposition). Let G = (V, E) be a directed graph and F' C E an edge set.
A (weak) F-expander decomposition with expansion ¢ and slack ~ returns a ordered vertex-partition V such
that

e Fis ¢-expanding in the graph G — E™V(V), and
o vOl(E™(V)) < v¢ - vol(F).
An associated flow routing algorithm takes a V-constrained, volp-respecting demand and outputs a flow

in G routing that demand. It is efficient if its complexity is at most the complexity of constructing the

decomposition.

Definition A.41 (Expander Hierarchy). Let G = (V, E) be a directed graph with edge capacities. An
expander hierarchy with ¢ layers consists of edge sets F1, ..., E: and ordered vertex-partitions Cop, .. .,C: such
that''

o Co = ({v1},{v2},...,{vn}) consists only of singletons, and C; = (V),

« for every ¢ € [t], the sequence C;_1 refines C;,

o for every i € [t], we have E¥(Ci—1) C E>i, where E>; := /.., Ej.
We say the hierarchy has expansion (¢1,...,¢:) if, for every 1 < ¢ < ¢, the edge set E; is C;-constrained

¢;-expanding on G.

1 This deviates slightly from the classical definition in that the C;’s do not have to be the SCCs of G — E~;, and we
assume the sequences C; are given. This avoids explicitly computing SCCs in parallel.
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An flow routing algorithm associated with the hierarchy takes as input a layer number ¢ and a C;-
constrained, volg,-respecting demand, and outputs a flow in G routing the demand with congestion at most

1/¢;. 1t is efficient if its complexity is at most the complexity of constructing the hierarchy.

A.6.2 Congestion DAG Projections via Expander Hierarchy

In this section, we assume we are given an expander hierarchy and we show how to construct a congestion

DAG projection.

Lemma A.42. There is an algorithm that takes as input
e a directed graph G = (V, E) with edge capacities,
e an oracle that constructs an expander hierarchy of G with t layers and expansion (¢1, P2, ..., ¢+) where
¢i = ¢ for all i <t —1,'% together with an efficient flow routing algorithm, and
e a parameter o > 1, which controls the trade-off between the projection size and additive-approximation,
and returns a DAG projection D of G such that
« |[E(D)] =02 |E(G)),

e D is (k,0)-congestion-preserving with
f@zO(?t/qb) and 6 =Uq(E:)/o,

e and D has an efficient projection algorithm.

The algorithm uses one call to the hierarchy oracle and performs additional O (|E(D)|) work and 6(1) depth.

Moreover, if the edge capacities of G are integral and o = 1, then the edge capacities of D are integral.

Algorithm (constructing D). Let Co,...,C; and Ei, ..., E; be the expander hierarchy returned by
the oracle. Define
Gi:=G—-Fs; fori=0,1,...,t,

s0 Gt = G (since E>¢ = ). For every i =0, 1,...,t and every cluster C € C;, we will build a DAG projection
for G;[C], denoted D;(C). Since C; = (V'), D¢(V) is a DAG projection for G, and we will return D := Dy (V).

For every original vertex v in G;[C], we will specify two special copy vertices of v in D;(C), denoted
,Ulflrst7 viast c V(Dz (C)),

with 7(vf™t) = 7(v1**") = v. We will later see that v™™* and v'** are basically the first and last copy of
vertex v in the topological order of the DAG projection. Intuitively, these are the attachment points when we
later connect edges that go in or out of C'. Moreover, in the construction, there will be an infinite capacity
path from vt to vlast,

Base layer. When ¢ = 0, each C € Cp is a singleton, say C' = {v}. We let Dy(C) be the one-vertex DAG

with label v, and we set vi™" = vi*** to be that vertex.

Inductive step. Suppose ¢ > 1. We will define a parameter

1, ifi<t,
g; =
o, ifi=t.

Since C;_1 refines C;, the clusters of C;_; that are contained in C' € C; form a subsequence
(Y1,...,Ys)

that partitions C. By the induction hypothesis, for each Y; we have already built a DAG projection D;_1(Y;)
of Gi_ 1 [Y}] .

12We do not care about the expansion for the last layer, because the flow routing there is contributed to the additive
error.
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(1) Concatenating the child DAGs. We first build an intermediate DAG D;(C) by taking the DAGs
Di—1(Y1), Di—1(Y2),..., Di—1(Yz)

in order, and for every edge (u,v) € E(G;) with u € Yz, v € Y, and z < y, we add to D;(C) the edge

last first
i—1; Vi—1

with capacity Ug(u,v). This makes D;(C) a DAG projection of G;[C] consistent with the ordering induced
by (Vi,...,Ys).

(2) Replicating to allow congestion projection. To form D;(C), we make 20; copies of this
intermediate DAG D;(C), all with the same projection maps. For any vertex z € V(D;(C)), denote its copy
in the k-th replica by ), for 1 < k < 20;.

We then add the following edges:

(i) For every u € C' and every 1 < k < 20y, add an edge

last first
(“i71,<k>7 “i—L(kH))

with infinite capacity. This allows flow on u to “walk” forward through all replicas.

(ii) For every (u,v) € E; with u,v € C, and every 1 < k < 20;, add an edge

last first
(Ui71,(k)»11¢71,(k+1))

with capacity Uq(u,v). This encodes the “fresh” edges of layer ¢ across replicas.

(iii) Add a dummy vertex w¢, i.e., m(w¢) = L. For every u € C, add edges
(o wi ) and  (wf, w5, 41))

each with capacity volg, (u). This ensures we can “collect” and “redistribute” the Ej;-volume of u

between the two “halves” of the replicas without violating capacities.

Finally, we scale all capacities in D;(C) by a factor of 1/0; so that the total capacity budget per original
vertex is preserved across the 20; replicas. For every original vertex u € C', we define two special copies in
Di(C)

first | first d last ,__  last
Ui = Uij—1,(1) an Ui = Uij—1,(204)"

Since C; = (V), the construction for ¢ = ¢ produces D;(V'), which we output as the final DAG projection
D. This completes the construction of our congest DAG projection.
Analysis.
The following lemma bounds the size of the DAG projection.
Lemma A.43. D has size at most O(2'c |E(G))).
Proof. Fori > 1, each D;(C) (for C € C;) is composed of 2¢; copies of D;(C), and D;(C) is the concatenation
of D;_1(Yj) over the partition (Y1,...,Y:) of C. Thus,

BDAC)| < 201+ (|EGICDI+ Y [BDi-a())])-

Summing this recurrence up the hierarchy (and using that ) _. |E(G[C])| < |E(G)| and ¢; = o for only
layer ¢ while o; = 1 for i < t) yields

|B(D:(V)| < 0@2'0 |E(G))).



81

Projection algorithm (flow). For an edge (u,v) € E(G), define its D-congestion to be

Z Up(u',v").

(u' w")eE(D): w(u)=u, w(v')=v
Lemma A.44. For every (u,v) € E(G), the D-congestion of (u,v) is at most 2°.

Proof. We prove by induction on ¢ that, for every C' € C;, the D;(C)-congestion of any edge (u,v) is at most
2.

For ¢ = 0 the claim is trivial, since Do(C) has no edges.

For i > 1, D;(C) is a concatenation of D;_1(Y;)’s. Any edge of G; that crosses between two different
Y;’s is added at most once in [?i(C), with its original capacity, so such edges contribute congestion 1 at this
level. Edges internal to a Y; come from D;_1(Yj), and by the induction hypothesis they contribute at most
2= per copy.

Now D;(C) consists of 20; copies of D;(C), and finally we scale down capacities by ¢;. Hence, for edges
not in F;, the total congestion is

20,

21'71 . — 21

g;
For edges in E;, we add one between every consecutive pair of copies, so there are 20; of them, each scaled

by 1/0;, giving congestion 2. Taking the maximum over these two cases yields the desired bound 2t O

Next, we need to control the demands created at dummy vertices. For every 1 < i <t and C € C;, the
construction creates many copies of the dummy vertex wS. For example, D;;1 makes 20; copies of wS. Even
more copies are inductively created at higher levels. For such a w’: - each incoming edge (u, wzc) gives u a
w¥ -source-demand equal to the capacity of that edge; - each outgoing edge (wic7 v) gives v a w -sink-demand
equal to the capacity of that edge.

The (C, 1)-source-demand of u is the sum of all w¢-source-demands over all dummy centers w{ of clusters

C € C;; the (C,1)-sink-demand is defined symmetrically.

Lemma A.45. For all 1 < i < t, allu € V, and all C € C;, the (C,i)-source-demand (and also the
(C,1)-sink-demand) of w is at most
gt | volg, (u)
g; '
Proof. We prove the following slightly stronger statement by induction: for any =z > i and any cluster
C' € Cg, the total (C,i)-source-demand (or sink-demand) of u in D, (C") is at most

e—i volp, (u)
g; '

2

When z = 4, this is exactly how we defined the dummy edges at level i: the (C,i)-demand is volg, (u)/o;.
For z > i, the DAG D, (C") is made from 2, copies of D,(C"), and each D,(C") is a concatenation of
lower-level DAGs. For a fixed u, only one of those lower-level DAGs contains the copy of u, so by induction

that copy contributes at most
gr—1-i VO]Ei (u)
0;

in each replica. After making 20, replicas and scaling by 1/0,, we get

_gei VolEL,(u)7

gi Oz gi

yeoios, vols, (u) 20

as desired. O

Now we are ready to state the flow projection algorithm. Let f© be a flow in D whose support does not
contain dummy vertices (i.e. all demand is on original vertices). Consider a flow path pP of fP that does

not pass through the top-level dummy vertex w, . We decompose p” into subpaths of two types:
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1. Pure subpaths j that contain no dummy vertex. Every edge (u’,v’) on such a subpath satisfies
either (w(u'),n(v")) € E(G) or n(u') = m(v'). Thus m(p) is a path in G (after removing repetitions). We
create a flow path in G along 7(p) with the same flow value.

2. Dummy vertex subpaths of the form (u, wic,v), where w¢ is a dummy vertex. For each such
subpath with value 7, we create a source demand v on 7(u) and a sink demand « on 7w (v) to be later routed
by the flow routing associated with layer i.

Doing this for all flow paths of fP that avoid wy gives us a partial flow f in G plus, for each layer 4, a
C;-constrained demand (A;, V;). The total flow in f? that does go through w) is at most

Z volg, (u) = Ug(E:),

ueVvV

because those edges were scaled by 1/0; = 1/0. Hence
Dem(f) < w(Dem(f”)) and val(f) > val(f°) — 6

with § < Ug(E:)/o, as claimed in Lemma A.42.

To route the dummy-hop demands, for each i € [t] we collect all tuples (u,w,v) of value ¢ into a
demand (A;, V;). By Lemma A.45, this demand is (27 - volg, (u)/0;)-respecting, and by construction it is
Ci-constrained. We scale this demand down by a factor o;/2°~* and apply the flow routing at layer i (which
has congestion at most 1/¢;), and finally scale the routed flow back up by 2°~¢/c;. This gives congestion at

most )
2t—z

oidi

for the layer-i part.
The final flow in G consists of: - the “trivial” projection of edges, which by Lemma A.44 has congestion

at most 2%, and - the expander-routed part, whose congestion is at most

t

2t7i .
S < o

i=1

since ¢; = ¢p fori <t —1and o; > 1.
The second part dominates the first, so the total congestion is O(2¢/¢), as stated in Lemma A.42. The

running time is also as claimed, since flow routing is assumed to be efficient and the remaining steps are
linear in |E(D)|.

Projection algorithm (cut). For 0 <i<t, C € C;, and the DAG projection D;(C), define
VIst(Dy(C) := {uf™" e V(Di(C)) | u € C}, V(D)) == {u™' € V(Di(C)) | u e CY.

We prove the following by induction.

Lemma A.46. For every 0 < i < t and every C € C;, let SP be a cut in D;(C) with finite cut value. Then
there exists a set Sc C C such that

o 7(SPNVI(Di(C))) C Se C w(SP nVH(D(C))),

« valg,(c)(Sc) < valp,c) (S7).
Moreover, Sc can be found in O (|D;(C)|) work and O (t) depth.

Once we have this lemma, the cut-projection algorithm follows immediately: for i = ¢ and C' =V, we
obtain a cut S¢ C V such that

#(SP) C w(SP N VIH(D,(V))) C Se C w(SP N V™ (D (V))) C =(SP),

and
valg(Sc) < valp(S™),
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as required. (If SP has infinite value, we can return any valid s—t separating cut in G.) Thus it suffices to

prove Lemma A.46.

Proof of Lemma A.46. Base case. For i =0, each C € Cy is a singleton, so Do(C) has one vertex and every

cut has value 0. Taking Sc = C or Sc = () satisfies the statement.

Inductive step. Let ¢ > 1. The DAG D;(C) consists of 2¢; copies of D;(C) plus one dummy vertex
wf. WLOG assume wf ¢ ST the other case is symmetric (we only mirror the choice of copies).

Let (Y1,...,Y.) be the subsequence of C;—; that partitions C. For z € [20y], let D§“”>(C) denote the
z-th copy of D;(C). Recall that D;(C) is formed by concatenating D; 1(Y1),...,D;_1(Y:) in order. Let
D), (Y,) denote the copy of D;_1(Y,) inside D™ (C).

For each = € [20;] and each y € [z], define

SP, =87 NV (DY)

By the induction hypothesis applied to level ¢ — 1, there is a set Sy, C Y, such that

(82 VDI (Y))) € Sey C (S5, NVHDIIY,)), (A.3)
and
ValGi—ﬂYy](Sﬂvyy) < ValD(f)l(Yy)(S‘"‘D’y)' (A4)
Let ;
Sz 1= U Sz,y-
y=1
We will eventually pick one S; as Sc. To do that, define
x" = arg min valg,c](Sz) (A.5)

z€lo;]

where F;[C] := E; N BE(G;[C]). (If wE € ST, we do the symmetric choice among = € {o; +1,...,20:}.) Set
Sc = Spx.

Property 1 (in/out sandwich). We claim that for every = € [20;] and every y € [2],
m(S7 VDL (V) € Sey € w(STNVEUDIL(Y)) € w(STAVIDETY(Y,)),  (A6)

ignoring the last inclusion when z = 20;. The first two inclusions are exactly (A.3). For the last inclusion: if
there were u € Y, such that ulffi(m) € SP but u?fsf’(wrl) ¢ ST, then the edge

last first
(uifl,(z)vuifl,(rJrl))

of infinite capacity would be in the cut, contradicting the assumption that S” has finite value. Thus (A.6)
holds.

Taking the union over all y and using (A.6) for consecutive copies, we obtain
7(SPNVIUD(C))) C 8. C w(SP N VY(D(C)))
for every x. In particular, it holds for z*, so Property 1 is proved.

Property 2 (cut value). We need to compare valg,(c)(Sc) to valp,(c)(S”). First we show a per-copy

inequality.
Lemma A.47. For every z € [204],

%-Valci[c],gi (S2) < val (S” N V(DP(C))).

5 (@)
: ()
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Proof. Let
ES = {(u,v) € E(G4[C]) | u € Yiy,v € Yy, k1 < ko}

be the “forward” edges between different Y’s (recall E*V(C;—1) C E;, so G;|C] — E; only has forward inter-Y
edges). Then

valg o), (S2) < Y valg, v, )(Sew) + Us({(u,v) € EG | u € Sp,v ¢ Si}).
y=1
On the other hand, the cut of S© in Dgz)(C) is exactly
D last first last D first D
ZValDﬁ)l(Yy)(Sz,y) + UDE@(C)({(uifl,(acﬁvifl,(w)) ‘ Uit1,(e) €57, Vit (a) ¢S })
y=1

By (A.4), the first part is at least

z

0_71, ValGrifl[Yy](SLy)’
y=1

because capacities in D;(C) are scaled by 1/0;. By (A.3) and the same “if u € S, then its out-copy is in S7,
if v ¢ S, then its in-copy is not in SP” argument as before, each inter-Y edge in EZ (S.,C \ S») is cut in

DEI)(C), again up to the 1/0; scaling. Putting these together gives the claim. O

Next, recall that D;(C) is formed from all 20; copies plus the cross edges and the dummy edges. Let
ED . denote the set of edges in D;(C) that connect different copies (including edges adjacent to w{). We

relate ELo. to the E;[C] part:

Lemma A.48.

cross

Z Uii valg,j0](Sz) < valgp (SP).
z€lo;]
Proof. Use Equation (A.6). For each x € [0;], partition the edges in E;[C](Sz,C \ Sz) into:
o Type “Bridge-paid”: edges (u,v) where vffslt&zﬂ) ¢ SP. Then uiafhz) € SP by Equation (A.6), so the
edge (uizfi(gg), vf‘fﬁ<z+1)) (a cross edge) is cut and can pay for this (u,v).

last

o Type “Terminal-paid”: edges (u,v) where v?ﬁsﬁ(ﬁ_l) € SP. Then again by Equation (A.6), V2 (o) €
SP. Since we assumed w{ ¢ S, the edge (via_si(ai), wf) is cut and can pay for (u,v). Moreover, this
charging does not double-count edges to wf: once (u,v) is of Type “Terminal-paid” at level z, both

endpoints remain inside all later S,/, so it cannot be of Type “Terminal-paid” again.

In all cases, we pay for the original capacity only once, and then scale by 1/0; to match the scaled capacity

Now we can finish. Let 2* be as in (A.5). Then

VaIDi(c) (SD) = valED

cross

COEEY val o) (S” nV(DP(0)))

z€[20;]
1 1
> Z —valg,c)(Sz) + Z —valg,[c]-E, (Sz) by Lemmas A.47 and A.48
o o
z€[oj] z€[oy]
1
=~ Y valg,()(Se)
‘ z€[o;]
> valGl[C](Sx*) = Valgi[c] (Sc), as x" = arg min] ValGi[C](Sgc)

TE|o;

The work/depth bound follows because at each level we only need to:

« apply the inductive procedure to O(1) (in fact O(20;)) sub-DAGs,

e sum/compare the cut values, and
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e pick the best x,

all of which take time subsumed by constructing D;(C). Over ¢ levels, this gives O (|D;(C)|) work and O (&)
depth. O

A.6.3 Expander Hierarchy via Expander Decomposition

In the next section, we will prove the following expander decomposition lemma.

Lemma A.49. There is an algorithm that takes as input
e a directed graph G = (V, E) with edge capacities,
e an edge set F C E,
e a parameter 0 < ¢ < 1,

e an oracle Omrpmc solving («, §)-ApxMFMC,

and outputs an edge set F' C F and an F’'-expander decomposition of G with expansion ¢ and slack -,

together with an associated efficient flow routing algorithm, such that

2
y=alog®n, 6 < Us(F)- 20 p(F) > (1- 6v) - Ua(P),
99log™ n
provided ¢ < o(1/v). The algorithm makes O (1/(¢7))-efficient calls to Oxpmc and uses additional

O (|E(G)|/(¢)) work and O (1/(¢)) depth.

Now we can use Lemma A.42 to get an expander hierarchy. We initialize Ef = E and C) =
({v1}, {v2}, ..., {vn}) where (v1,...,v,) is an arbitrary order of V. We will show how to start from Ej,C; to
compute E;,Ci 1, Ej, ;. We should think of E; as the final E>;, and C; will be processed in the end to get C;
to make sure C; refines C;41.

Let

_ / 6 _ o— logo‘5 n
y=ak log'n =2 /v

If the following inequality is satisfied
0" < Uc(E) - (¢7)*/(991og" n)

Then we apply Lemma A.49 on G, E}, ¢ to get E; C E. and a E;-expander decomposition of G denoted
by C; with expansion ¢ and slack v where

Us(Ei) > (1= ¢7) - Ua(E;)
This call to Lemma A.49 is valid by checking all the four inequalities described in Lemma A.49.
We let Ej,, = (E{\E;) UE"™(C}).

Otherwise we have

§' > Ua(EY) - (¢7)*/(991og* n) = U (E}) - 477" " /(99 log* n) (A7)

In this case, we stop and let ¢t =i and E; = E;,C; = (V) We process C; to get C; fromi=t—1toi=1
in the following way (to make sure C; refines Cj41): suppose C; = (C1, ..., C:) and Ci+1 = (C1, ...,CL,). We
define Cyy = C, N Cy. We let C; = (C1,1,Ch 2, ...,Ch,z,C21, ..., Cyr ), i.e., order first according to z, then
to y. Notice that this step can be done in parallel 0} (m) work and 0 (1) step by parallel sorting.

Lemma A.50. E1, ..., E; and Co, ...,C; is a valid expander hierarchy with expansion (¢:);cjy) where ¢; = ¢
foralli <t and
Uc(Br) < § - 288"

It is associated with an efficient projection algorithm.

Proof. The inequality for Ug(E}) is from Equation (A.7) by taking n to be sufficiently large.
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It is clear from the definition of (C;);cpy that C; refines Ci11 for every 0 <i <t — 1.

Then we prove that E*V(C;_1) C E>; for every i € [t]. According to the definition if E;, we always have
E™Y(C;_,) C E; and E; C E>;. Moreover, according to the definition of C;_1, we must have E**V(C;_1) C
E™Y(Ci_1) U E™V(C;). Expanding repeatedly for E™V(C;) gives us E™V(Ci—1) C U;j»: E™V(C}) C Ex,.

Then we prove the expanding guarantee. According to the definition of F;-expander decomposition, we
have that E; is C/-constraint ¢-expanding in G. Notice that C; refines C;, so any C;-constraint demand is
also a Cj-constraint demand, so E; is also C;-constraint ¢-expanding in G.

At last, the projection algorithm for each layer of the hierarchy is efficient according to Lemma A.49,

combining them gives an efficient projection algorithm for the whole hierarchy. O

Notice that t = O(log®® n) since
! ! — 10, 0.5 n !
U (Ein) < 2¢7-Ua(Ej) =227 " - Ug(E)

and we assume the capacities are polynomially bounded.

A.6.4 Expander Decomposition via MFMC Oracle

In this section, we describe how to compute an expander decomposition given access to a congestion DAG
projection. By Lemma A.56, a suitable DAG projection already gives such an oracle, so it is convenient to

phrase the lemma directly in terms of an MFMC oracle.

Lemma A.49. There is an algorithm that takes as input
e a directed graph G = (V, E) with edge capacities,
e an edge set F' C F,
e a parameter 0 < ¢ < 1,

e an oracle Omrmc solving (o, 0)-ApxMFMC,

and outputs an edge set F' C F and an F'-expander decomposition of G with expansion ¢ and slack v,

together with an associated efficient flow routing algorithm, such that

2
y=alog®n, 6 < Us(F) 20 UG(F) > (1-¢v) - Us(P),
991log™ n
provided ¢ < o(1/v). The algorithm makes 5(1/(¢'y))—ejﬁcient calls to Omrmvmc and uses additional

O (|B(G)|/(¢7)) work and O (1/(¢7)) depth.

The algorithm follows the same high-level structure as Section 7 of [Ber+25a] (a directed non-stop

cut—-matching framework), but we restate the pieces here for completeness.

Definition A.51 (Matching). Let (P,Q) be a partition of V. A set of directed edges M C P x @Q with
capacities Unr : M — Rxg is called a (P, Q)-matching. For a demand bound d : V' — R>q and an error € > 0,
we say M is (d,e)-perfect if

1. volyr < d (i.e. M does not send/receive more than d(v) out of any vertex), and

2. voly (V) > (1 —¢)-d(V).

We will use the “non-stop” cut—matching game for directed graphs from [FLL25], which is an extension

of the “non-stop” cut—matching game for undirected graphs by [RS14; SW19].

Lemma A.52 ([FLL25)). Let d : V — N be polynomially bounded and let € = o(1/log®n). Suppose we have
an oracle Omaten that, for any partition (P,Q) of V and any d’ < d with d'(P) = d'(Q) and d'(V) > d(V)/2,
returns a (d’,e)-perfect (P, Q)-matching.
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Then there is a randomized algorithm that makes O(log2 n) calls to Omaten and O(m log2 n) additional
work with O (1) depth, and produces d < d with

dw) > (1 — O(elog? n)) -d(V)

such that, with high probability, d is Q(1)-expanding in the graph
W .= U Mi7

where M; is the matching returned by the i-th call to Omatch-

Intuitively, Lemma A.49 will simulate the matching oracle Omatcn using the MFMC oracle Onpmc: each
time we need a nearly perfect matching across a cut, we phrase it as a flow instance with capacities restricted
to F, call Omrmc, and either (i) get the matching we wanted, or (ii) discover a cut with small F-capacity
and peel it off, charging its capacity to the slack. Repeating this for O(1/(¢y)) rounds preserves almost all
of F (the F’ guarantee) and yields an F’'-expanding decomposition, exactly as in [Ber+25a], but now with
the additive loss ¢ inherited from the MFMC oracle.

Expander Decomposition Algorithm. The algorithm for Lemma A.49 is recursive. We write
(F',C) « ED(G, F, ¢)

to denote a subroutine that should satisfy the guarantees of Lemma A.49: namely, C is an F’-expander
decomposition of G with expansion ¢ and slack ~, and F’ C F preserves almost all of F'.
We set

d := volr and g:= ¢z .
log®n

We want to run the cut—matching game of Lemma A.52, so we must implement the matching oracle Omatch.
The oracle Onaten. An oracle call receives
e a partition (P, Q) of V,
o a vector d’ < d such that d'(P) =d’'(Q) and d'(V) > d(V)/2.

We maintain:

e a flow f* (initially empty), which will accumulate routed demand, and
« a residual demand d” < d’ (initially d” := d’).

We repeat the following “flow-or-cut” step while
d" (V) > e-d'(V).

Call the MFMC oracle Ompmc on G with the bipartite demand

(d// |P7 d” ‘Q)7

and obtain a flow f and a cut (S, S) such that

val(S) + d"(SNQ) + d"(SNP) < a-val(f) +4. (A.8)
Define the threshold p
L an . Y
T:=di(P) 9alogn’

We branch on whether the flow is large.

Case 1: val(f) > T. In this case the oracle made good progress routing the current residual demand.
‘We update
e f+f and d” < d" — Dem(f),
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(where we view Dem(f) as a vector on V, and note that source/sink supports are disjoint). Then we continue

the while-loop.

Case 2: val(f) < T. Here the flow is too small; we interpret (A.8) as a certificate of a sparse cut and
recurse on both sides.
Define

F[S] :=={(u,v) € F | u,v € S},
F\[S] = F[S] U {(u,u) | v € S with (u,v) € F or (v,u) € F, and set U(u,u) := Ug(u,v) or Ug(v,u)},

i.e. we add self-loops to preserve the F-volume of vertices of S. Define F' [S] symmetrically.

Now recurse:
(F{,C1) < ED(GI[S), F[S], ¢)  and  (F},C2) + ED(GI[S], F[S], ¢).

We form F' C F as follows:

« include all edges of F inside S that survived in Fj (i.e. corresponding to self-loops of 1?[5} that were
kept),

« include all edges of F inside S that survived in FY,

o for every edge (u,v) € F with u € S, v € § (or vice versa), keep (u,v) in F’ if the two self-loops of u

and v both survived in F5 and F} respectively.

Return F’ and the vertex-set sequence (C1,Cz2) and terminate ED(G, F, ¢).

If the loop never triggers Case 2. Suppose in the O(log® n) calls required by Lemma A.52 we always

land in Case 1. Then the loop ends only because
d’(V) <e-d'(V),
and the accumulated f* routes the demand
((d=d")|p, (d'—d") o).

We then construct the required (d’, ¢)-perfect (P, Q)-matching by, for every flow path p of f*, adding the
matching edge
(Start(p), End(p))

with capacity equal to the flow on p. This is exactly the matching Omatch must return.

Applying the cut—matching game. We now run the directed cut—matching game of Lemma A.52 using
this implementation of Omatcn. If none of the O(log2 n) rounds ever falls into Case 2, then by Lemma A.52
we obtain d < d with

dw) > (1 — O(elog? n))d(V),

and d is Q(1)-expanding in the union W := Ul M; of the matchings we produced. In this situation we define
F':={(u,v) € F | d(u) > d(u)/2 and d(v) > d(v)/2}

and return F’ and the trivial partition (V') as the F’'-expander decomposition.

This matches the guarantees of Lemma A.49.

Correctness (expansion). We prove by induction on the size of the instance passed to ED(G, F, ¢)
that the returned F’ is ¢-expanding and that we get an efficient flow routing algorithm.
When G has a constant number of vertices, the statement is trivial since 1/¢ = w(1).

Assume now that G has more than one vertex. There are two ways the algorithm can terminate:

1. it finishes the cut—matching game (i.e. every call to Omatcn is in Case 1), or
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2. it stops early in Case 2 and recurses on S and S.

First situation (cut-matching game finishes). In this case we obtain d that is Q(1)-expanding in
W= U M;,
i

where M; is the matching from the i-th call to Omateh. Each matching M; is formed from the flow f; that

Omaten routed in that call. We show that the total congestion of all these flows is small.
Lemma A.53. The congestion of y . f; is at most 9/(¢ log? n).

Proof. Each f; is itself the sum of per-iteration flows f. In Case 1 of Omaten we have

> = d” . L
val(f) > T d’(P) Salogn
This means in that iteration the residual demand d” (V') shrinks by at least a (¢v)/(9alogn) fraction. We

stop when d” (V) < ed’(V'), where
al

- log3n’

Hence the number of iterations inside one call to Omatcen 1S at most

9alog®n < 9
¢y T ¢logtn’

using v = alog®n. Since the cut-matching game makes O(log2 n) calls to Omatch, multiplying these two

factors gives total congestion at most
9

¢log’n’

O

We store all these flows. Now let a demand be given that is volg/-respecting and (V')-constrained. By

construction of F', every (u,v) € F' satisfies
d(u) >d(uw)/2 and d(v)>d(v)/2,

and recall d = volp > volg/, so the demand is 2&—respecting. Since d is Q(1)-expanding in W, we can apply
any standard expander routing on W to route this demand with congestion O(logn).

Finally, we replace every edge of the routed flow on W by the corresponding flow bundle ZZ fi in G by
using Theorem A.9, which turns the cumulative edges to source-sink demands and find the corresponding
edge representation of flows in 0 (m) work and 0 (1) depth.. This multiplies the congestion by at most
9/(¢log?n), so the final congestion is

9 1
-0(1 < =
¢log®n (logn) < 0]

as desired. The work is bounded by the work to run the cut—-matching game plus linear overhead, and the

additional depth is O (1).

Second situation (early cut, Case 2). Here the algorithm returns the union of two recursive calls:
(F1,C1) = ED(G[S], FIS],¢),  (F3,C2) = ED(GIS], FS], 9).
By the induction hypothesis,
FY is C1-constrained ¢-expanding in G[S], Fj is Co-constrained ¢-expanding in G[S].

By the definition of F’ (we keep a cross edge only if both corresponding self-loops survived in the two

recursive calls), any volg/-respecting (Ci1,C2)-constrained demand restricts to a VOIF{-respecting demand
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on G[S] and to a volFé-respecting demand on G[S]. So we can route separately in the two subgraphs with

congestion at most 1/¢, and hence F' is (C1,Ca2)-constrained ¢-expanding in G.

Correctness (Slack). We now show that the total capacity of reversed edges in the final decomposition
is at most ¢y - Ug(F). If we finish in the first situation (full cut-matching game), then C = (V) and
Uc(E™(C)) = 0, so there is nothing to prove.

So assume we stopped in Case 2 on some cut (S, S). We use:

Lemma A.54. The cut S found in Case 2 satisfies

8

logn’

val(S)gvolF(S)-lc?:n and  val(S) < volr(5) -

Proof. The condition for Case 2 is val(f) < T. From (A.8) we have

val(S) < a-val(f) + 4

2
< 4" & ()
=« (P) 9alogn (F) 991log* n
" el
<d’(P) Tlogn’
where the last inequality uses that the additive term is dominated by the main term once we plug in € = lo‘ggn
and the lower bound d”(P) > ed’(P) > ed(P)/2.
On the other hand,
volg(S) > d"(9)
>d"(P)-d"(SnP)
> d"(P) - (aval(f) +6) (by (A.8))
> d// P) — d// . (ZS’Y
> d'(P)—d"(P) o
> d"(P)/2
Combining the two displays gives
al
1(S) < volr(S) - .
val(S) < volr(S) Togn
A symmetric argument, swapping P and Q, gives
volp(§) > d”(Q)/2 and val(S) < volp(5) - 20,
logn
O
Therefore, whenever we split on (S, S), the amount of capacity we “cut off” is at most
min(volF(S) volF(S)) 4l . (%)
’ logn

So for the final decomposition C we have the recursion
Ua(E™(C)) < min(volr(S), volr(S)) - h% + U (E™(C1)) + U (E™(C2)),

where Cy,C2 are the decompositions returned on G[S] and G[S]. Unrolling this recursion over all cuts in the
recursion tree, and noting that each time we lose at most a %—fraction of the smaller side, we obtain

Uc(E™(C)) < ¢v - Ua(F),

as claimed.
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Correctness (size of F’). We will show that Ug(F") > (1 — ¢) - Ua(F).

We first show it for the first situation where the cut-matching game finishes.
Lemma A.55. If the cut-matching game finishes, we have Ug(F') > (1 — O(¢y/logn)) - Ua(F).

Proof. We have d(V) > (1 — O(elog®n)) - d(V) according to Lemma A.52. Then we let F’ contain all edges
(u,v) € F such that both d(u) > d(u)/2,d(v) > d(v)/2. In other words, for every edge (u,v) € F — F’,
there must exist « € {u, v} such that d(z) < d(z)/2. We charge Ug(u,v) to .

Let K = {z € V | d(z) < d(x)/2}. Then

Z volp(z) <2- (volp(V) — VO]F’(V))

zeK

because € = ¢/ log® n. Each & € K can receive at most volp(z) total charge (since we charge edges incident

to z), so the total charge, which equals Ug(F — F”), is at most

O(¢7/log” n) - A(V)) = O(¢y/log® n) - Ua(F).

This implies
Uc(F') > (1 - O(¢v/logn)) - Us(F),
where we relaxed 1 — O(¢y/log?n) to 1 — O(¢y/logn). O

Now we consider the second situation where the cut-matching game stops due to Case 2. We get the

following recursive inequality
Uc(F — F') < Ua(F[S] — F{) + Ua(F[S] — F3),

where recall that F[S] and F'[S] add self-loops so that volz (g = volr |g and volp g = volr |s. Note that
F[S]+ F[S] double-counts edges in F'(S, S) (edges of F' with one endpoint in S and the other in S). However,
each such edge is double-counted at most once in the recursion, because once we cut along (S, S), that edge
never appears in a deeper subproblem again (the self-loop we use in the subproblems does not create another
cross-partition edge).

Thus, unrolling the recursion and using Lemma A.54 (which shows each cut removes only a ¢/ logn-

fraction of the relevant volume), we get
Ua(F — F') < O(¢y/logn) - Ua(F).
Finally, by taking n sufficiently large (so the hidden O(-) is at most, say, 1/2), we get

Uc(F') > (1 - ¢y) - Ua(F).

Complexity. In the first situation (the cut-matching game finishes), the algorithm uses 0 (1) calls to
Owmrmvce and 19) (m) work and 9] (1) depth.
In the second situation (the algorithm makes recursive calls to G[S], G[S]), note that from the proof of

Lemma A.54 we have

So each time we recurse, both sides keep at least an e-fraction (up to constants) of the volume, and the
recursion depth is O(1/¢). Each level of recursion takes 5(m) work and 5(1) depth in total and makes

Owmrumc calls only on induced subgraphs (whose vertex sets are a partition of V), so the calls to Omrmc
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are O(1/e)-efficient. Hence the total additional work is 5(m/s) and the depth is 5(1/5) Plugging in

e = ¢/ log® n gives the claimed complexity.

A.6.5 MFMC on General Graphs via MFMC on DAGs and DAG Projec-

tions

The next lemma shows that such a projection algorithm reduces MFMC on general graphs to MFMC on
DAGs, with both a multiplicative and an additive loss that match the DAG oracle.

Lemma A.56. Let D be a DAG projection of G = (V, E) with an (k,J)-congestion-preserving efficient
projection algorithm. Let O be an oracle solving a-ApxMFMC-DAG. Then there is an algorithm solving
(ak, ad)-ApxMFMC on G with complexity proportional to one efficient call to O plus the projection algorithm.

Proof. Build D’ from D exactly as in the standard super-source/super-sink reduction: for every v € V, add
a vertex s, and edges (sv,v’) for every v’ € V(D) with m(v") = v, each with infinite capacity; also add a
vertex t, and edges (v',t,) for every such v’, each with infinite capacity. Then add a super source s and
edges (s, s,) of capacity A(v) for every v € V| and add a super sink ¢ and edges (t,,t) of capacity V(v) for
every v € V. Let the resulting graph be D’.

Run the oracle O on D’ with source s and sink ¢, and let it return a flow f and a cut S’ satisfying
val(8") < a - val(f').

Restrict f' and S’ to D to obtain f2 and SP. By construction, 7(Supp(Dem(f”))) C V, so we can invoke
the projection algorithm to get a flow f in G and a cut S in G such that

Cong(f) < k- Cong(fD), Dem(f) < Tr(Dem(fD)), val(f) > val(fD) — 4,

and
val(S) < val(S”),  #(SP)\{L} C S Cn(sP).
Since Cong(f) < k, the scaled flow f/k is feasible in G; we will output f/k together with S.

Now we relate the cut values. As in the usual argument, for any v € V for which there exists v' € V(D)
with v’ ¢ ST, we must have s, ¢ S’; otherwise, some infinite-capacity edge (s.,v’) would cross the cut. Thus
(s, 8v) contributes A(v) to val(S’). Symmetrically, for any v € V for which there exists v’ € V(D) with
v’ € SP, we must have t, € S’; otherwise, some infinite-capacity edge (v',t,) would cross the cut, and so
(tv,t) contributes V(v) to val(S’). All other contributions to val(S’) come from edges of D, i.e.

val($7) <val(§) = > A@)- > V().

vg#(SD) ven(SP)

We also have val(f?) = val(f’) (restriction does not reduce the flow through s, ¢ in D’), and the projection
algorithm gives val(f) > val(f’) — §. Using val(S") < aval(f’), we obtain

val($P)+ > V) + Y A@) < a(val(f) +9).
ven(SP) v (SD)

Since
#(SP)\{L} € S S =(SP),

we can replace the sums over 7(S”) and over V \ #(S”) by sums over S and V' \ S, respectively, and also
use val(S) < val(§P), to get

val(S) + ZV(’U) + Z A(w) < a(val(f) + 6).

veS vgS

Finally, we output the feasible flow f/x and the cut S. Multiplying the right-hand side by x to account for
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scaling gives
val($) + > V() + > A(v) < ar-val(f/r) + ad,
ves vgs
so (f/k,S) is an (ak, ad)-ApxMFMC pair. O

A.6.6 Completing the Spiral

In this section, we will combine everything in the previous sections and prove Theorem A.26.

Theorem A.26. Suppose there is an oracle for a-ApxMFMC-DAG where o = n°Y). Then there is a
randomized algorithm that, given a directed graph G = (V, E) with edge capacities, outputs a DAG projection D
of G together with an efficient n°Y) -congestion-preserving projection algorithm, such that |E(D)| = O (|E(G)])
(and D’s topological order is returned). The algorithm makes n°D work-efficient and n°Y depth-efficient
calls to a-ApxMFMC-DAG.

The algorithm is recursive. We will describe an algorithm CongDAGProj(G, k,d) computing a (k, d)-
congestion preserving DAG projection for G. It suffices to call CongDAGProj(G, £*,1/n) for some £* = n°W
to be fixed and sufficiently large constant C to get the required algorithm for Theorem A.26 (we will argue
in the end why 1/n° suffices). Now we describe CongDAGProj(G, &, ).

Base Case. Suppose § > 2-Ug(E(G)), then we return D = (V4 U {w} U Vs, E1 U E3) where Vi, Vs are

copies of V(@) with a natrual trivial projection map and
Ey = {(v,w) with U(v,w) = volgg)(r(v)) | v € Vi}

E; = {(w,v) with U(w,v) = volge (r(v)) | v € Va}

Clearly D is a DAG.

The projection algorithm takes a flow in D, and returns an empty flow in G. Since 6 > 2- Ug(E(G)),
this is a valid projection algorithm.

Suppose the projection algorithm is given a cut SP in D, if w & SP, then return S = 7T(SD NVi) asa
cut in G; Otherwise return S = 7(SP N V3). Clearly we have #(S”) C S C 7(SP). Moreover, according to
the definition of E1 U Ea, every edge in 67 (S) in case w € SP (or §(S) in case w ¢ SP) has its capacity
subsumed by the corresponding part in ;1 U Fa, so this is a valid projection algorithm.

For the rest of the algorithm, we suppose ¢ < 2 - Ug(E(G)) and try to solve CongDAGProj(G, k, d) using
recursive calls to CongDAGProj(G’, ', 8") for some G’ created by the recursive algorithm and s’ < x and
8 > 6.

The oracle Oypvc.  We are intended to use Lemma A.42 but we need a Omrumc oracle. In this paragraph,
we will describe how to get the oracle Omrmc by using CongDAGProj(G’, k', §’). We apply Lemma A.56
on the DAG projection output by CongDAGProj(G’,«’,§"). According to Lemma A.56, we get the oracle
Owmrmc that solves (ak’, ad’)-ApxMFMC-DAG with one efficient call to a-ApxMFMC-DAG.

The expander hierarchy. We use Lemma A.50 to get the expander hierarchy.
Getting the DAG projection. Let 7 = 1/,/log, a. Notice that if a = n°™) then 1 = w(1) and

a” = n°®,

We use Lemma A.42 on the expander hierarchy and parameter

o= 22-log0‘7n . an
to get a DAG projection D of G with an efficient (&, §)-congestion-preserving projection algorithm such that

K= O(?t/¢) _ 20(10g0'5 n) Oéff/
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. &
§=Uc(B)jo=22%"""§/)s < — 0 (A.9)
2105 oL
Congestion analysis. We will run CongDAGProj(x*,1/n®) for sufficiently large constant C.
According to Equation (A.9), the recursion depth d for CongDAGProj(x*,1/n%) is
_ O(logn)
log (2108?0‘7 n. oﬂ)
After depth d, the base case should have ko > 1 and § > 2Ug(E(G)). Thus, we get that
5 d (logt-5 n) ogn
K/* = (20(1030-0 n) . Oé) S 201(1)gg0‘7 noo. a(')r](}oga) S no(1> (A].O)

as required.

Removing Tiny Additive Error. Lastly, according to the construction of the DAG projection
Lemma A.42; if the input graph G has integer capacity (which is the assumption), the DAG projection
D cannot have edges with capacity less than 1/n (as the only scaling down capacity part scales down by
o= no(l)). Thus, any flow in D can be scaled up to value at least 1/n and apply the projection algorithm
with additive error 1/ n®, which is subsumed by the multiplicative error to the original graph. This gives a

k*-congestion preserving DAG projection without additive error.

Size of the DAG projection. According to Lemma A.42, the size of the DAG projection can always
be upper bounded by

020 |E(G)]) = 200" ™) .o [E(G)] = n°V) - |E(G)|
as required.

Complexity analysis. Notice that G is changing during the recursive calls. However, according to
Lemma A.49, each recursive level only boost the total graph size by a factor of O (1/(¢)) = O(210g0'5 ™).
Thus, the total graph size among all recursive calls is upper bounded by n°W according to the same
calculation as in Equation (A.10).

The oracle calls to the a-ApxMFMC-DAG algorithm is only by Lemma A.56, which has input size
proportional to the DAG projection size, upper bounded by n°M . So the oracle calls are n°M-efficient.
The additional work and depth according to Lemmas A.42; A.49 and A.56 is at most m* MW and n°W | as

required.
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Abstract

We give a combinatorial algorithm that computes an exact minimum-cost flow in n2+°® time.
This is the first combinatorial improvement since Goldberg—Tarjan [GT87], and is almost optimal
in dense graphs. All previous faster algorithms, including the almost-linear-time algorithm of Chen
et al. [Che+25], rely on interior-point methods.

Our main conceptual contribution is a black-box reduction from exact minimum-cost flow on
general graphs to its approzimation on DAGs, with only an n°® loss on the running time. This
reduction allows future work on combinatorial minimum-cost flow to focus on DAGs, typically
much easier to handle than general graphs. Our n?*°™M_time algorithm follows by combining this
reduction with a simple augmenting-path-based approximation algorithm on DAGs.

The reduction is based on a new structural result, called a flow-cost-preserving DAG projection.
Given an arbitrary directed graph, this construction produces a DAG that approximately preserves

both the congestion of flows and their cost up to a small loss.
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B.1 Introduction

Minimum-cost flow (MCF) is one of the most fundamental problems in combinatorial optimization. Given a
directed graph G = (V, E) with n vertices and m edges, capacities U € ZZ, costs £ € Z” and a demand
vector D € RY satisfying ZvGV D(v) = 0, the goal is to find a flow f € R¥ that respects capacities, routes
D, and minimizes the total cost ZeeEﬁ(e)f(e). MCF captures shortest paths, transshipment, bipartite
matching, circulation with demands, and many other basic primitives.

Fast algorithms for MCF have been studied since the 1950s; see, e.g., [Dan51; Ful61; Kle67; EK72; Tar85;
Orl88]. These classical algorithms share a common combinatorial principle: they repeatedly improve the
current solution by augmenting flow along a negative cycle or a shortest augmenting path in the residual
graph. This line culminated in push-relabel-based algorithms [GT87; GT90; Ahu+92] with O(mn) running
time.

Later work improved this long-standing O(mn) bound via interior-point methods (IPMs) [DS08; LS19;
Bra+21; AMV22] and culminated in almost-linear m'T°M_time algorithms [Che+425; Van+24]. These
algorithms achieve spectacular running times, but they do so by bypassing the classical directed residual
graph: their progress is described through barrier functions and the current position in the polytope, and
the key subroutines are on undirected graphs.

This leaves a striking gap in our understanding of minimum-cost flow. The fastest exact algorithms are
almost-linear, but the residual-graph-based approach for exact MCF appeared stuck at the classical O(mn)
bound. This raises a natural question: can one beat the classical O(mn) bound for exact minimum-cost flow
while staying within the residual-graph paradigm?

Very recent work showed that this barrier can be broken for closely related special cases while staying
entirely within the directed residual graph. For bipartite matching [CK24b; CK24a] and maximum flow
[Ber+24; Ber+25a], new residual-graph-based algorithms achieved O(n?) running time, which is near-optimal
in dense graphs. Besides the running-time improvement, working with residual graphs leads to new primitives
native to directed graphs. For example, [Ber+24] gives a simple and teachable approximate maximum flow
algorithm on DAGs. Directed expander hierarchies introduced in [Ber+24; Ber+25a] found applications to
directed graph sparsifiers [HSW25], global minimum cut and arborescence packing [Jia+25a], and black-box
reductions for maximum flow to approximation on DAGs [HJS26a]. Unfortunately, these recent algorithms
do not handle edge costs.

Thus, for exact minimum-cost flow, the fastest residual-graph-based algorithm has remained the O(mn)—

time algorithm of Goldberg and Tarjan [GT87] for nearly forty years.

Our result: the first combinatorial improvement since Goldberg—Tarjan. We answer the
question above affirmatively: within the residual-graph paradigm, we give the first improvement for exact

minimum-cost flow since [GT87].
Theorem B.1. There is a combinatorial algorithm computing a minimum-cost flow in n*T°M time.

In particular, Theorem B.1 is almost optimal in dense graphs. Our algorithm is randomized and correct
with high probability.

Our approach: exact MCF via weak approximation on DAGs. The conceptual core of the
paper is a reduction from exact MCF on general directed graphs to a very weak approximate primal-dual
version of MCF on DAGs. Let f be a flow and (¢, £) be a dual solution. We say that (f, $,¢) is a (k, A)-
approzimate PD-MCF solution for demand D if f routes D with congestion at most x, and the cost of f is

at most A times the value of the dual solution (¢, £); see Section B.3.1 for the formal definition.

We prove Theorem B.1 in three steps.

1. Exact-to-Approximate Reduction. We reduce the problem of computing an exact MCF solution

to n°W calls to an oracle for computing (n°Y), 1 + 1/n°M)-approximate PD-MCF. Thus, exactness

IWe use O to hide polylog(n, Umax, fmax) factors, where Umax = maxe U(e) and lmax = maxe |€(€)].
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can be bootstrapped from a surprisingly weak approximate solution. This guarantee is much stronger

than that of the successive approximation framework in [GT90].

2. Flow-Cost-Preserving DAG Projection. We further reduce (n°"),1 + 1/n°")-approximate
PD-MCF on general directed graphs to the same problem on DAGs. Informally, a flow-cost-preserving
DAG projection replaces a general directed graph by a DAG while preserving both the congestion and
the cost of flows up to a small loss. This DAG generalizes the recent DAG projections in [HJS26a]
that preserve only congestion or only costs, and is our key structural contribution.

3. Weighted Push-Relabel for MCF on DAGs. We give a simple augmenting-path-based algorithm

for computing approximate PD-MCF on DAGs in p2tot)

time, generalizing a similar weighted push-
relabel algorithm in [Ber+24] for the maximum flow problem, a special case of the minimum-cost flow

problem.

Combining these three ingredients yields Theorem B.1. More importantly, the first two ingredients

already give a black-box reduction from exact MCF on general graphs to approximate MCF on DAGs.

Theorem B.2. There is an algorithm computing a minimum-cost flow in time complexity proportional to
making oracle calls for computing (n°(1>, 1+ 1/n°<1))-approximate PD-MCF on DAGs with cumulative total

14+o(1 1+o(1).

size m ) and cumulative total number of vertices n

Theorem B.2 is the conceptual core of our framework, and is useful beyond merely implying our main

result, Theorem B.1.

1. First, it isolates the main difficulty of exact MCF on general directed graphs into weak approximation
on DAGs. Note that a very weak n°) approximation on congestion is allowed. Thus, future work on
combinatorial minimum-cost flow can focus on the substantially simpler setting of approximation on
DAGs.

2. Second, it is quite plausible to strengthen Theorem B.2 to work in the deterministic and/or parallel
setting. This is because our two main ingredients, DAG projections and directed expander hierarchies,
are naturally compatible with these settings, as shown in [HJS25; HJS26a]. Although we do not pursue
these directions here, this suggests a promising route toward deterministic and parallel algorithms for

minimum-cost flow, again by reducing attention to DAGs.

B.2 Overview

2+4o0(1)

In this section, we sketch the three ingredients behind our n combinatorial algorithm for minimum-cost

flow:

1. in Section B.2.1, we reduce exact MCF to the approximate primal-dual version of MCF;

2. in Section B.2.2, we reduce this approximate problem on general directed graphs to the same problem

on DAGs via a flow-cost-preserving DAG projection;

3. in Section B.2.3, we give a simple augmenting-path-based algorithm for approximate PD-MCF on
DAGs.

For a directed graph G = (V, E) and an edge e € E, we write £g(e) for its length and Ug(e) for its
capacity. For a vertex v € V, we write degg(v) def ZUEE Uc (e) for its capacity-weighted degree. When the
graph is clear from context, we omit the subscript G. For a flow f, we write its value val(f) as the amount
of flow it sends, and cost(f) as the cost of the flow defined as ) _, f(e) - £(e), i.e., we call £(e) both the
length of an edge and also the cost of the edge.?

The demands D in this section are all (single-commodity) demands, where each vertex gets a value:
positive means flow should leave this node, and negative means flow should enter this node. A flow routing a

demand is defined in the natural way. We write |[D| =) .. D(v)>0 D(v).

2Although mixing cost and length might be confusing, if one considers minimum cost flow as a combination of
shortest path and maximum flow, then the notation of ‘length’ makes sense. It also combines many recent development
of length bounded flows.
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We say that an algorithm makes g-efficient oracle calls to an oracle O if:

o the total number of vertices over all instances given to O is at most g - n,
e the total number of edges over all instances given to O is at most g - m, and

o the additional running time outside the oracle calls is at most g - m.

B.2.1 Exact-to-Approximation Reduction

Throughout this section, all MCF instances are assumed to have non-negative edge lengths. For exact MCF,
this is without loss of generality: if an edge (u,v) has negative length, we may reverse it to (v, u), negate
its length, and modify the demands by adding U(u,v) to v and —U(u,v) to u. This folklore reduction
transforms the instance into one with non-negative lengths. For multiplicative approximation problems,
non-negative lengths are the natural setting.

We first explain how to reduce exact MCF to the approximate primal-dual version of MCF. The full

proof is given in Section B.4.

Theorem B.3. Fore = 0(1/10g9 n), there is an algorithm solving exact minimum-cost flow using
o (nO(l/log(l/e)) ) nz/s?’)

-efficient calls to a (k,1 + €)-approximate PD-MCF oracle.

By setting k = n°®) and e = 1/n0(1), Theorem B.3 implies that exact MCF can be solved using only
n°® calls to a (k, 1 + €)-approximate PD-MCF oracle.

Comparison with successive approximation. The closest prior exact-to-approximate framework
for minimum-cost flow is the classical successive-approximation / cost-scaling framework of Goldberg and
Tarjan [GT90]. However, as far as we understand, that framework is not a black-box reduction to an arbitrary
approximate MCF oracle. Instead, it relies on repeatedly making the most negative reduced-cost edge less
negative, from —e to —¢/2, over O(logn) phases.

This is not suitable for our purposes, since our oracle does not provide any direct control over the most
negative cost edge. In contrast, Theorem B.3 gives a genuinely black-box reduction from exact minimum-cost
flow to a much weaker approximate primal-dual oracle. To the best of our knowledge, this is the first black-box
reduction of this flavor for minimum-cost flow. In particular, it can be viewed as the minimum-cost-flow
analogue of exact-to-approximate boosting phenomena that are by now standard for problems such as
shortest paths and maximum flow. Moreover, our reduction unifies several natural approximate formulations

of minimum-cost flow by showing that they are equivalent for the purpose of computing an exact solution.

Two intermediate problems. To prove Theorem B.3, we introduce two intermediate problems.

(k, 1+ e)-strongly-approximate PD-MCF. Given a demand D, output a (1 & ¢)-approximate primal-
dual pair of the MCF LP (f, ¢, £), where the primal flow routes a sub-demand D’ < D with |D’| > |D|/x
and has no congestion. The MCF LP is defined in Section B.3.1. It tries to route a fixed demand with

a minimum cost.?

(1 — ¢)-approximate PD-MBCF. Given a cost budget B, output a (1 + £)-approximate primal-dual pair
of the maximum bounded-cost flow (MBCF) LP. The MBCF LP can be found in Section B.4.2. It

outputs the approximate maximum flow given a bounded cost.

The proof of Theorem B.3 is obtained by combining the following three reductions.

3This notion is stronger than (k, 1+4¢€)-approximate PD-MCF, since by enlarging the primal flow by a factor of k, we
get a flow with congestion at most s and cost at most (1+¢) times the optimal, as required by the (k, 1+¢)-approximate
PD-MCF. The opposite direction generally does not hold.
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Step 1: exact PD-MCF to (k, 1+ ¢)-strongly-approximate PD-MCF. We begin with the
warm-up case K = 1, namely an oracle that routes all of the demand and returns an approximate primal-dual
pair for the MCF LP. Suppose the oracle returns a flow f together with a dual pair (czﬁ,[). We define a
residual instance

(GreS7 DreS) = (G, D)f;@5

in the following way.
Let Gy be the residual graph of G with respect to f. Let (Gf)s be the graph obtained by reweighting

residual edges using the potential @, i.e., for every residual edge (u,v),

Ua gy (U, 0) = Ll (u,v) = (B(v) — d(u)).

Let Eneg be the set of negative-length edges in (Gf)¢. We define G.cs by reversing every edge in Eyes and
negating its length, so that all edge lengths in G,cs are non-negative. The demand D.¢s is chosen so that
each reversed edge contributes the appropriate amount of source and sink demand.

We first show a simple lemma saying that that solving this residual instance exactly lets us repair the

current approximate solution.

Lemma B.4. Suppose f, ¢, is a feasible primal-dual pair for the minimum-cost flow problem (G, D), and
Sres 18 @ minimum-cost flow of (G,D).¢. Then f+ fios is a minimum-cost flow of (G, D).

Proof. Since fjos is a minimum-cost flow of (G, D)y 4, the residual graph of f + f contains no negative

cycle. Moreover, f + fis is a feasible flow routing D. Hence it is optimal. O

The second key lemma is that if (f,¢,£) is a good approximate primal-dual pair, then the residual

instance has small optimum.

Lemma B.5. Suppose f,$, 0 is a feasible primal-dual pair of (G, D) with primal-dual value difference A.

Then the optimal cost of the minimum-cost flow instance (G, D)¢,4 is at most A.

The proof is by a careful calculation of the sum over all negative residual edges, and comparing it with
the primal-dual difference. The full calculation appears in Lemma B.14.

Thus, if the oracle returns a (1 & ¢)-approximate primal-dual pair with, say, € = 0.1, then the residual
instance has only a constant fraction of the original optimum cost. Repeating this for O(logn) rounds and
applying Lemma B.4 yields an exact algorithm.

We next extend this to general x. Now the oracle may route only a sub-demand D’ < D with |D’| > |D|/x.
We call the oracle repeatedly. In the i-th round it returns a flow f; and dual (¢, 471) on the remaining demand.
After each round we form the corresponding residual graph, reweight by ¢;, and simply round every negative
edge length up to 0 before making the next call (because we assume the oracle can only work on graphs
with non-negative lengths). Since each call routes at least a 1/k fraction of the remaining demand, after
O(rlogn) calls the total routed flow already covers all of D.

The subtle point is to show that these repeated roundings do not destroy the reduction. Intuitively,
each round contributes only an O(e) fraction of its own routed cost to the final residual error, so the total

accumulated rounding loss remains small. This is formalized in Lemma B.15.

Step 2: (k, 1+ ¢)-strongly-approximate PD-MCF from (1 — ¢)-approximate PD-MBCEF.
We now explain how to use an approximate bounded-cost-flow oracle to obtain a strongly-approximate
PD-MCF solution.

Fix a demand D and, for simplicity, assume it is an s— demand of total value 1. Suppose we are given
an oracle for maximum bounded-cost flow: for any budget B, it returns an approximately maximum s—t flow
of cost at most B, together with an approximate dual certificate.

A first idea is to perform binary searches over the budget B; = (1 +¢)® and find the first budget at which
the oracle routes a constant fraction of the demand, say at least 1/2. However, this fails if the cost-value

tradeoff has a sharp jump: it may happen that routing value p costs B, while routing value (1 + ¢)u already
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costs 100B. In that case, the first budget that certifies a value of at least y is not necessarily close to the
true cost of routing p. The bad case is when the budget grows a lot but the flow value grows only slightly.
Our way around this is to look for a good scale where the routed value grows noticeably while the budget

only increases by a (1 4+ «) factor. We query the MBCF oracle on a geometric sequence of budgets

B;=(1+ a)i72, where a = 81/3,
and let ¢; be the amount of flow returned at budget B;. The “good point” we need is: the budget only
changes from B, to Bat+1 = (1 + a)Bg, but the routed flow value jumps by a multiplicative (1 + 3) factor.
We will set a > 3, so that if all the points are not good, then the cost will increase by too much (controlled
by (1 + «)) until reaching the trivial upper bound ) _ . £(e) - U(e), which we assume to be poly(n), while
the flow value only increase by tiny (not exceeding 1). This is a contradiction since we can definitely route 1
unit of flow with some cost below ) __ . £(e) - U(e). So there must be a good point, and we can also use

binary search to find that. The detailed proof is given in Lemma B.20.

Step 3: (1 — ¢)-approximate PD-MBCF from (x, 1 + ¢)-approximate PD-MCF. The final
step is based on the flow-boosting template of [Hae+24, Theorem 9.2], which uses multiplicative weight
updates (MWU) to reduce bounded-cost flow to repeated calls to an approximate PD-MCF oracle.

The main extra work on our side is to recover a suitable dual solution for the bounded-cost-flow LP. The
dual involves the concept of moving cut, which serves as a continuous extension of the normal cut in a graph.
The goal of the dual is to block every path from the sources to sinks using a small moving cut.

The MWU template already constructs a moving cut that blocks a large fraction of the relevant paths,
but not necessarily all of them. We show that the remaining uncovered part is small: it accounts for only an
O(e) fraction of the optimum. Therefore, one additional (k, 1 4 ¢)-approximate PD-MCF call (which actually
gives a O(k)-approximate optimal moving cut) suffices to cover the remaining part, at a cost that can be
absorbed into the approximation factor by choosing e sufficiently small (much smaller than 1/k). This yields

the desired primal-dual pair for bounded-cost flow. The detailed proof can be found in Section B.4.2.

B.2.2 Flow-Cost-Preserving DAG Projection

We next explain how to reduce approximate PD-MCF on a general directed graph to approximate PD-MCF
on a DAG. This is the main structural contribution of the paper.
PDMCF

For convenience, write O, for an oracle that computes a (k, A)-approximate PD-MCF solution. A

flow-cost-preserving DAG projection of a directed graph G is defined as follows.

Definition B.6. A flow-cost-preserving DAG projection of G = (V, E) is a DAG G’ along with a projection
map 7: V(G') = V. We call it (x, \)-flow-cost-preserving DAG projection, or say it has congestion slack x
and length slack A if

1. For every demand D’ routable in G’ by a feasible flow with cost B, w(D’) is routable in G with

congestion k and cost B and,

2. For every demand D routable in G by a feasible flow with cost B, #7'(D) is routable in G’ by a

feasible flow with cost at most A - B.

m(D') is defined in the natural way: w(D')(v) = Y D'(v"). #7*(D) is a bit trickier: we fix a
topological order of G’, if D(v) > 0, then we choose the first vertex v’ in the topological order with w(v') = v
and let #71(D)(v') = D(v); if D(v) < 0, then we choose the last vertex v’ in the topological order with
7(v") = v and let 471 (D)(v") = D(v); otherwise we let #7'(D)(v') = 0. i.e., we lift the demand to be a
demand on the DAG from the first copy of sources to the last copy of sinks.

w(v')=v

The following lemma shows the power of DAG projection.

Lemma B.7 (Informal version of Lemma B.24). Let G be a directed graph, and suppose G’ is a (k', \')-flow-

cost-preserving DAG projection of G. Then one call to OSRMCF

PDMCF
ORK’,)\)\/ on G.

on G’ can be transformed into a solution to
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The formal statement additionally requires a projection algorithm that maps primal and dual objects
between G and G’. For the overview, the key intuition is simple: if G’ approximately preserves all relevant
flows and their costs, then solving PD-MCF on G’ is essentially as good as solving it on G.

We now sketch how such a DAG projection is constructed.

Existence

The construction relies on two primitives: a length-constrained expander hierarchy, and a bounded-width

path cover.

Primitive 1: LC expander hierarchy. A moving cut C assigns a non-negative value to every edge.
Each moving cut is associated with a length parameter denoted by leng(C'). When we view C' as an h-length
moving cut, we denote graph G — C by the graph increasing the length of each edge e in G by C(e) - h.

For such a cut C, define volc(v) et Y vee Cle) - Ule).

We say that a demand D is volg-respecting if |D(v)| < volg(v) for every vertex v.

We say that a demand is h-length symmetrically constrained if it can be decomposed into pieces, each
supported on a strongly connected subgraph of diameter at most h.*

An (h, s)-length ¢-expander with respect to volc is a graph in which every volc-respecting h-length
symmetrically constrained demand can be routed with congestion at most 1/¢ and average cost at most hs.
Here s is the length slack.

A ¢-expander hierarchy with length slack s is a sequence of moving cuts C, ..., C; such that for every
scale h and every level i, if we interpret Cs; def Zj>i C; as an h-length moving cut, then G — Cs; is an
(h, s)-length ¢-expander with respect to volg;.

We require Ci(e) =1 for all e € E, and in our setting we have s = n°® and ¢ = 1/n°<1>. Such hierarchies

are known to exist, and in Section B.6 we also give an algorithm to construct them.

Primitive 2: bounded-width path cover. Path covers were introduced in [HJS25] as a directed
analogue of neighborhood covers on undirected graphs.

A deov-path cover of G with diameter dgiam is a graph G’, together with a projection map 7 : V(G’) —
V(G), such that:

1. every edge of G’ projects to an edge of G (so 7 is essentially a graph homomorphism from G’ to G);

2. every path p of length at most dcoy in G lifts to a path in G, i.e., there is a path p’ such that 7(p’) = p
(under the natural definition of 7(p')); and

3. every SCC of G’ projects to an induced subgraph of G and has strong diameter at most dgiam.

The width of the path cover is
def

-1
W™ max 17 (),
that is, the maximum number of copies of a vertex. Bounding the width is crucial for controlling congestion.
The construction in [HJS25] gives near-linear size but does not control the width. For our purposes
this is not enough. We therefore design a new construction, inspired by multiplicative weight updates, that
penalizes vertices that are copied too often. The result is a path cover of width n°M with parameters

o(1)

deov =1 - ddjam-

The full construction is given in Section B.10.°

4The formal definition can be found in Section B.3. Here we only give a simplified version, which is not fully
rigorous.

5In [HJS25], they only construct a path cover satisfying deov < ddiam- In comparison, this relation deoy = 7°M dgiam
might look surprising at first glance. However, we show that this is easy to achieve by concatenating many copies of
the same path cover into a single one (as shown in Lemma B.55).
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One-layer hierarchy. To illustrate the main idea, first assume that the input graph G itself is already
an (h, s)-length ¢-expander with respect to deg, for every scale h.

For each dyadic scale h’, we construct a DAG G that is responsible for routing flow paths of cost
roughly A’ - n°®). The final DAG projection is the disjoint union over all dyadic scales.

We start from a bounded-width path cover GEZQ with diameter parameter hqijam = h’, covering parameter
heov = h' - n°M | and width w = n°M. Similar to the idea of [Coh00], we look at its SCCs and classify them

as follows.

Light SCCs. If |S| < n/o, where 0 = n°1 is a parameter, we recurse on G[S] and replace S by its

recursively constructed DAG projection.

Heavy SCCs. If |S| > n/o, we do not recurse. Instead, we use the expander property: since G[S] has
strong diameter at most h’, any sufficiently local demand inside S can be routed at low congestion
and average cost h's. We therefore replace S by a simple star gadget: one copy of S for entering the
gadget, one central hub vertex vs, and one copy of S for exiting it. The edges incident to the hub

have capacity degs(-) and length h's.

After replacing every SCC in this way, the SCC structure disappears and we obtain a DAG D™ The
crossing SCC edges can also be defined naturally in D",

The final step is to add bridges between heavy SCCs. We duplicate D™ into two copies and, for every
pair of heavy SCCs (S1,52), we add O(logn) edges from the hub of S; to the hub of S;. The i-th bridge
has capacity equal to the maximum flow that can be sent from S; to Sz in G with average cost at most
ri=(1+¢e)".

Forward mapping. Given a feasible flow F' in G, we lift each flow path P to the appropriate scale G
according to its cost. Because the path cover lifts all paths up to length hcov, the path P lifts to a path in
Gg';:,), which decomposes into pieces inside SCCs.

For a light SCC, we can simply recurse. So the case that all SCCs are light is easy to solve.

If the path passes through at least on heavy SCC, let the first one be S; and last one by Ss2. For each
S1, S2, we route through the corresponding star gadget. We connect the two hub vertices vs, , vs, using the
appropriate bridge. The bridge length approximates the cost of the corresponding subpath from S; to S2 up
to a factor of (1 + €), while the additional star cost is only h's, which can be made negligible compared to
the total cost of the path by parameter choice (since h's = h' - n°1 and the path length cost(P) = b’ ~n°(1>,
we could make hs = ¢ - cost(P)). Thus, the total loss is only a (1 4+ O(e)) factor.

Feasibility follows because star capacities are chosen according to vertex degree, and bridge capacities are

chosen according to the maximum amount of flow that can be routed at the corresponding average-cost scale.

Backward mapping. Conversely, a flow in the DAG can be mapped back to G:
o the light-SCC part is handled recursively,
o the star gadgets are implemented using the expander property inside the corresponding heavy SCC,
and
e each bridge is realized by the definition of its capacity.

This gives the backward projection.

Multiple layers. For a full LC-expander hierarchy, the construction recurses through the hierarchy levels.
At a high level, instead of building a star over each heavy cluster, we replace each heavy cluster by a lower
layer DAG projection, then build the star and bridges. The analysis follows a similar flavour but is much

more complicated. We defer the full proof to Section B.7.

Connection to previous works [Hae+25a]. The construction has several similar ideas to the
LC-flow shortcut construction in [Hae+25a]. In their work, a shortcut on undirected graph is constructed so

that every flow has a corresponding low-step flow on the graph after adding this shortcut. Our construction
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of DAG projection is not a shortcut and is working on directed graphs. This leads to several difficulties
compared to the shortcut construction.

The construction of [Hae+25a] uses neighborhood cover on an undirected graph, but there is no such
object that covers every neighbor in a directed graph. There is an object called path cover with bounded
width that we have introduced, but it is weaker than coving neighborhoods, and specifically, it does not allow
the argument of covering one low-length path by one SCC - a critical requirement needed for [Hae+25a].
Thus, a more careful analysis of cumulative SCC covering along a path is needed.

More importantly, our construction requires a cut projection, as we will explain in the next paragraph.

Flow and cut projection. Remember how we use DAG projection to reduce computing flow on a
general graph to a DAG: we compute a flow on the DAG projection, and then convert it into a flow on the

original graph using the backward mapping

Fast construction

The existence proof above is not yet algorithmic; the main bottleneck is that it seems to require exactly the
approximate MCF oracle we are trying to obtain. To be precise, there are two places that require an MCF

oracle:

1. constructing the LC-expander hierarchy usually requires a MCF oracle for the cut-matching game, and

2. computing the capacities of the bridges between heavy SCCs requires at least an approximate MCF.

This results in a ’chicken-and-egg’ situation: we want to compute DAG projection to get a MCF algorithm,
but it requires MCF as a subroutine.

A similar issue also appears in [HJS26a]. For their purpose, they wish to construct a DAG projection
that only preserves distance so that it can help the algorithm for single-source shortest path (SSSP), but the
construction requires (1) low-diameter decomposition (LDD), which requires an SSSP oracle, (2) computing
bridges similar to our case, which requires an SSSP oracle. Their solution is to introduce an h-length version
of the projection problem: instead of preserving all distances, the projection only needs to preserve distances
up to scale h. They can also define the h-length version of LDD and SSSP. Then they try to reduce the
h-length problem to a smaller-scale h/z-length problem for a suitable parameter z = n°M | and repeat this
O(logn) times to get the final algorithm.

We apply the same philosophy here. We define:

e an h-length DAG projection, which only needs to preserve flows of average cost at most h;
e an h-length approximate MCF problem; and

e an h-length LC-expander hierarchy.

The formal definitions are more subtle and appear in Section B.5.

At a high level, we obtain the following cycle of reductions:

1. reduce h-length DAG projection to h-length LC-expander hierarchy plus h-length approximate MCF
(in Section B.7);

2. reduce h-length LC-expander hierarchy to h-length approximate MCF (in Section B.6);

3. reduce h-length approximate MCF to h-length DAG projection with the help of the DAG MCF oracle
(see Lemma B.24);

4. reduce h-length DAG projection to (h/z)-length DAG projection using concatenation (see Lemma B.55).

Taken together, these reductions decrease the length scale from h to h/z, and the recursion terminates
once h becomes small enough to handle directly.

A natural question is why we do not simply apply the last reduction repeatedly, since it already decreases
the length scale. The reason is that the concatenation lemma Lemma B.55 enlarges the size of the DAG by a
factor of z each time. Repeating this for O(log, n) levels would lead to a polynomial blow-up. In contrast,
the four-step recursion above avoids this: the parameter z enters the running time of the recursion, but not

the final approximation guarantees or the final size of the projection.
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LC-expander hierarchy algorithm. We also briefly mention the algorithmic novelties in Section B.6.
Previous work gave existence results for directed LC-expanders [Hae+25b], and algorithmic constructions
only in undirected graphs [HHT24]. In order to combine the previous ideas into a directed LC-expander
hierarchy algorithm, two important ingredients were missing before our work:

1. a fat low-diameter decomposition, namely a decomposition whose clusters are well separated in

round-trip distance compared to their diameter; and

2. a suitable directed cut-matching game with length constraints.

We obtain the first by a reduction to its undirected variant in Section B.9.2. The second contains more

details, and we leave the full proof to Section B.6.

B.2.3 Weighted Push-Relabel Algorithm for MCF on DAGs

Given the first two ingredients, it remains to solve approximate PD-MCF on DAGs. We prove the following

in Section B.8.

Lemma B.8. There erxists an augmenting-path-based algorithm on DAGs that returns a (3,1 + €)-
approzimate PD-MCF solution.®

The algorithm extends the weighted push-relabel method for maximum flow on DAGs from [Ber+24] to
the minimum-cost flow setting.
As in classical push-relabel for MCF [GT90], we maintain a potential function ¢ : V' — R. For an edge
(u,v), its reduced length is
Co(u,v) = £, ) — (6(w) — B(v)-
The algorithm alternates between:

o relabel steps, which decrease vertex potentials, and

o push steps along admissible edges, i.e., edges whose reduced length is sufficiently negative.

The classical Goldberg—Tarjan algorithm takes O(mn) time essentially because an edge can become
admissible up to O(n) different times. Our key idea is to define admissibility using a carefully chosen weight
function w : E — Rsg.

Following [Ber+24], on a DAG one can assign weights so that:

1. every flow f of interest satisfies

w(f) _ def
) = O, wherew(f) = ;ﬂe)w(e),

and

We then declare an edge e admissible when its reduced length is roughly —0(w(e)). Saturating such an
edge changes the relevant potentials by at least w(e). Since the total potential range is O(n), edge e can be

n

saturated only O (W) times. Summing over all edges gives

n 1 2
Zo(w(e)> _O<nZEw(e)> = 0(n?),

ecE

which is the desired bound.
Although this idea is morally similar to [Ber+24], extending it from max flow to min-cost flow is not

automatic. Two main difficulties arise:

61In fact, the weighted push-relabel algorithm on DAGs returns a (3, 1 + €)-strongly-approximate PD-MCF solution,
which is stronger than what the rest of the framework requires.



106

1. In max flow, admissible paths move monotonically down the level structure. In min-cost flow, the
relevant notion of level is given by potentials, and admissible paths need not be monotone in any

obvious sense.

2. In max flow, once the source label becomes small enough, one can directly certify that the current flow
is good. In the min-cost setting this argument is more delicate, and we exploit the special structure of
DAGs to make it work.

These issues are resolved in Section B.8, completing the third ingredient of the framework.

B.3 Preliminaries

We always use n and m to denote the number of vertices and edges of the original graph in the relevant
context (for example, for each main theorem, the original graph is its input graph). Throughout the paper,
all input graphs have length (cost) and capacity functions, and we assume that all lengths and capacities are
integers upper bounded by N = poly(n) and lower bounded by —N. We further assume that capacities are

positive.

Directed Graphs. Let G = (V, E) be a directed graph. In this paper, G can be a multigraph containing
parallel edges. Let £ : E — R denote the edge length (or cost, in the minimum-cost-flow terminology) function
of G. A path from vertex v to vertex w is called a (v, w)-path. For any path P, let {c(P) =) _,lc(e).
The distance between vertices v and w is distg (v, w) = minp.(y, w)-path £a(P). A ball of radius r around a
vertex v is ballg(v,r) = {w | diste (v, w) < r}. We further define diste (v, w) = oo if vertex w cannot be
reached from vertex v.

Let Ug : E — R denote the edge capacity function of G. Sometimes we use U(e) to denote the capacity
of edge e when G is explicitly mentioned. We further define the directed degrees of a vertex v in GG, denoted by
deg® (v) and deg™(v), as Z(M,U)EE Ug(w,v) and Z(v,w)eE Ua (v, w), respectively. Namely, they represent
the total capacities of edges incoming to v and outgoing from v. We use deg,(v) = deg%(v) + deg2**(v) to

denote the total capacity of all edges incident to v.

Flows. A flow/routing in G is a function F' : P — R>( (where P denotes the set of simple paths in G)
that assigns each simple path P in G a flow value F(P) > 0. We define P to be a flow path of F if F(P) > 0.
Further, P is a (v, w)-flow path of F if P is both a (v, w)-path and a flow path of F. Let Path(F) denote
the set of all paths P with F(P) > 0. The value of F is denoted by val(F') = ZPEPath(F) F(P).

The edge representation of a flow is a function from edges to the amount of flow passing through each
edge, i.e., F(e) = ZP:PBE F(P). Since a flow-path representation can usually have superlinear size, whenever
cern F(e)-L(e).
We define a flow to be feasible if its congestion does

we store a flow, we store it in edge representation. The cost of a flow is defined as cost(F) = )

The congestion of F' on an edge e is congp(e) = lfG((eZ)

not exceed one.
It is possible to perform a flow-path decomposition of any flow given in edge representation to obtain one

of its path representations, as stated in the following theorem.

Theorem B.9 (Lemma C.1 of [Ber+25a]). Given a flow F on an m-edge graph G with edge capacities and
lengths, there is an O(mlogm)-time algorithm that computes a representation (L;, i, Si’ti)ie[k] such that F
can be decomposed into k flow paths, each with value \; from s; to t; and with length L,.

Moreover, given any subset I C [k], there is an algorithm that computes an edge representation routing
Ai amount of flow from s; to t; for every i € I such that the total cost is Zie[ Li- A

A flow is called h-length bounded if there exists a path decomposition of the flow such that the length of
every flow path is at most h. The triple (\i, si,t:)scr) is called an implicit flow-path decomposition if the

flow can be decomposed into k flow paths, each from s; to t; with value ;.

Demands. A (single-commodity) demand D : V' — R assigns a value to each vertex such that E
0. We say the demand D is

D(v) =

veV
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o symmetric h-length if for every u,v with D(u), D(v) # 0, we have distg(u,v) < h and dista(v,u) < h

o A-respecting: if for any v € V, |D(v)| < A(v).

o h-length symmetrically constrained if there exists a partition of D into D = Dy + D2 + ...Dy such that
for every i € [k], D; is symmetric h-length. We call the partition D1, D2, ..., Dy a witness that D is an

h-length symmetrically constrained demand.

o A-respecting h-length symmetrically constrained: For the witness sequence of demands D1, ..., Dy, if for
any v € V, Zie[k] |D;(v)] < A(v), then we say D is A-respecting h-length symmetrically constrained.
Notice that this is different from saying D is A-respecting, since different D; with different signs might

cancel out.

o feasible if there is a feasible flow routing this demand.

We write the size of a demand as |D| = EUEVD(U)>O D(v).
We call D an s-t demand if only D(s) > 0, D(t) < 0 are nonzero.

Moving cuts. We now give the definition of moving cuts.

Definition B.10 (Length-Constrained Moving Cut). An h-length moving cut C : E — Rx( assigns to
each edge e a non-negative integer length increase £ = h - C(e).We use leng(C) = h to denote the length

parameter of C' (as an inherited parameter of the moving cut). The size of C' is defined as
IC1 = "Ule) - Cle).
ecE
We define the degree of a moving cut at a vertex v to be
degc(v) = Y _U(e) - C(e).
esSv

The graph G—C' denotes the graph using £¢+h-C as the length function. We write C’ < C'if C'(u, v) < C(u,v)
for all (u,v) € E.

B.3.1 Minimum cost flow.

Given a graph G = (V, E) with edge capacities and lengths and a single-commodity demand D, the minimum
cost flow (MCF) problem asks for a flow routing D with minimum cost.

Minimum cost flow has the following primal-dual LP.

(P) min Y e(e)- f(e) (D) max Y (~D(w) - ¢(u) — »_U(e)-i(e)

ecE ueV ecE
s.t. Z fle) — Z fle)=Dw) YueV, s.t. ?(v) —¢(u) < €(e) +l(e) Ve=(u,v) €E,
eest (u) e€s— (u) l(e) >0 Ve€E.
0< f(e) <U(e) Vec€ E.

We can view £ : F — Rx as a length increase. We can view ¢ as a distance function (from source to
sink). The goal of the dual is to enlarge the distance from source to sink by applying a small length increase.
We write

Dual(¢,f) = » (=D(u)) - ¢(w) = »_Ule) - {(e).

ueV eckE

We say a primal-dual triple (f, ¢,¢) is a (k, A)-approximate PD-MCF if (i) f has congestion at most &,
and (ii) cost(f) < X - Dual(¢, ).

The problem of (x, A)-approximate PD-MCF is: given a graph G with positive, polynomially bounded
integer capacities and lengths, find a (x, A)-approximate PD-MCF. We denote an oracle solving the (k, \)-

approximate PD-MCF by OERMCF.
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The goal of this paper is to reduce the exact minimum-cost-flow problem on general graphs to OSRMCF
on DAGs, and to solve OSRMCF on DAGs.

When an algorithm makes oracle calls, we say that they are f-efficient if

e the cumulative number of vertices in the graphs on which the oracle runs is at most f - n,
e the cumulative number of edges in the graphs on which the oracle runs is at most f - m,

e the additional running time is at most f - m.

B.3.2 Projection map.

We will extensively use the concept of projections, introduced in [HJS25; HJS26a], throughout this paper.
A graph G’ = (V',E’) can be assigned a projection map 7 : V' — V U {Ll} (where V may be the

1. v — 2" for the inverse mapping, where

vertex set of another graph G = (V,E)). We write m~
7 u) ={v e V' | n(v) =u}. ForasetSCV,wewrite 7~ *(S) = Uueswfl(u).
For a set S C V', we write
m(S) ={m(s) | s € S}\ {L}.
For a path (v1,...,v;) in G', we write m(p) for the (potentially valid) path in another graph given by
(m(v1)y .ee, m(VK))-

When G’ is a DAG, for each v € V, write v 05 for the first and last vertex v’ in the topological
order of G’ with w(v') = v, respectively. For a demand D’ on G’, we write D = 7(D’) for the demand
D(v) = Zﬂ(v,>:v D'(v"). For a demand D on G, we write the lifted demand from first to last vertex on G’
as D' = #71(D) where D'(v"™") = D(v) for all D(v) > 0 and D'(v'*") = D(v) for all D(v) < 0, and all
other nodes have D’(v) = 0.

In [HJS25], they introduced a useful notion of path cover, which we state as follows.

Definition B.11. A hcov-path cover with diameter hasam of a graph G = (V, E) is a graph G’ along with a
projection map 7 such that
o for every (u,v) € B(G"), we have (7(u), m(v)) € E(G) with the same edge length, and 7(u) # L for
every u € V(G"),
o for every path p of length at most heov in G, there is a path p’ in G’ with =(p') = p,

o for every strongly connected component (SCC) C of G', G'[C] has diameter at most hdiam-

The size of the path cover is |[E(G")|. We say G’ is induced if for every (u,v) € E(G") we have (7(u), 7(v)) €
E(G), and every SCC of G’ maps to an induced subgraph of G under 7. The width of the path cover is

defined as max,ev |77 (v)].

In [HJS25], they only show how to construct a path cover with bounded size, but with unbounded width.
We will show in Section B.10 how to extend their idea to obtain a bounded-width path cover. We summarize

the result as follows.

Lemma B.12. There exists a deterministic algorithm that, given a directed graph G = (V, E) with non-
negative edge weights, a diameter parameter d, a parameter € € (loglogn/logn, 1) and a stretch parameter

q € Ny, constructs a qd-path cover H of G such that
1. every SCC of H has strong diameter d - exp(O(1/e)),

2. the width is at most q - n°®,

in q-m*t°® time.

B.4 Boosting Approximate Minimum Cost Flow

In this section we will show how to get an exact minimum cost flow by oracle calls to approximate minimum

cost flow.
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Theorem B.3. For e = o(l/log9 n), there is an algorithm solving exact minimum-cost flow using
6 (nO(l/ log(1/¢€)) . 52/63)
-efficient calls to a (k,1 + €)-approzimate PD-MCF oracle.

In Section B.4.1, we will show that if we have an oracle solving approximate primal-dual to a MCF LP,
then there is a simple way to get an exact algorithm. This boosting holds even when the MCF LP only

routes a small fraction of the required demands.

However, a (k, 1 + ¢)-approximate PD-MCF oracle does not directly give a solution to the MCF LP. In
Section B.4.2, we will show how to use MWU to turn the (k, 1+ €)-approximate PD-MCF oracle into a MCF
LP solution and thus get the exact algorithm.

Proof of Theorem B.3. By combining Lemmas B.18 and B.20, we get the required complexity. O
B.4.1 Exact Flow with Approximate Cost

Primal-dual pair of minimum cost flow. We call following primal dual LP for minimum cost flow
the MCF LP, as defined in the preliminary.

(P) min Y e(e) - f(e) (D) max Y (~D(w) - ¢(w)— »_U(e)-i(e)

ecE ueV ecE
st Z fle) — Z fle)=D(u) Vuev, st () — d(u) < I(e) +£(e) Ve=(u,v) € E,
eest(u) e€s— (u) i(e) >0 VecE.

0< f(e) <Ul(e) Veec E

Residual minimum cost flow problem. Given a primal-dual pair f,,?, we define the residual
problem (Gres, Dres) = (G, D)y, as follows (notice that £ should also be in the dual solution, but we omit it
here because the residual problem only depends on f and ¢).

Let G be the residual graph of G on f. ” Let (Gf)s be the graph G applying ¢ as a potential to
change the edge length (cost). To be precise, for every edge (u,v) € E((Gy)g), we have (g, (u,v) =
La(u,v) — (¢(v) — ¢(u)) (for convenience, if (u,v) & E but (u,v) € E(Gy), we define lg(u,v) = —Lla (v, u)).

Suppose Enee contains all edges in (Gy)e that has negative length, then Gics is defined as reversing all
edges (u,v) € Fneg (and change the weight to —Z(Gf)¢(u, v)). Notice that Gres has only non-negative lengths.
D is defined as the demand such that every edge (u,v) € Eneg contribute U(u, v) unit source demands +1
to v and unit sink demands —1 to w.

The following lemma shows that the exact minimum cost flow can be solved by finding a flow plus an
optimal flow for the residual problem.

Lemma B.13. Suppose f, é,0 s a feasible primal-dual pair for the minimum cost flow problem (G, D), and
fres is @ minimum cost flow of (G, D)y e, then f + fls is a minimum cost flow of (G, D).

Proof. Since fJ is a minimum cost flow of (G, D)y,¢, we have that (Gy)sx = Gz has no negative cycle.

Notice that f + fi.s is a feasible flow routing D according to definition, thus, f + fis is optimal. O

The following lemma shows that the residual problem has a small optimal value if the primal-dual pair is

a good approximation.

"Notice that Gy might contain parallel edges: for an edge e € I, if f sends x amount of flow on e, then the residual
graph will create a reversed edge with cost —{x(e) and capacity z, which might be in parallel with some existing
edges with different costs.
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Lemma B.14. Suppose f, ¢, 0 is a feasible primal-dual pair of (G, D) with primal-dual value difference A,

then the optimal cost of the minimum cost flow instance (G, D)y,¢ is at most A. More precisely, we have that

Z |€<Gf>d>(e)| <A

e€(Gyr)g
06 )y (<0

Proof. We use the same notation Gy, (G¢)s, Eneg, Gres, Eres as in the definition of residual problem. For
convenience, we write £(-), U(-) as the length and capacity function of the original graph G. We write £4(u, v)
as the length function of (Gy)s. We write Uy (-) as the capacity function on the residual graph Gy.

By definition, we can route D, by sending Uy (v, u) units of flow for each edge (u,v) € Eneg. Thus, the

optimal cost of (Gres, Dres) is at most » (—Ug(e) - €y(e)). For each e € Eneg, there are two cases,

e€Fneg
(i) ife = (u,v) € E, then since ¢, £ is a feasible dual solution, we have —y(e) = —(£(e)—p(v)+d(u)) < i(e),
(ii) if e = (v,u) € E but e € E(Gy) (which means f sends flows by (u,v) in G so (u,v) € E), then we have

—Ly(v,u) = £(u,v) — (¢p(v) — P(u)). Notice that in this case we must have Uy(v,u) = f(u,v) = f(e).

Thus, we have

D (-Use) ole) <> Ule)-lle) + Y fluv) - (Ulu,v) = (v) + d(u)

e€FEpeg ecE (u,v)EE

—Y f@ -+ 3 Fue) - (6u) - 6(0) + S Ue) - ile)
ecE (u,v)EE ecE

=Y fle)-le)+ Y o) | Y ey D> fle) |+ Ule)-de)
eck uev e€st (u) e€d (u) ecE

=3 f(e) - tle) - (Z 6(u) - (~D(w) = 3 U(e) -/2<e>>
ecE ueV ecE

Notice that this is exactly the difference between primal and dual values of f, ¢, £. O

Lemma B.14 implies that, if we have an algorithm that gives 1 4+ ¢ approximate primal dual pair for
minimum cost flow, then their is an exact algorithm using O(logn) calls of the approximation algorithm
whenever € < 0.5.

In many situations, we cannot route D perfectly. The following lemma shows how to deal with this case.

Lemma B.15 (Boosting fractional (1 £ €) primal-dual to exact MCF). Suppose there is an algorithm
A which, given a non-negative minimum-cost flow instance (G, D), returns (i) a feasible flow f routing a
sub-demand D' < D with |D'| > |D|/k (where & > 1), and (ii) a dual pair (¢,€) such that (f,¢,0) is a
(14 ¢) approzimate primal-dual pair for routing D' in G with 0 < ¢ < 0.1. Then there is an algorithm that

computes an exact minimum-cost flow routing all of D in G using at most 0 (k)-efficient calls to A.

Proof. We describe a recursive procedure B(G, D) that returns an exact optimal flow routing D in G. We
assume the demand D contains only one source s and one sink ¢ for technical reasons. This assumption is
w.0.l.g. since we can add a super source s and super sink ¢ connecting to every vertex with positive/negative
demand with the corresponding capacities and length 0.

The algorithm initially sets G(©) = G and D(® = D. Starting from i = 0, the algorithm will repeat the
following procedure to compute flows.

For each 1, the algorithm makes one call to A to compute a flow f; routing D® < DO and an approximate
dual (¢, 8;). Set GO+D = ((G;?)

®; , i.e., the residual graph after routing the flow f; and applying the
>0

potential function ¢;, then round each negative weight edge up to 0. Set DY = p _ p&,

We repeat the above operation until D*) has sufficiently small size (less than 1/poly(n)), in which case

we let f; be an arbitrary flow routing D® and end the iterations.
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Let f* = Zi>0 fi and ¢* = Z¢>o ¢;. Consider the residual instance (Gres, Dres) = (G, D) f* 4%, we
recursively call B(Ghres, Dres) to find a flow f’ routing Dyes on Gres. The final flow we return is f* + f'.

The base case of the recursion is when the residual instance B(Ghes, Dres) can be routed by cost sufficiently
small (less than 1/poly(n)), then we can let f’ be an arbitrary flow routing Dyes, and use a standard rouding

lemma® to get an exact optimal solution.

Correctness. The correctness for the non-base case follows from Lemma B.13 since f*,¢" is a feasible
primal and dual solution and f’ is an optimal solution for (Gres, Dres). In the base case, the flow is a
(14 1/poly(n)) approximation to the optimal solution, and the correctness is by the rounding lemma in
[Bra+20a).

Complexity. The complexity relies on the following lemma.

Lemma B.16. Let the optimal cost for routing D on G be OPTg (D). We have that

Z Loy (fi) £2-OPTg(D)

i>0
Proof. We will prove by induction that

OPT ) (D) < OPT4(D) — 0.9 - chm £) (B.1)

j<i

Notice that if Equation (B.1) is correct, then we are done since OPT i) (DV) > 0 (G always contains
positive edge lengths).

When i = 0, we have that OPT i) (DY) = OPT(D), so Equation (B.1) holds.

Suppose ¢ > 0. We have that

OPT 1) (D) < OPTG(D) 0.8+ > Lo (f)

Jj<i—1

by induction hypothesis. Let f be the optimal flow routing D¢~V in GV, Recall that f;_1 routes D¢~
in GU~Y. Thus, there is a flow f = f — fi_1 routing D® = DG~V _ DG=1 in the residual graph G(l 1)
with cost at most OPT(i—1) (DY) — £i-1) (fi—1). Now consider the cost of f on the graph (G(i 1))% 1
we claim that the cost does not increase after applying ¢;_1: since we are working on single source s and
single sink ¢, the cost will not increase if ¢;—1(t) > ¢i—1(s), which can be guaranteed w.o.l.g. if we set ¢;_1
to be the distance function with source s and non-negative edge weights £ -1y + Z;_1. This adjustment
to ¢;—1 makes the difference between ¢(t) and ¢(s) the maximum, and does not change 171;1, so the dual

solution does not decrease. Finally, we have that G(*) = ((G?_f))m_l) , for which the total cost increase
" >0

for f is at most 2¢ - £(i—1)(fi—1) according to Lemma B.14. Thus, we get Equation (B.1). O

We also need the following lemma to bound the cost for the recursive call.

Lemma B.17. Let Eneg denote the negative edges of Gy« ¢+, we have that

Yo Nl e (O 3223l ()

e€Eneg >0

Proof. Let G be the graph in the last iteration, we have that G*) only contains non-negative cost edges.
For each edge e of G, the difference

Uat (€) + [bqu (€) = Lapu 4u (€]

8See Lemma 8.10 of [Bra-+20a]
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comes from a rounding up operation that rounds some negative edges to 0 in some iterations. Consider the

i-th iteration, the total amound of rounding up depends on the total size of the negative edges

U_(e) € (e
> o(©) g (@)

£ iy (e)<0
(i)
Gy,

which according to Lemma B.14, is at most

3e - L (fi)

Summing over all iterations gives the lemma. (]

Lemma B.17 combines with Lemma B.16 gives an upper bound on the optimal cost of the recursive instance
to be 6c - OPT (D). Thus, the recursion has depth at most O(log;,. n) given that OPT¢ (D) = poly(n) as
our assumption. Moreover, the algorithm makes at most O(klogn) calls to A since each call to A reduce
the remaining demand D" by a fraction of (1 — 1/k). Thus, the total number of calls to A is O (k) as long
as e <0.1. O

B.4.2 Flow Boosting

In this section, we show how to use flow boosting to obtain a (1 + ¢) approximation to the following
primal-dual form of minimum cost flow, using oracle calls to (k, (1 + ¢))-approximate PD-MCF. Notice
that the following formalization is weaker than the MCF LP stated in the last section (for example, an
approximation to this LP does not solve max flow exactly while the strong version does). We call it the
MBCF LP. For convenience, we only consider s—t flow, and let F;; contain all s—t feasible flows. Remember

the definition of moving cut Definition B.10. We consider C' as a moving cut of length h.

max val(F)
s.t. cost(F) < B
F € ]:s,t

min Y U(e)-Ce) + B/h

eckE
s.t. distg—c(s,t) > h
C>0,h>0

C is a h-length moving cut

We prove the following lemma.

Lemma B.18. There is an algorithm that, given a graph G with non-negative edge capacities and lengths,
computes a (1 + €)-approzimate primal-dual pair of the MBCF LP, making 0} (n2/63)—eﬁ€cient calls to a
(k, 0(€))-approzimate PD-MCF oracle.

One benefit of the MBCF LP is that it admits the following flow boosting template using multiplicative
weight update (MWU). The following flow boosting template is from [Hae+24].

Theorem B.19 (Theorem 9.2 of [Hae+24]). Let G = (V, E) be a graph with capacity function Ug and cost
function lc, and let B > 0 be a cost budget. Let F be any conver set of flows in G containing at least one
capacity-respecting flow, and let €,s,k > 0 be parameters. Suppose an algorithm is given an oracle O that,
given any integral edge length function £ : E — {1,2,..., O(ml/SN/E)}, computes the edge representation of
a (not necessarily capacity-respecting) flow F € F such that
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o Length slack s: ) . F(e)-l(e) <s-) . F"(e) Le) for any flow F* € F that is also capacity-

respecting, and
o Congestion slack k: F(e) < kU(e) for all e € E, i.e., F(e)/k is capacity-respecting.

Then, there is a deterministic algorithm that outputs the edge representation of a flow F € F and scalar
A > 0 such that

1. Feasibility: The flow AF is capacity-respecting with cost at most B, and

2. Approximation factor ~ s: Let \* be the mazimum value such that there exists flow F* € F where

A" F™ is capacity-respecting with cost at most B. Then, A > %(5))\*.

3. Dual solution h,C: A length value h > 1 and an h-length moving cut C such that (i) for every
capacity-respecting flow F € F we have costg_c(F) > h, (i) |C|+ B/h < (1 +¢)A.

The algorithm takes 19) ()\KE_Q) calls to the oracle and O(\ke™2m) time outside of the oracle calls.

Now we are ready to prove Lemma B.18.

Proof of Lemma B.18. Let P be the optimal value for the MBCF LP. We assume we know an approximation
Pe [P, 2P], which can be guessed by powers of 2. We scale down the capacities of every edge and B by a
factor of P - &’ where €’ is a sufficiently small parameter which will be decided later. Now it remains to solve
the MBCF LP on this scaled down graph to get F,C,h where F has value roughly 1/&’. After which we can
get the solution to the original graph by scaling up F and the capacity U both by P - &, which makes the
primal solution P - ¢’ times larger and the dual solution Y ecpUle) - Cle) + B/h also P - ¢’ times larger, so
it remains a (1 + €)-approximate primal-dual pair. Now we focus on the scaled down graph and assume that
the optimal solution has value roughly 1/¢’.

We first apply Theorem B.19 by setting F to contain all s—t flows with value 1. To obtain the oracle O for
Theorem B.19, we apply the (k,1 + o(g))-approximate PD-MCF algorithm on G and the single-commodity
demand with 1 unit of demand from s to ¢ (although the algorithm only works on integer-weighted graphs,
we can scale up the fractional capacity to make it integral). It will return a flow F with length at most
s =1+ o(e) times the cost of the optimal capacity-respecting flow in F, and congestion at most &, so it is a
valid oracle.

After calling Theorem B.19, we obtain F and h, C. Notice that F is a convex combination of flows in F,
so F has value 1. Since AF is capacity-respecting with cost at most B and we know that the largest such
flow has value 1/¢’, we have that X\ < 1/¢’. Moreover, AEF is a (1 — o(€))/(1 4 o(€)) approximation to the
optimal capacity-respecting flow with cost at most B, by Theorem B.19Item 2. We conclude that AF is a
(1 — &)-approximate primal solution to the MBCF LP.

It remains to compute a dual solution for the MBCF LP. Recall that Theorem B.19 returns h, C' where C'
is an h-length cut satisfying (i) for every capacity-respecting flow F' with value 1 we have costg—c(F') > h,
and (ii) |C] + B/h < (1 + o(e)) .

We apply the (k, (1 4 o(€)))-approximate PD-MCF algorithm on G — C' and the demand sending  from
s to t, and denote the returned primal-dual triple by (f, qﬁ,g). Since f has congestion at most k, f/k is a
feasible flow with value 1, which by property (i) has cost at least h. Thus, costg_c(f) > h - k. Moreover, by
the definition of (k, (1 + o(¢)))-approximate PD-MCF, the dual value satisfies

K (0(8) = 6(s) = Y _Ule) - Ue) > h- /(14 o(c)).
c€E
Let K’ = h/(1+ o(e)). We have k- (¢p(t) — ¢(s)) > h' - k, so ¢(t) — ¢(s) > I'.
Let C’ be an h'-length cut defined as follows: (i) if diste_c(s,t) > R, then C' = 0; otherwise, (ii) let
C' = (£/h')/T where T is the largest value such that when we interpret C’ as an h'-length cut, we get
distg_c—_cr(s,t) = h’ (such a T must exist since distg—c(s,t) < h' and distg_c, (s, t) > ¢(t) — @(s) > h’).
Moreover, we must have ¢(t) — ¢(s) < h' - T since scaling up C’ by T while keeping the edge length of G the
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same does not increase the distance to more than 7' times larger. Thus, we get

n_ o) /(T < FO0) = 8(5)) = h /(L + o(c))
€'l =) Ule) - Ue)/(TH)) < T <x

eckE

Let C* be an h'-length cut defined as C* = C - (h/h’) + C’ so that G — C* = (G — C) — C". Tt follows
from |C| + B/h < (1 + o(¢)) that

[C*[+ B/(h') < (1+0(e)) - (1 + o)A+ &)
Notice that ) is roughly 1/¢’. By setting ¢’ = o(¢/k), we get that
|C*|+ B/h < (1+e)A and distg_c=(s,t) > K,

so C*, 1/ is a valid (1 + ¢)-approximate dual.
According to Theorem B.19, the algorithm makes o (/\/%72) =0 (Ii2€73) calls to the oracle, and an
additional O (52573m) time. O

B.4.3 Converting MCF solution: From MBCF to MCF

Now we show how to convert solutions to the MBCF LP into the one needed in the previous section.

Lemma B.20. Suppose there is an algorithm A that, for every cost bound B, returns a primal-dual pair
(f,C,h) for the MBCF LP with approzimation ratio (1 +¢), where € < 1/log” n. Then there is an algorithm
that makes 900081 je1/3 ™) calls to A and computes an exact minimum cost flow routing D in G, assuming

that there exists a feasible flow routing D in G.

Proof. We describe an oracle A’ that can be plugged into Lemma B.15. For convenience, we first assume D

is a single-source single-sink demand from s to t.

Budget schedule and the index a. Let

def 1/3 def 9/3
a= el and /J’:E/.

We will call A on a geometric sequence of budgets. Define
BY¥1+a)? fori=01,2,...,1,

where I is the smallest index such that By > Buyax and

Brax def Z U(e) - £(e).

ecE

Note that Bmax is a valid a priori upper bound on the cost of any feasible (capacity-respecting) flow.

For each i € {0,1,...,I}, run A with budget B; and obtain (f;, C;, h;). Let ¢; < val(f;).

Since Br > Bmax and the instance is feasible, the MBCF optimum at budget By equals |D|, hence by
the approximation guarantee of A we have

a2 1Dl > DI/2.

Moreover, we can assume qo < |D|/2. Otherwise, it implies that with a cost less than 1/4, we can already
route half of the demands. We can assume edge lengths and capacities, the demand D are all non-negative
integral by scaling. Thus, this implies that by routing through only 0 length edge, we can already route at
least 3/4 fraction of the demands, which finishes the oracle.

Define

io Y max{ie{0,1,....,1—1}:q: < |D|/2}.
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This 4o is well-defined and satisfies ¢;, < |D|/2 and gio+1 > |D|/2.

Now choose an index

a € arg max M,
ic{io,io+1,....] =1} qi
with the convention that q’;l—fl = 400 if ¢ = 0. Then ga41 > |D|/2 (since a > ip) and moreover we claim that

Ga+1 2 (1+6)QE (BQ)

To see (B.2), note that

I-1 I—ig I—ig
ar _ qi+1 < max qi+1 _ [ 9at1 )
Gig - i i€{ig,....I—=1} Qi Qa

=ig

Rearranging gives

1/(I—io) 1 1/1 1
Gat1 5 (4L > (1+¢e) "D > ( 2 ) .
qa Gig |D|/2 1+e
Since Bmax is polynomially bounded (lengths and capacities are polynomially bounded integers), we have
I = O(log Bmax/a) = O(log n/a). Therefore,

<1i6)1/1 zexp(ln(?}ﬂ)> > 1+Q(%) > 1+Q(logn) .

Finally, since ¢ < 1/log® n, we have a = £'/3 < 1/log® n and thus o/ logn > %/ = 3 for all sufficiently

large n. This implies (B.2).

Output primal and dual. We set the primal flow output by A’ to be

def

f - fll+17

so val(f) = ga+1 > |D|/2 and cost(f) < Bat1.

It remains to produce a dual (¢, #) for an s—t demand of value val(f) = qai1 satisfying cost(f) <

1.1Dual(¢, 7).

Let

ie) Y hy Cule) VeeE,

and let ¢(-) be the shortest-path distance from s in the graph with length function ¢ + 7 (equivalently, the

distance function in G — C,). Then (¢, ¢) is feasible for the MCF dual, and
6(t) — (s) = dista—c, (5,1) > ha

by dual feasibility of (Cq, he) in the MBCF LP.

For the s—t demand of value ¢,+1, the MCF dual objective equals

Dual(¢, £) = qat1 - ($(t) = $()) = Y U(€) - £(€) > Gar1 - ha — ha - |Cal.

eck

Using (B.2) and the MBCF LP primal-dual guarantee of A at budget Ba,
Ba
|Cal + o=@ +€) qa,

we obtain

—_
+
=

Dual(¢, ) > (1+ B)gaha — [Calha > (14 8)(¢aha —|Calha) >
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Since cost(f) < Bay1 = (1 + a)Ba, it follows that

1+a)(1+e) ~

cost(f) < (14 a)Bs < Dual(¢, ¢).

- 1+3
With a = ¢'/% and 8 = €2/, the multiplicative factor above is 1 + O(¢'/?), hence it is at most 1.1 for all
sufficiently large n (using ¢ < 1/log? n). Therefore,

cost(f) < 1.1 Dual(¢, ¢),

as required. This completes the construction of A’.

def

General demands. For a general demand vector D, let |[D| = 3 D(u). Add a super-source

u:D(u)>0
s and edges (s,u) of capacity D(u) and length 0 for each u with D(u) >( O)7>and add a super-sink ¢ and
edges (v, t) of capacity —D(v) and length 0 for each v with D(v) < 0. Then routing D in G is equivalent to
routing |D| units from s to ¢ in the augmented graph; restricting any s—t flow to the original edges gives a
feasible routing of D. The primal/dual objects produced above transfer to the original instance by restriction
(primal) and by restricting (¢, £) to the original vertices/edges.

Finally, plugging A’ into Lemma B.15 yields the claimed algorithm and the stated bound on the number

of calls to A. O

B.5 Flow-Cost-Preserving DAG Projections

Below, we start by introducing the definition of flow-cost-preserving DAG projections, state the main
construction algorithm for our DAG projection in Theorem B.23, which will be proved later via the
constructions in Sections B.6 and B.7. Instead, we show how to use our DAG projection to reduce computing
a minimum-cost flow on general graphs to solving it on DAGs.

We take the definition of DAG projections from [HJS26a] and extend it to preserve both distance and

congestions. We call it flow-cost-preserving DAG projection.

Definition B.21. A flow-cost-preserving DAG projection of G = (V, E) is a DAG G’ along with a projection
map 7 : V(G') = V. We call it (x, \)-flow-cost-preserving DAG projection, or say it has congestion slack &
and length slack A if

1. For every demand D’ routable in G’ with congestion 1 and cost B, w(D’) is routable in G with

congestion x and cost B and,

2. For every demand D routable in G' with congestion 1 and cost B, #~!(D) is routable in G’ with cost

A - B and congestion 1.

When h = oo, write h-length flow-cost-preserving DAG projection simply as flow-cost-preserving DAG
projection.

Often, we want not only the existential property above, but also an explicit and efficient way to project
flows and moving cuts from D back to GG. This is given by the following definitions. We also add a h-length

bound for technical reasons.

Definition B.22 (Projection Algorithm). Let G’ be a DAG projection of G = (V, E). A h-length projection
algorithm with congestion slack x and length slack A associated with G’ (or (k, \)-projection algorithm) is
an algorithm that, given either
o aflow F’ on G’ with congestion 1 and cost B, returns a flow F on G with congestion x and cost B
such that 7(Dem(F’)) = Dem(F); or
« a moving cut C’' on G’, returns a moving cut C on G with the same size and length leng(C’)/\ such
that for every u,v € V with distg_c(u,v) < h, we have diste_ v (uf™, 025) < X - distg_ o (u, v).
If h = ZeGE Ule) - £(e) is sufficiently large, we simply say that the algorithm is a projection algorithm
without the h-length bound.
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When we say D is associated with a projection algorithm, we assume the projection is surjective, i.e.
71 (v) # 0 for every v € V(G).

Note that the second property of the projection algorithm is stronger than the second property in the
definition of flow-cost-preserving DAG projection. This stronger form is by design and is necessary for our
reduction algorithm later in the paper.

We denote the oracle of computing a flow-cost-preserving DAG projection associated with a h-length
(k, A)-projection algorithm as Oifsij With a bit of overload of notations, we also use (9?27& to denote its
associated h-length (k, A)-projection algorithm.

In Section B.7, we will show the following main theorem about computing a DAG projection.

Theorem B.23. There is an algorithm given a directed graph G = (V, E) with non-negative polynomially
bounded integral edge capacities and lengths, parameters e¢ € (0,1/logn),d € (1/logn,1) and ky € N4, with

n’. (l/sf)p°1y<1/6)-eﬁ€cient oracle calls to OSR%SSFW output a DAG projection of size
m1+5 . (1/€f)poly(l/§)
with a (k, \)-projection algorithm where
/8 5 ly(1/8 o(1/s
w=ry 0’ (1/ep)PNY A=1+¢e;p-(1/6)°0/%
The projection algorithm takes time m'*? . (1/e;)PoY(1/9),

The power of a DAG projection above is that it allows us to reduce approximate primal-dual minimum-cost

flow on a general graph to approximate one on a DAG.

Lemma B.24. Let G be a directed graph with positive polynomially bounded integer edge capacities and
lengths, let D be a demand vector on G, and let G’ be a DAG equipped with a surjective projection map to G
and associated with a (', \')-projection algorithm. Then one can compute a (kk', AX')-approzimate PD-MCF

solution for (G, D) using O(1)-efficient calls to O,SRMCF and the associated projection algorithm.

Combining with Theorem B.3, we can further reduce exact minimum cost flow computation from general

graphs to approximate computation on DAGs.

Theorem B.25. For k € N;,d € (1/logn,1),e € (0,1/logn) with € < 6273 there is an algorithm solving
the exact minimum cost flow problem with time complezity proportional to making k*/° - (1/5)p°1y<1/5)-eﬁ‘icient

calls to OEE%CF.

Proof. We wish to apply Theorem B.3, which requires an oracle solving PD-MCF. To get that, we compute

a flow-cost preserving DAG projection using Theorem B.23, and apply Lemma B.24 along with the OSE?_&CF

oracle on DAGs to get the required (’)EP&SF oracle on general graphs where

K =P/ pf . (1/g)Ply(1/9) g =1+e-(1/8)YY =14 0()

and the oracle calls to OFRYF are on graphs with total size m'*? - (1/¢)P°(1/9) (additional running

time is subsumed by this).
Now we can apply Theorem B.3. Notice that since ¢ < §%/%, we have that O(1/log(1/e)) < 8. Thus, the

total calls to Of3Y°F on DAGs has size (after rescaling § to hide constants in poly(1/4))
m1+5 X K1/5 . (1/E)poly(1/6)

O

Let ¢ be a sufficiently small constant in (0, 1), by choosing § = 1/log®n, we get the following corollary.
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Corollary B.26. For a sufficiently small constant ¢ € (0,1) and

2c

r < exp(log' "> n) e < exp(—log® nloglogn)

There is an algorithm solving the exact minimum cost flow problem with time complexity proportional to

PDMCF 1+0(1) 1+0(1)

making oracle calls to O, 11" on DAGs with cumulative total size m and number of nodes n

B.5.1 Reducing PD-MCF on General Graphs to DAGs

This subsection is dedicated for proving Lemma B.24.

The next lemma isolates the two properties of a projection algorithm that we will use later: it transfers
primal flows from the DAG back to the original graph, and it also transfers dual certificates in the reverse
direction. As an immediate consequence, any DAG equipped with such a projection algorithm is indeed a

flow-cost-preserving DAG projection.

Lemma B.27 (Projection algorithms transfer primal and dual certificates). Let G’ be a DAG together with
a surjective projection map w: V(G') — V(G). Suppose G’ is associated with a projection algorithm with

congestion slack k and length slack . Then the following hold.

1. Primal transfer. For every flow F' on G’ with congestion at most 1 and cost B, the projection

algorithm returns a flow F on G with
Dem(F) = m(Dem(F")),

congestion at most k, and cost exactly B.

2. Dual transfer. For every demand D on G, and every feasible dual solution (¢, £) for the minimum-cost
flow instance (G',7#71(D)), one can construct a feasible dual solution (¢, C) for the minimum-cost
flow instance (G, D) such that

Dual(¢, C) > %Dual(qﬁ, o).

Consequently, G’ is a (k, \)-flow-cost-preserving DAG projection of G.

Proof. The first item is exactly the primal part of the projection algorithm.

We now prove the second item. Fix any demand D on G, and let (¢, £) be any feasible dual solution for
the instance (G7,#7(D)). Let

P:={ueV(G)|D(u) > 0}, N :={v e V(G)| D(v) < 0}.
Since ﬁfl(D) is supported only on first and last copies, we have

Dual(¢,) = > (=D())¢(v"*™) = Y D(w)p(u™) — Y U(e)l(e).

veEN uepP e€E(G")
View / as a moving cut €’ on G’ by setting C’(e) := {(e) for every e € E(G'). By dual feasibility,
¢(y) — o(x) < dister—cr(z,y)  Va,y € V(G).
In particular, for every u € P and v € N,

¢)(U1ast) _¢(uﬁrst) §distc/,c/(uﬁr5t,vla5t).

Apply the dual part of the projection algorithm to C’. It returns a moving cut C' on G with the same

size,
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and such that for every u,v € V(G),
dister_cr (™™, 0" < X - distg_ o (u, v).
Hence, for every u € P and v € N,
(V™) — G(u"Y) < X - diste—c(u, v).
Now define
¥(x) ;= min { w + distg—c (u, x)} .

Since G — C uses the length function £+ C, the pair (¢, C) is dual feasible for the minimum-cost flow LP on
G.

Moreover, for every u € P,

while for every v € N, the previous inequality implies that for every u € P,

¢(vlast)

first
1G] +distg-c(u,v) > S

A

and therefore
(b ( v last )

v(w) > X

Using these bounds, we get

Dual(y,C) = Y (=D@)(z) = Y Ule)Cle)

zeV(G) e€E(G)
> % <Z(—D(v))¢(vla“) - Z D(u)qb(uﬁrSt)) - z(: )U(e)C’(e)
veN uepP e€eE(G
= [ Zn@yee=) - 3 Dewt™) — 3 Ule)ite)

vEN u€P ecE(G’)

1 -
= —Dual(g, ?).
~Dual(s,7)
This proves the second item.
It remains to prove the third item, namely that G’ is a (k, A)-flow-cost-preserving DAG projection of G.

For the first property of Definition B.6, let D’ be any demand routable in G’ with congestion 1 and cost
B, and let ' be a corresponding flow. By the first item, F’ projects to a flow F on G with

Dem(F) = 7(Dem(F")) = 7(D’),

the same cost B, and congestion at most x. Hence 7(D’) is routable in G' with congestion x and cost B.

For the second property, let D be any demand routable in G with congestion 1 and cost B. Suppose
for contradiction that ﬁ'*l(D) is not routable in G’ with congestion 1 and cost at most AB. By LP duality,
there exists a feasible dual solution (¢, £) for (G’,#~*(D)) with

Dual(¢,f) > AB.
By the second item, this yields a feasible dual solution (¢, C') for (G, D) such that

Dual(y, C) > AB = B.

1
A
By weak duality, every feasible flow routing D in G has cost greater than B, contradicting the assumption.

Therefore 771 (D) is routable in G’ with congestion 1 and cost at most AB.
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So G' is a (k, \)-flow-cost-preserving DAG projection of G. O
Now, we are ready to prove Lemma B.24.

Proof of Lemma B.24. Let
D' :=#""(D).

Run the oracle OERMCF on the instance (G’, D’), and let (15, 3, £) be the returned primal-dual triple. Then

F routes D' in G’ with congestion at most x, and

cost(F) < X - Dual(¢, /).

By Lemma B.27(1), projecting F back to G gives a flow F' routing

with the same cost and congestion at most xx’. Hence

cost(F) = cost(F).
By Lemma B.27(2), the feasible dual solution (¢, :) for (G', D’) can be transferred to a feasible dual
solution (¢, C) for (G, D) satisfying

2

Dual(th, C) > ~Dual(d, 1).

)\l
Therefore,
cost(F) = cost(F) < A -Dual($,£) < A\ - Dual(y, C).
Thus (F,,C) is a (k&’, A\ )-approximate PD-MCF solution for (G, D), as claimed. O

B.6 Length Constrained Expander Hierarchy Construction

The goal of this section is to prove Lemma B.36 on the construction of weak length-constrained expander
hierarchy. This will be used for our DAG projection construction in the next section. Before stating the

lemma, required background and definitions are given below.

Basic definitions. The following definitions of directed length-constraint expansion are identical to
[Hae+25b]. We put them here for completeness. We first need to define multi-commodity demand only for
the purpose of LC-expander, as follows.

A multi-commodity demand D : V x V — Rx>( assigns a non-negative value D(v,w) > 0 to each ordered
pair of vertices in V', specifying that vertex v wants to send D(v,w) units of demand to vertex w. We
note that it is always safe to assume D(u,u) = 0. The size of a demand is written as |D| and is defined as
Y v D(v,w). For each vertex v, we let D(v,-) = > D(v,w) and D(-,v) = > D(w,v) denote the total
demand starting from and ending at v, respectively. We say a demand D is

o h-length constrained: if for each v,w € V with D(v,w) > 0, we have distq (v, w) < h;

o symmetric: if for any pair of vertices v,w € V, D(v,w) = D(w,v);

e a sub-demand of D': if for any pair of vertices v,w € V, D(v,w) < D' (v, w);

o A-respecting for some node-weighting A: if for any v € V., max{D(v,-), D(-,v)} < A(v).

We say a flow F' routes the demand D if there exists a path decomposition of F' such that for every

D(v,w) > 0, there is a flow path of F from v to w with value D(v,w).

Definition B.28 (Node-Weighting). Given a directed graph G = (V, E) with edge capacities, a node-
weighting is a function A : V' — R>(. Notice that deg, is a node weighting. For a single-commodity demand

D, we write Ap as the node-weighting Ap(v) = |D(v)|.
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Definition B.29 (h-Length Separated Demand). For any multi-commodity demand D and any h-length
moving cut C, we define the amount of h'-length separated demand as the sum of demands between vertices
that are h’-length separated by C. We denote this quantity with sep,, (C, D), i.e.,

sepy,/ (C, D) = Z D(u,v).

w,v:distg — o (u,v)>h’

Definition B.30 (h-Length Sparsity of a Cut C for Demand D). For any multi-commodity demand D and
any h-length moving cut C' and h’ with sep,,(C, D) > 0, the h'-length sparsity of C with respect to D is the

ratio of C’s size to how much demand it h'-length separates i.e.,

]

sparsy,, (C, D) = W

Above we generalize the definition of length-constrained moving cut w.r.t arbitrary directed h-length
demand. However, for the definition of a directed length-constrained expander, we restrict to symmetric

h-length demands.

Definition B.31 ((h, s)-Length Sparsity of a Cut w.r.t. a Node-Weighting). The (h, s)-length sparsity of
any h - s-length moving cut C with respect to a node-weighting A is defined as:
C,A) = i C, D).
Spars(h’s)( ’ ) A-respecting h-lengtrglsr;mmetric demand D Sparsh}S( ’ )

Sequence of sparse moving cuts. We can upper bound the total size of a sequence of sparse moving

cuts.

Definition B.32 (Sequence of Moving Cuts). Given a directed graph G = (V, E), and node-weighting A, let
(C1,C4,...,Cy) be a sequence of h - s moving cuts, let G — Zj<i C; denote the graph that is applied with
cuts from C; to C;—1. We define (C1,Cq,...,Cy) as a sequence of (h, s)-length ¢-sparse moving cuts if and
only if the (h, s)-length sparsity of C; w.r.t A in G — Z].<Z. Cj is at most ¢.

We will prove the following lemma in Section B.9.1.

Lemma B.33. Let A be a node-weighting on a graph G with positive integral edge lengths and capacities.
Let Cy,...,Cy be a sequence of moving cuts. Let hi,...,hi > 1, ¢ € (0,1), 1 < a <logn, and

5> 810g2n.
e

Suppose that for every i € [k], the cut C; is (hi, s)-length ¢-sparse with respect to A in the graph

G- ¢

j<i

Then
k

DI < 0(2* g log® n) - |A].

i=1

Decomposition. We are only going to use weak expander decomposition in this paper, which is defined

as follows.

Definition B.34 (Weak Length-Constraint Expander (LC-ED) Decomposition). Given a graph G with
positive integral capacities and lengths, let C be a h-length moving cut and A be a node-weighting.

We say A is (h, s)-length C-constraint ¢-expanding if every A-respecting h-length symmetrically con-
strained single-commodity demand D on G — C' can be routed on G by a flow with length bound & - s and
congestion 1/¢.

Moreover, we say A is (< h, s)-length C-constraint ¢-expanding with length slack s if for every h’' < h,

every A-respecting h’-length symmetrically constrained single-commodity demand D on G — C' can be routed



122

on G by a flow with length bound k' - s and congestion 1/¢.
An associated routing algorithm for A is an algorithm with input a A-respecting h-length (or h’-length
with b’ < h in the second case) symmetrically constrained single-commodity demand D on G — C with a

witness, output a flow routing the demand.

We define a weak LC-ED hierarchy as follows. For a sequence of moving cuts Ci,...,Ct, we write

C>7; = Zj>i C]

Definition B.35 (Weak LC-ED hierarchy). Given a graph G with positive integral capacities and lengths,
a < h-length (¢, s)-expanding t-layer weak LC-ED hierarchy is a sequence of moving cuts Ci, ..., Cy such
that Zie[t] Ci(e) > 1 for all e € E, and for every h’ < h, we interpret C; as an h'-length moving cut, then
dege, is < h'-length C;-constraint (¢, s)-expanding.

Now, we are ready to state the goal of this section.

Lemma B.36. Let G = (V, E) be a directed graph with positive integral capacities and lengths, let h > 1,
let € € (loglogn/logn,1),¢ € (1/poly(n), ﬁ) for some sufficiently large constant c, then there exists

0(1/e)

s = (logn) and an algorithm that outputs a < h-length (¢, s)-expanding t-layer weak LC-expander

hierarchy together with efficient associated routing algorithms, where

_ logm
= O(logu/(m'nwsw))) '

-efficient calls to Of}f:’j&,,/\,) and OERMCF where A\, X' € [1,2]

m1+t0(e)
453

The algorithm makes

B.6.1 FatLDD for Round-Trip Distance

In this section, we will describe an important subroutine that extends the normal LDD on directed graphs to
allow big separation between clusters, which we call FatLDD, stated in Lemma B.40.

The separation will be based on the symmetric round-trip distance, which is defined as follows.

Definition B.37 (Round-trip distance). On a directed graph G = (V, E) with length ¢, the round-trip

distance between two vertices u, v is defined as
@G(u, v) = distg(u, v) + distg (v, u)

We will use the existing FatLDD construction for undirected graphs on the graph G’. We begin with the

notions of clustering and neighborhood cover.

Definition B.38 (Clustering). Given a graph G = (V, E) with distance function dist : V X V — R>¢, a
clustering S = {S1,...,5|s} is a collection of pairwise disjoint vertex sets, called clusters. We say that S

has diameter hgiam (with respect to dist) if
dist(u, v) < hdiam for all 7 € [|S]] and all u,v € S;.
We say that S has separation factor s if

dist(S;, S;) < min dist(u,v) > s - hdiam for all i # j.

u€S;, vES;
A separation witness for separation factor s is a collection of pairwise disjoint vertex sets S, ..., S‘/S‘
such that
S hdiam ’ .
ballgiss | Si, — cS; for every i € [|S]].

Intuitively, the sets S; certify that different clusters are well separated. As usual, one may replace the

constant 1/2 above by any smaller absolute constant by adjusting s by a constant factor.
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Definition B.39 (Neighborhood Cover). Given a graph G = (V, E) with distance function dist : V' xV — Rxo,
a neighborhood cover N with width w, covering radius heoy, diameter bound haiam, and separation factor s

(with respect to dist) is a collection of w clusterings
N ={8,...,8},

where each S; has diameter h; < hqiam and separation factor s, such that for every vertex v € V, there exists
a cluster S in some S; satisfying
ballaist (U7 hcov) - S.

When we say that the cover comes with separation witnesses, we mean that each clustering S, is accompanied

by a separation witness.
We have the following lemma. The proof is deferred to Section B.9.2.

Lemma B.40. For any heov >0, s > 1, and € € (0,1), and any directed graph G = (V, E) with edge lengths
£, there is a randomized algorithm that computes a meighborhood cover with respect to ﬁg, together with

separation witnesses, with

o covering radius hcov,
o separation factor s,

o diameter bound
Ndiam = é 'O(Slog2 n)o(l/e) - heov,

o width

O(e)

w=mn -log n.

The algorithm runs in 10) (m) time given that both hdiam/hcov and w are in the order of ne@

B.6.2 LC-Expander Decomposition

In this section, we will show an algorithm that use cut-matching game to either find a cut that separates a
large amount of demands, or certify that there is a large amount of node-weighting that is expanding. See
Lemma B.44 for the main result of this section. We first provide some helpful lemmas.

The algorithm involves the following non-stop cut matching game from [FLL25].

Definition B.41 (Matching). Let (P, Q) be a partition of V. A set of directed edges M C P x @ with
capacities Uar : M — Rxg is called a (P, Q)-matching. For a demand bound d : V' — R>( and an error € > 0,
we say M is (d,e)-perfect if

1. volyr < d (i.e. M does not send more than d(v) out of any vertex), and

2. voly (V) > (1 —¢)-d(V).

Lemma B.42 ([FLL25]). Let d : V — N be polynomially bounded and let € = o(1/log®n). Suppose we have
an oracle Omaten that, for any partition (P,Q) of V and any d’ < d with d'(P) =d'(Q) and d'(V) > d(V)/2,
returns a (d',€)-perfect (P, Q)-matching.

Then there is a randomized algorithm that makes O(log®n) calls to Omaten and O(mlog®n) additional
work with O (1) depth, and produces d < d with

d(V) > (1-0O(clog’n)) - d(V)
such that, with high probability, d is Q(1)-exzpanding in the graph

W .= UMi,

where M; is the matching returned by the i-th call to Omatch-
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We also need the following lemma showing how to compute cut-match using calls to a length bounded
MCF algorithm.

Lemma B.43. Given a directed graph G with positive integral edge capacities and lengths, an h-length
single-commodity demand D, and parameters ¢,e € (0,0.1) and s > 1, there is an algorithm making
O(%)—eﬂicient oracle calls to Oproj,’k, and to OSEMCF, that either

hs,k

e outputs an implicit flow-path decomposition of an hs-length flow routing some demand D' < D with

congestion

0 </<m' log(1/¢€) ) 7

¢

such that

D] > (1-¢)-|D],
or

o outpuls a ﬁ—lenyth moving cut C that is (h, 557 )-length ¢-sparse with respect to Ap and has size at
least
“.ipl

Lemma B.44. Let G = (V, E) be a directed graph with positive integral capacities and integral edge lengths,
let h > 1 and \,\' € [1,2], let € € (loglogn/logn,1),¢ € (1/poly(n),1), and let A : V — Rsq be a

node-weighting.

Then there is a length slack

s = (logn)?™/®
and an algorithm that makes %g-eﬂcicient calls to (’)f;f;)jn, ) and OERMCF and the same additional time,

and outputs a hs-length moving cut C and a node-weighting A’ < A such that:

1. A’ is (h, s)-length C-constraint ¢-expanding with an efficient associated routing algorithm,
2. both |C| and |A| — |A’| satisfy

IC|,|A| = |A| < A-¢-|Al,  where A =rrn°

Proof. We first define the parameters used in the proof:

Ssep := D12logn, so := 256 log n, o= 4§\0X’
w :=n% logn, .= é - O(log® n)°1/9) s:=csTlog? n,
¢ ¢ 100w log® n
Eom = ———————, =" Ly :=log—————,
100w log? n b 100w ¢ & 0]
¢o 1= cowrr' Ly - ¢, A= ciwrk' Ly log® n.

Here sscp is the separation factor used in the FatLDD cover, s¢ is the slack passed to Lemma B.43, and
o is the resulting sparsity parameter of the cuts returned by Lemma B.43. The parameters w and I'" are
respectively the width and diameter blow-up of the FatLDD cover. The final slack s is chosen large enough
to absorb the O(T"log? n) routing-length blow-up. The parameter ecm is the error used in the cut-matching
game, [ is the threshold for deciding whether a round is non-terminal, and ¢o is the sparsity parameter
given to Lemma B.43. Finally, A is the loss parameter that will upper bound both the total cut size and the
total mass loss.

O(e)

Since ¢ € (1/poly(n),1) and € > loglogn/logn, all polylogarithmic factors are absorbed by n“'*), and

thus
O(1/e) 1. O(e)

s = (logn) and A=rrn .
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The algorithm. Instead of maintaining a single moving cut during the execution, we maintain a
cumulative length-increase function
AN E— Rzo,

initially A = 0. At the beginning of each round, let G° denote the graph on the same vertex and edge sets as
G, with edge-length function
Lo (6) = Zc(e) + A(e)

Apply Lemma B.40 to G° with parameters
(hcov, S, E) = (2h7 Sseps E)v

obtaining a neighborhood cover N with respect to ﬁgo, with width w, and with each clustering S € N
having diameter at most
hs < Th.

Fix a clustering S € N and a cluster S € S. Let hs < I'h be the diameter bound of S, and let S’ be its
separation witness, so that
ball~ (S, ssephs/2) C S'.
distgo

We run the cut-matching game of Lemma B.42 on S with demand bound
d(v) := A(v) (ves).

We implement the matching oracle Omaten as follows. Given a partition (P, Q) of S and a vector d’ < d
with
d(P)=d(Q and d(V)>d(V)/2,

define the single-commodity demand

d'(v) wvePr,
D(v) := { -d'(v) veq,
0 v ¢S

We first prove the key geometric claim that paths of length at most hgo between vertices of S cannot

leave S’ after adding any cut supported on S’.

Claim B.45. Let u,v € S, and let C' be any moving cut supported on edges of G°[S’]. Then every (u, v)-path

in G° — C' of length at most hso is contained in S’. Consequently, if
diStgo[S/],C/(u, 1)) > hsa,

then also

distgo _c(u,v) > hso.

Proof. Let P be a (u,v)-path in G° — C” of length at most hso, and let = be any vertex on P. Since C’ only
adds nonnegative lengths, the prefix of P from u to x has length at most hgo already in G°, and similarly

the suffix from z to v has length at most hso in G°. Hence
distgo (u, z) < hso

and
distgo (z,v) < hso.

Since u,v € S and S has round-trip diameter at most hs, we also have

diStGO (’l}, U) S @GO (u7 ’U) S hS-
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Therefore
distgo (x,u) < distgo (x,v) + distge (v,u) < hgo + hs,
and thus
distge (z,u) < hso + (hso + hs) = (20 + 1)hs.

Because o < 64logn and sgep = 5121logn, we have
20’+ 1< SSCp/2.

Hence
distge (z,u) < Ssephs/2,

S0
z € ball ~ (8, ssephs/2) C S'.

GO
Thus every vertex of P lies in S, proving the first part.

The second part follows immediately: if there were a (u,v)-path in G° — C’ of length at most hso, then
by the first part it would lie entirely in S’, contradicting

diStGo[sl],C/(u,U) > hgo. O

Now every positive vertex and every negative vertex of D lie in S. Since S has round-trip diameter at
most hg, every positive vertex and every negative vertex are at directed distance at most hs in G°. As
o > 1, Claim B.45 implies that every path of length at most hs between vertices of S is contained in S’.

Hence D is an hg-length single-commodity demand on G°[S’].
We therefore invoke Lemma B.43 on G°[S’] with parameters
(h7 ¢, €, S) — (h’s7 $0, Ecm, 80)'
Since
hsso < Th-256logn < hs
by the choice of s, every oracle call made by Lemma B.43 is a valid call to Orrol

(hs,k/, ")

If Lemma B.43 outputs an implicit flow-path decomposition
Fs = (Li, M, sisti)icpn

then each path goes from some vertex in P to some vertex in Q). We interpret the pairs (s;,t;) with capacities

X; as the matching returned by Omatch, and store the corresponding path realizations in G°[S’].

If Lemma B.43 instead outputs a moving cut Qs, then we declare S to be bad, terminate the cut-matching
game on S, and define
As(v):=0 forallveS.

If S is not bad, then Lemma B.42 returns a node-weighting
As < Als
such that
|As| > (1= O(eemlog® n)) - |Als],

and such that the union Wy of the matchings produced during the game is an Q(1)-expander with respect to

As.

After this is done for every cluster in every clustering of A/, we inspect the clusterings. If there exists

some clustering S € A such that the total A-mass of its bad clusters is at least

BlAl,
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then for every bad cluster S in this clustering we add the returned cut Qs to the cumulative length increase,
namely

A(e) + A(e) + hso - Qs(e) foralle € E,
and start the next round.

Otherwise the algorithm terminates. For every clustering S; € N, define
A;j(v) = As; ) (v),
where S;(v) is the unique cluster of S; containing v. Finally define

A'(v) := min A;(v).

J

Correctness (associated routing algorithm). We show that A’ is (h, s)-length C-constraint ¢-
expanding and give an associated routing algorithm.
Let D be any A’-respecting h-length symmetrically constrained single-commodity demand on the final
graph G — A, together with a witness
D =Dy + -+ Dy,

where each D; is symmetric h-length and the witness is cumulatively A’-respecting, namely

k
Z |Di(v)| < A'(v)  for every v € V.
i=1
For each witness demand D;, choose any vertex u; in the support of D;. Since D; is symmetric h-length,

for every vertex v in the support of D; we have
distg_a (ui,v) < h and distg_a (v, u;) < h.

Hence
distg_a(ui,v) < 2h.

Since the final FatLLDD cover has covering radius 2h, for every i there exists a cluster S; in some clustering
S;(y € N such that
supp(D;) C ballcﬁs\cG,A(u“ 2h) C S;.

For each cluster S appearing in this assignment, let

Ds = Z D;.

i S; =S

Then the demands Dg sum to D. Moreover, each Dg is supported on S, and for every v € S,

IDs)|=| Y Di)| < > D) <Y [Di(v)] < A'(v) < As(v).

i:5;=S i:8;=S

Thus Dg is Zs—respecting.

Because S is not bad, the cut-matching game produced an Q(1)-expander Ws with respect to ZS_ By
standard routing on constant expanders, one can route Dg inside Wg with O(1) congestion and with paths
using O(logn) expander edges.

Each edge of Wg came from one successful call to Lemma B.43, and is therefore realized by a path in
G|S'] of length at most

hsso < T'h - 256logn,

kK log(l/ecm) \ 1
O( %0 )‘O<w¢>

and of congestion
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by the definition of ¢o. Replacing each expander edge by a flow path (this can be done cumulatively for all
paths using Theorem B.9 in nearly linear time) lifts the routing of Dgs from Wy to the original graph. Since

the expander paths use only O(logn) edges, the lifted routing has length
O(Thlog®n) < hs

by the choice of s.

Within any fixed clustering S;, the witness sets S’ are pairwise disjoint, so routings inside different
clusters of S; do not interfere. Across different clusterings there are only w possibilities. Hence after summing
the lifted routings over all chosen clusters S, the total congestion is

o(1) -o(m) w=0(1/4).

After adjusting constants, this gives a routing with congestion at most 1/¢ and length bound hs. Thus A’ is
(h, s)-length C-constraint ¢-expanding.

Correctness (upper bound on |A| —|A’|). Fix one clustering S; in the final round. By termination,
the bad clusters in S; have total A-mass strictly less than §|A|. For every good cluster S € Sj, the

cut-matching game loses only an O(ecm log? n) fraction of the A-mass on S. Therefore
A1 = 14,1 < BAI + Olecmlog® ) |4 = O( £) - Jal.

Since
A'(v) = min A;(v),

J

we have pointwise

Av) = A'(v) <) (A@W) = 4;(v)).

Summing over all vertices gives

w

A= 147 < S04 - 145) <w-0(2) 141 = 0(9) - 14 < Ao A,

J

Correctness (upper bound on |C|). Fix a bad cluster S that appears in some round, and let G°
denote the current graph in that round. The invocation of Lemma B.43 on the induced subgraph G°[S’]
returns a moving cut Qs that is

(hs,o)-length ¢o-sparse
with respect to Ap, where Ap(v) = |D(v)| and Ap < A|ls < A. By Definition B.31, there exists an
Ap-respecting hgs-length symmetric demand D on G° [S’] such that

spars,, _, (Qs, D; G°[S']) < do.

Since Ap < A, the demand D is also A-respecting. Moreover, D is supported on pairs inside S, so by
Claim B.45, every pair that is hgo-separated by Qg inside G°[S’] is also hso-separated by Qs inside the
whole graph G°. Hence
sepy o (Qs, D; G°) > sepy,,(Qs, D; G°[S']),

and therefore

sparsy, ., (Qs, D; G°) < ¢o.
Equivalently,

Spa‘rs(hs,o')(QSa A7 GO) S ¢0'

Thus every bad cut is sparse in the current whole graph with respect to the same global node-weighting A.
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We now order all bad cuts added by the algorithm into a single sequence

QhQ%---:Qq

as follows: we first order them by rounds, and within each round we order the bad clusters of the chosen

G, ::G—ZQj

Jj<r

clustering arbitrarily. For each r, let

denote the graph obtained after applying the previous cuts in this order.

We claim that each Q. is (hr,o)-length ¢o-sparse with respect to A in G,, where h, is the diameter
bound of the corresponding cluster. This is immediate for cuts coming from different rounds, since G, is
exactly the graph in which the cut is produced, possibly with additional earlier cuts already applied.

The only point to check is when several bad cuts come from the same round. Suppose @, comes from a
bad cluster S, with separation witness S;., and let Q; be any earlier cut from the same round. Then Q;
comes from another bad cluster in the same clustering, so its witness set is disjoint from S... Since each cut
is produced on the induced subgraph of its own witness set, Q; is supported on edges of S} and therefore
has disjoint support from Q.. More importantly, by Claim B.45, every path of length at most h,o between

vertices of S, is contained in S,.. Hence adding the earlier same-round cuts does not affect:

1. the fact that the witness demand D, is hr-length, and

2. the value of sep;, ,(Qr, l/jT)

Therefore the same witness demand still certifies that Q. is (h,, o)-length ¢o-sparse in G,.

We may therefore apply Lemma B.33 to the sequence Q1,...,Qq with o = 1. This yields

> 1Q:| < O(golog® n) - | A].

r=1

Substituting the definition of ¢¢ gives

q
Z Q.| < O(UJK,K,IL¢ log? n) -9lAl < Ag-|Al

r=1

Let A be the cumulative length increase added by all bad cuts during the algorithm, i.e.,
q
Ae) = hea-Qr(e).
r=1

We define the output cut C' to be the hs-length moving cut satisfying

a
hs-C(e) = A(e), equivalently Cle) := A}E:) = i Z hro - Qr(e).
r=1

Since h, < Th for every r and o = O(logn), while s = ¢,T' log® n, choosing ¢, sufficiently large ensures that
hro < hs for every 7.

Thus C is indeed a valid hs-length moving cut. Finally,
1 q q
€= U@)C(e) = 4 ;hm. Qr| < Zj Qrl < Ag-|A].
This proves the desired upper bound on |C|.

Complexity. We first show the number of rounds by the algorithm. Consider any non-terminal round.

By definition, there exists some clustering S such that the bad clusters in S have total A-mass at least 5|A|.
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For every such bad cluster S, the corresponding call to Lemma B.43 is made on a vector d’ < A|s with
d’(V) > |Als|/2. Hence the returned cut has size at least

Q(dogem - |Als]).
Therefore the total cut added in this round has size at least

Q(d’ogcmﬂ) ’ ‘A|

Since the total cut size over the whole execution is at most A¢|A|, the number of rounds is at most

Ag _ w?log*n _nO(E)
0<¢O€Cmﬁ>_o( 7 )‘ 7

Fix one round. For any fixed clustering S, the witness sets S” are pairwise disjoint, so the total size of all

induced subgraphs G°[S’] over clusters S € S is O(m). Each cluster runs one cut-matching game, which

makes O(log2 n) calls to Omaten- Each such call invokes Lemma B.43, and Lemma B.43 makes
Ly
ol =2
< o >
calls to O(P}f;"jn,’)” and (’)ERMCF.

Hence over one clustering, the total size of all oracle instances is

O(mloan- f;’) ,
0

and over all w clusterings in the cover, one round contributes total oracle-instance size

2
O<wmlog2n.g¢) :o<ml<;gn>.
0

Multiplying by the number of rounds gives total oracle-instance size

0 w?mlog®n _m-no(g)
# )¢

Under the standard regime n = O(m), this is

m1+O(s)
3
The same bound also dominates the additional non-oracle work, including the FatLDD construction and the
bookkeeping inside the cut-matching games.

Finally, in one round there are at most O(wn log® n) invocations of Lemma B.43, and each such invocation

makes O(Ly/¢o) calls to the two underlying oracles. Multiplying again by the number of rounds yields

Wnlogfn)  nlto®
N )= 5

total calls to OF;:L, ) and OSRMCF. This proves the lemma. O

B.6.3 LC-Expander Hierarchy

In this section, we prove the following lemma that shows how to constructed a LC-expander Hierarchy as
defined in Definition B.35.

Lemma B.36. Let G = (V, E) be a directed graph with positive integral capacities and lengths, let h > 1,
let € € (loglogn/logn,1),¢ € (1/poly(n), ﬁ) for some sufficiently large constant c, then there exists
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O(1/¢)

s = (logn) and an algorithm that outputs a < h-length (¢, s)-expanding t-layer weak LC-expander

hierarchy together with efficient associated routing algorithms, where

B logm
t=0 <log<1/<mn0<s>¢>>> ‘
m1+0(5)

s -efficient calls to O(P,f;’jn, vy and OSRMCF where A\, N € [1,2]

The algorithm makes

Proof. Let
Hoo= {2021, 2flehly

be the set of dyadic scales up to h. Since all edge lengths are positive integers and h < poly(n), we have

|H| = O(logn).
We will construct cuts
Ci,...,Ct
together with auxiliary residual cuts
Ol ... e

Initially, set
Ci(e) =1 for all e € E.

For every i > 1, define

A; = degcf .
Note that
|4s| = 2|Cil.
We also fix
1. O(e)

Ao i= KKk N ,

where the hidden constant is large enough to absorb every logarithmic loss arising below, including the

O(logn) dyadic scales. Since
¢ <

for a sufficiently large constant ¢ we may assume

P

4009 <

N | =

The iterative step. Suppose C; has already been defined.
If

then we terminate the construction and set
t:=1, C: = C,.

We will show below that this last layer is trivially expanding.
Otherwise, assume
‘A1| > 1.

Step 1: make A; expanding simultaneously at all scales. For every dyadic scale n € H, apply Lemma B.44
to the graph G, the length bound 7, the parameter ¢, the parameter e, and the node-weighting A;. This
returns an ns-length moving cut D; , and a node-weighting

Al 2 A

7

such that:
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1. Aj, is (1, s)-length D; ,-constraint ¢-expanding;

2.
|Dinl, |Ail — A7, < Aog| Ayl

We unify these guarantees over all scales by defining

Aj(v) := min A; ,, (v) for all v e V,
new
and

Cy'(e) == 21ﬁn€a§Di,n(e) forall e € E.

O(e)

Since |H| = O(logn) and all logarithmic factors are absorbed into n , after enlarging the hidden constant

in Ag if necessary we still have

ICY], |Ail — A < Aog|Ail.

We claim that Aj is (< h, s)-length C}’-constraint ¢-expanding. Indeed, let A" < h, and choose 7 € H
such that
h <n<2h.

If we interpret C} as an h’-length moving cut, then for every edge e,
R'CY(e) > 2h'D; () > nD; ., (e).

Therefore every demand that is h'-length in G — C{ is also n-length in G — D; 5. Since A; < Aj , the routing

algorithm for A;m routes every Aj-respecting h’-length symmetrically constrained demand with length bound
at most
ns < 2h's.

Absorbing the constant factor 2 into the hidden constant in the definition of s proves the claim.

Step 2: realize most of A by a subcut of C;. Let C; < C! be a maximal subcut satisfying
degci < Al

which can be found by checking each edge and increase it C; value until one of its end point get saturated in
Al Let

be the leftover cut.
Since deg, <X Aj and Aj is (< h,s)-length C}'-constraint ¢-expanding, the same routing algorithm
certifies that degc, is also (< h, s)-length C{'-constraint ¢-expanding.

We now bound the remainder. By maximality of C;, every edge e with R;(e) > 0 has at least one

endpoint v with
degc, (v) = Ai(v).

Charge the quantity U(e) - R;(e) to one such saturated endpoint. For any fixed vertex v, the total charge
sent to v is at most
degp, (v) = Ai(v) — degc, (v) < Ai(v) — Aj(v).

Summing over all vertices yields
|Ri| < |Ai] — [A7] < Aog|Adl.

Step 3: define the next residual cut. Set
C;_;'_l = Czl/ + Rl

Then
(Chal < IC/1+ 1Rl < 2009] As] = 4806|CY).
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Termination and the number of layers. Because |C]| = poly(n) and
|Cita] < 4009|Ci],

after

= _ logm ) _ logm
= O(log(l/(4AO¢))> O(log(l/(mn’no(€)¢)))

iterations we reach an index ¢ with
1
cyl < =,
il <3
and hence
|A¢| = 2|Cy| < 1.

This is exactly our stopping rule.

The last layer is expanding. We now verify that the final layer C; = C} is (< h, s)-length 0-constraint
¢-expanding.
Fix any b’ < h, and let D be any deg,-respecting h'-length symmetrically constrained single-commodity
demand on G, with witness clustering
{Vi,...,Vk}.

For each cluster V,, choose a root 7, € V,. Because V, has weak diameter at most h’, every vertex of V,
can send flow to 7, and receive flow from r, along paths of length at most h’. Route the demand inside
each cluster by first sending all positive mass to the root and then sending it from the root to the negative

vertices. This produces a routing of length at most
2n < h's

since s > 2.

Moreover, since D is degc,-respecting,

|D| := Z |D(v)| < Zdegct (v) = |4 < 1.

veV veV

Thus the total amount of flow routed in this construction is at most |D| < 1. As every edge has capacity at
least 1, the congestion on every edge is at most 1 < 1/¢. Therefore degg, is (< h, s)-length O-constraint
¢-expanding.

Correctness of the hierarchy. We show that
Ci,...,Ct
is a < h-length (¢, s)-expanding weak LC-ED hierarchy.
First, we prove the covering property

t
Z Ci(e)>1 for every e € E.
i=1

In fact, we prove by backward induction that for every i € [¢],

Y c=c

j>i
The base case i = t is immediate since C; = C;. For the inductive step,

> Ci=Cit Y CjmCitCly=Ci+C +Ri=Cl+Cf = Cl.

j2i Jj=it+1



134

Applying this with ¢ = 1 and using C] = 1 proves the required covering property.
Next, fix any i < ¢ and any h’ < h. By the claim above, deg.. is (< h,s)-length C;’-constraint

¢-expanding. Also, from the covering property just proved,

Coii= Y Cj = Cly = CY.

J>i

If both cuts are interpreted as h’-length moving cuts, then Cs; imposes at least as much length increase as
C{'. Therefore every demand that is h'-length in G — Cs; is also h’-length in G — C}’. So the same routing
algorithm certifies that degc, is (< h, s)-length Cs;-constraint ¢-expanding.

For i = t, the future cut is empty, and we already proved that deg, is (< h, s)-length 0-constraint
¢-expanding. Hence C1,...,C} is a < h-length (&, s)-expanding t-layer weak LC-ED hierarchy.

Associated routing algorithms. TFor every layer i < ¢, we simply use the routing algorithm inherited

from the node-weighting A} and the domination
degci =< A

For the last layer i = t, we use the explicit root-routing algorithm described above. All these routing

algorithms are efficient.

Complexity. Each iteration performs || = O(logn) calls to Lemma B.44. By Lemma B.44, one such

call makes oracle calls to OF™ OFDMCF
(hs Ry

) and on instances of total size
s

m1+0(5)
7
and the same additional time. Since

logm

=0 (logu/(m/nmsw))

) < O(logn),

and all logarithmic factors are absorbed by n0(5>, the overall complexity remains. O

B.7 DAG Projection Construction via LC Expander Hierar-
chy

In this section, we will show the following lemma about constructing a h-length flow-cost-preserving DAG

projection.

Lemma B.46. There is an algorithm given a directed graph G = (V, E) with non-negative polynomially

bounded integral edge capacities and lengths, a length bound h, parameters €,ep,er € (0,1/logn),d €

(1/logn,1) and z, kp, Ky € Ny, with oracle calls to O:;Ziﬁp,lJrEp and (’)ER%_CEI;, write

S(n,d,¢e) = nP® . (1/5)0(1/55)

output a DAG projection of size
m-S(n,d,¢)

with a (k, \)-projection algorithm where
K= kfkp-S(n,d,¢) A=1+0(+¢ep+e5)/6°

The projection algorithm takes time zm - S(n,d,€) time. The construction algorithm makes z - S(n, d,€)-

efficient oracle calls.
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Lemma B.46 will imply Theorem B.23 through recursive construction. Both of them will be proved in
Section B.7.5.

B.7.1 An Algorithm for Constructing the DAG Projection

In this section we describe a recursive algorithm for constructing an h-length flow-cost-preserving DAG
projection.

We fix two global parameters:
o a stretch parameter € € (0,1/logn), and
e a recursion parameter § € (0,1).

Let

‘We also write
s = (logn)°t/® and t=0(1/90)

for the length slack and the number of layers guaranteed by Lemma B.36 for our chosen parameters.

The construction assumes oracle access to

Proj PDMCF
hs,kp,1+€p and ONf,lJrsfa
where
0<ep,er <0.1.
s Proj . Proj . . .
Notice that Ohsy%’lﬂp is a stronger oracle than the Oh/z’ﬁp’lﬁp claimed in Lemma B.46, but this is

fine: we can use Lemma B.55 to get the stronger oracle from the weaker one. This will be elaborated in
Section B.7.5.

A single global weak LC-ED hierarchy. At the beginning of the algorithm we apply Lemma B.36

to the original graph G, with length parameter h, with the lemma parameter ¢ set to §, and with

1
K fhp ned

for a sufficiently large constant c. This yields a < h-length (¢, s)-expanding t-layer weak LC-ED hierarchy
Ch,...,Ct.
For a vertex set S C V, when we write

G[S] = Csi,  where Csii= Y Cj,

J>1

we mean the induced subgraph G[S] equipped with the length function obtained by restricting the moving
cut Cs; to the edges of G[S].

The construction is recursive. For every S C V and ¢ € {0,1,...,t}, let
PROJECTION(S, 7)
denote the recursive routine, and note that the top-level call is
PROJECTION(V, t).

Intuitively, PROJECTION(S, ¢) constructs a DAG projection for the induced subproblem on S, after the
cut Cs; has already been applied.

Base cases. The recursive routine PROJECTION(S, ¢) has the following base cases.
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e If i =0, return the edgeless graph on the vertex set S.

o If |S| =1, return the single-vertex graph.

We now describe PROJECTION(S, ¢) for ¢ > 0 and |S| > 1.

Path covers at all dyadic scales. For each dyadic scale A’ < h, let
Gy = G[S] - Csa,
where Cs; is interpreted as an h'-length moving cut. Let
g = O(logh) = O(logn)

denote the number of dyadic scales.

Applying Lemma B.12 to Ggf;) with appropriate parameters, we can get an induced

!
S
-path cover
€

with SCC diameter at most k', such that the width is at most w = (s/¢) - exp(0O(1/5*)) Gl
We denote this path cover by
P,
The graph P g not necessarily a DAG. However, every SCC of pt) maps to an induced subgraph of
Ggf;), and every such SCC has weak diameter at most i’ in G(S}f;)
SCC of P(h/), then we also write C' for its image inside G.

. For notational convenience, if C' is an

Light and heavy SCCs. Let C be an SCC of P,
o If
V(O)| <1S|/o,

then C' is called light, and we recursively call
ProJECTION(V (C), t)

to obtain a DAG projection D¢.

L] If
V(O > |S]/a,

then C' is called heavy, and we recursively call
ProJecTIiON(V(C),i — 1)

to obtain a DAG projection D¢.

Assembling one DAG layer. For each SCC C of P*") let D¢ be the recursively constructed DAG
projection of C'. Since D¢ is a DAG equipped with a projection map to V(C), for every u € V(C) we denote
by

last

first
UG and UG

the first and last lifted copies of u in the topological order of Dc¢.
We now replace each SCC C of P*) by its DAG projection D¢ For every edge (u,v) € E(P"")) whose
endpoints lie in two different SCCs, say u € C, and v € C, with C, # C,, we add an edge

last first
Uc, > Yo,

with the same length and capacity as (u,v). Since the condensation of P is a DAG and each Dc¢ is a
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DAG, the resulting graph is again a DAG. We denote it by
D",

Duplicating the DAG. Create two disjoint copies Dgh/) and Déh/) of DM If 2 € V(D™)), then z;
and x2 denote its copies in the two DAGs.

For each heavy SCC C, create two fresh interface vertices
Ve, Ve
For every u € V(C), add the interface edges
((uloaSt)l, vc) and (U/C, (ugm)g),
each of length h's, and each of capacity degc, (u).

Auxiliary graph for heavy SCCs. Construct an auxiliary graph G’ () a5 follows. Start from
G[S] — Cs;. For every heavy SCC C, add a fresh star vertex sc, and for every u € V(C) add the two

zero-length edges

(sc,u) and (u, s¢),
each with capacity degc, (u).
Invoke the oracle (’)Esrf’ip’lﬁp on G?j;’(h/) and obtain a DAG projection of this auxiliary graph.

For every ordered pair of heavy SCCs (A, B) and every power-of-two demand value 27, apply Corollary B.72
to the projected auxiliary graph with an sa-sp demand of value 27. For each such call, store both:

o the returned flow g},’; ; on Gg‘jf’(h/), and

» the returned moving cut C{’5 ; on GZ?;(’(hl).

Let

Bo:= Y Ule)-l(e)l,  R:=O(logn/e).

e€E(G)

The specific value of R will be set later. For every ordered pair of heavy SCCs (A, B) and every r € [R], let
L.:=(1+ E)T_l.
Among all stored power-of-two flows from s to sg, let
HA,B,r

be the largest value 27 for which the returned flow has average cost at most L,. If no such value exists, set
pa,B,r:=0. We let R to be the first time p4,B,r reach the maximum value, i.e., the maximum amount of
sa — sp flow is at most pa,B,r under the power 2 scales. In the case of there exists a flow with value 27 and
average cost at most L, denote the stored flow g4°5 ; by g4 p.,, and the store cut C}°5 ;.| by C4 p, in
case r < R. Notice that C7  , corresponds to a flow with average cost at least L, and size at most 2 times

the flow value g% 5 ...

Bridge edges between heavy SCCs. For every ordered pair of heavy SCCs (A, B) and every r € [R]
with pa,B,» > 0, add a bridge edge
(va,vp)
of length L, and capacity
204A,B,r/€-

The DAG at scale /. Let D™ denote the DAG obtained by taking the union of the two copies

Dgh”, Déh/), all interface vertices, and all bridge edges added above.
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The final output and the projection map. The output of PROJECTION(S, ) is the disjoint union

Dg,; = |_| D",
Y

Fix any topological order of Dy ;. For every u € S, let
1 < T2 <" <X Tk

be all vertices of D ; whose projection is u, listed in this topological order. Add zero-length, infinite-capacity
edges

(581,:[2), (5027563)7 ey (xk,h:ck).

The projection map 7 on D5 ; is defined as follows.
e On every recursively constructed DAG D¢, use the recursively returned projection map.

¢ On the two copies D%h/), Déh,), inherit the same projection map.

e For every heavy SCC C, define
n(ve) = m(ve) == L.

B.7.2 Size and Complexity of the Construction
We now calculate the explicit size of the output DAG and the non-oracle work of the recursive construction.

Lemma B.47 (Size of the recursive projection). For the top-level recursive call PROJECTION(V,t), the
returned DAG satisfies
(DY <mtHO - (1)

Proof. We will upper bound the size of the graph D ; returned by a general recursive call PROJECTION(S, 1),
write down the recurrence, and then solve it.

Fix one dyadic scale h' < h.

First, the path cover P(*") has size O (w2|E(G[S])|) After duplicating the DAG and adding the inter-SCC
edges, this remains O (w2|E(G[S])|)

Second, the total number of lifted copies of original vertices in P™) is at most w|S], so the interface
vertices and interface edges contribute at most O (w|S]) size.

Third, every heavy SCC contains more than |S|/c original vertices, while the total multiplicity of original
vertices over all SCC images at this scale is at most w|S|. Hence the number of heavy SCCs at this scale is

at most wo. Therefore the bridge edges at this scale contribute at most
O((wa)zR).
Thus the explicit graph material created in the current call at one scale is
O (w*| B(GIS])| + w|S| + (wo)’R) .
Summed over all ¢ dyadic scales, this becomes
=2 2
q-0 (w |E(G[S])| + w|S| + (wo) R) .

It remains to account for the recursive SCC gadgets. At one fixed scale, every original vertex of
S appears in at most w SCC images. Each light SCC C satisfies |V(C)| < |S|/o, and its recursive
child is ProJECTION(V(C),t). Each heavy SCC C satisfies |V (C)| < |S], and its recursive child is
ProJECTION(V(C),i — 1). Therefore, if we let A(n,i) denote the maximum size of DS ; over all |S| < n, for
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n>1,4>0,

A(n,i) < q-O (w2m+wn+ (wo)QR) +qw - < Z A(1S),t) + A(n, i — 1)) .

S’ is light

Solving this recurrence and substituting

o=n’, t=0(1/5), g¢=O0(logn),

w = (s/e) - exp(0(1/6%) - 1P s=(logn)°V?, R =0(logn/e),
gives
A(n,t) < mitO®)  ~01/8%),
which proves the lemma (remember that ¢ < 1/logn, and m > n w.o.l.g.). O

Lemma B.48 (Construction complexity). The total non-oracle running time of constructing the top-level

Proj OPDMCF

hs,mp,ldep? Org,lte; TUNS ON 18 at most

DAG PROJECTION(V, t) and the cumulative graph size the oracles O
m1+O(5) . (1/6)0(1/65),

Proof. The proof is identical in form to Lemma B.47. Let T'(n,4) denote the maximum non-oracle running
time of a recursive call PROJECTION(S, ¢) over all |S| < 7.

For one fixed dyadic scale h’, the non-oracle time in the current call consists of constructing the path
cover, computing SCCs, duplicating the DAG, adding the interface and bridge edges, and adding the final
zero-length trivial edges. This is linear, up to polylogarithmic factors, in the explicit graph material created

in this call. Hence

T(n,i) < q-O (w2m+wn+ (WO')ZR) + quwn - ( Z T(|S|,t) +T(n,i— 1))

S is light

This is the same recurrence as above, so solving it and substituting the same parameter bounds yields
the lemma as claim.

Moreover, the total cumulative graph size for the oracle call OE;?QPJ Yep is on the auxiliary graphs over
all layers of recursion and all dyadic scales, with size G[S] each, so the total size is no larger than |Dy;,|.
The oracle call (95}131}455 is also on the auxiliary graph over all layers of recursion and all dyadic scales
with size G[S], but repeat for all pairs of large clusters (wa2 many of them, which is at most a factor of

n9®) . exp(1/6%)).
O

B.7.3 Projection Algorithm for Flows

In this section, we prove that the construction above admits a projection algorithm for flows.

Lemma B.49. Let Dy, be the DAG projection returned by PROJECTION(V,t). Then there is an algorithm

that, given o feasible flow FP on Dy, computes a flow F on G such that
Dem(F) = w(Dem(F?)), cost(F) < cost(FP),
and the congestion of F' is at most
K= KfKp - nP® . (1/5)0(1/55)
Moreover, the running time is at most O (|D§t|)

The proof is based on a recursive local reduction. The non-trivial part is that the demands created at a

recursive call PROJECTION(S, i) are not routed inside G[S]. Instead, each call produces a local flow on G[5]
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together with a collection of deferred demands. These deferred demands are later routed globally on G, layer

by layer, using the weak LC-expander hierarchy of the original graph.

Definition B.50 (Global heavy-SCC families). Consider the full recursion tree of the recursive call
PROJECTION(S, i), and collect all heavy SCC vertex sets generated by all recursive calls in this subtree. We
denote this family by

b

For every A € Hs,;, let

Jj(A) e {1,...,t} and h(A) < h
denote respectively the second parameter of the recursion call involves A, and the dyadic scale at which the
heavy SCC A is generated.

Let xs,; be the maximum number of times a vertex v being included in sets of Hs ;.

Lemma B.51. For every recursive call PROJECTION(S, 1), we have

xs.i < (qw)o(t log, |51)
Proof. We prove the first bound by induction on the recursion. For convenience, write Z(|.S],) for an upper
bound on xs,;.

The base cases are immediate. If i = 0, then PROJECTION(.S, 0) returns the edgeless graph on S, so no
heavy SCC is generated and xs,0 = 0. If |S| = 1, again no heavy SCC is generated.

Now consider a non-base call PROJECTION(S, i) with |S| > 1 and i > 0. For each dyadic scale h’ < h, the
path cover P*) has width w. Since there are q dyadic scales, each vertex is included in at most qw many
clusters.

For every light SCC C, the recursive child is PROJECTION(V (C),t), and by definition of light,
V(O) < |S]/o.
Hence, by induction, the maximum duplication of vertices in the recursive tree rooted at C is at most

=([181/1:t)

Similarly, for every heavy SCC C, the recursive child is PROJECTION(V (C),i — 1). Since |V (C)| < |S5],

the induction hypothesis gives a upper bound
E(IS],i—1)

Therefore
xsi < qu- (1+E(7181/01,) +Z(8]i - 1))

Solving this recurrence gives

xs.i < (qw)o(t log, |S1)

The partition can be constructed recursively together with the construction of D ;. O

We next define the recursive congestion bound for the local-flow part.
The following lemma performs the recursive local reduction. For each deferred demand D created from a
heavy SCC A, we define the budget as
ba(D) := h(A)s - |D|,

Lemma B.52 (Recursive flow mapping). Fiz a recursive call PROJECTION(S, 1), and let D3 ; be the DAG

returned by this call. There is an algorithm that, given a feasible flow FP on D3 ;, outputs
e a flow F'° on G[S], and

o for every heavy SCC A € Hs,i, two deferred demands DY, D'} supported on V(A),
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such that:
1. each D9, D% is degcj(A) -respecting and symmetric B(A)-length in G —Csja);

2.
Dem(F'°°) + Z (D,'i;ut + Dij) = m(Dem(FP"));
AG'HSJ;

cost(F'°) + > (ba(DF") + ba(DR)) < cost(FP);
A€Hs ;

. the congestion of F'°° is at most T'(|S|,i) where
g

T(IS],0) < (wo)*Reghp/e - (O(w?)) H1o 15T

Moreover, the reduction runs in time O (|D§,|)

Proof. We induct on (]S|, %) lexicographically. The base cases ¢ = 0 and |S| = 1 are trivial.

Write
D;‘,i = <|_| ﬁ(m) U Eriv,
h<h
where Firiv denotes the set of zero-length trivial edges added between copies of the same original vertex.
For every dyadic scale h< h, let FP:() be the restriction of FP to the edge set of ﬁ(m, i.e., we simply
ignore all trivial edges and keep only the edges inside the h-scale gadget.

Since the gadgets D™ are edge-disjoint, we have

FP |B(DY )\ B = Z P,
h<h

Moreover, every trivial edge e = (z,y) € Eqiv satisfies m(z) = 7(y), so it contributes zero to the projected
demand. Therefore

Z W(Dem(FD’(m)) = ﬂ(Dem(FD)).

h<h

Also, all trivial edges have length 0, hence

Z cost(FD’OL)) < cost(FP).
h<h

We now process each scale independently and then sum the results.

Processing one fixed scale h. Fix one dyadic scale i < h.
Let F2:M be the restriction of F2:™ to the edges inside the two copies ng,Dgh), including the

stay

inter-SCC edges of D(ﬁ), but excluding interface and bridge edges.

For every SCC C of P(m7 and for each copy of the recursive gadget D¢, let FE be the restriction of
Fs?a’yl) to that copy. If C is light, apply the induction hypothesis to the recursive call PROJECTION(V (C), t);
if C is heavy, apply it to PROJECTION(V (C),i — 1).

Every inter-SCC edge

last  first
(Ucu » Ve, )
maps directly to the original edge (u,v) € E(G[S]) with the same length and capacity.
Summing the recursively returned local flows over all copies of all SCC gadgets, together with the direct

images of all inter-SCC edges, gives a flow F. (k)

stay,loc
h)
D
des:

on G[S], and a collection of descendant deferred demands
., such that
h D,(h
Dem(Fs(ta)y,loc) + Z D= 71-(Dern(}?stan}(/ )))7

pep™

desc
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and

stay,loc stay

cost(F) L)+ Y bawy(D) < cost(Fait™),

Dep(™

desc

where A(D) denotes the heavy SCC that created the deferred demand D.

Its congestion is at most
2(4)2 max{l, F([|S|/U]7t)7 I‘(|S|7 i— 1)} )

because in each of the two copies an original edge can be represented by at most w? lifted edges (each node

is copied at most w times, and the path cover is induced).

Handling the interface and bridge edges. We next handle the transfer gadget.
For every heavy SCC A created in the current call at scale ﬁ, and every u € V(A), define

pa(u) == FP® (@)1 0),  qau) == FP® (0, (w5™)).
For every ordered pair (A, B) and every bridge bucket r, let
TABr = FD’(E)(UA,’U%).
Since F2:(" is feasible and the bridge edge (va,vp) has capacity 2ua,5,-/c, we have

zA,B,r < 2pA,Br/E.

We now scale the stored flow by the amount of bridge flow actually used:

TAB,r
— A,B,ry TAB,;r >0,
gA Bor = HA,B,r
,B,
07 TABr =

Then ga,B,r has value x4 B, average cost at most L,, and congestion at most 2k sk /c.
Define
aap,r(u) = gapr(sa,u),  Bapr(v):=ganr(v,ss),

and aggregate over all bridge types incident to A:
aa(u) = ZozA,B,r(u), Ba(u) == ZBB,A,T(U)-
B,r B,r

By flow conservation at the interface vertices va, vy,
D opa) =Y aa(w), Y qa(w) = Balu).
u u u u

Define deferred demands
D" (u) = pa(u) — aa(u), DA (u) = fa(u) = qa(u).
These are single-commodity demands summing to zero, supported on V(A). Moreover, for every u € V(A),
DA (u)| < pa(u) + aa(u) < degg, (u), DR (u)] < ga(u) + Ba(u) < degg, (u),

because both the interface edges and the star edges adjacent to u have capacity degg, (u). Since A is an
SCC of P(m7 it has diameter at most A in G[S] — C>;. Thus DY, DY are deg,-respecting and symmetric
fz-length in G — Cs;, witnessed by the clustering consisting of V(A) together with singleton clusters outside
A. Since j(A) = i and h(A) = h, this proves Item (1) for heavy SCCs created in the current call; the

corresponding claim for descendant heavy SCCs holds by induction.



143

Let

M > 918 | prs)y:
A,B,r

that is, the sum of the restrictions of all scaled auxiliary flows to the original edges of G[S]. Since there are

at most wo heavy SCCs in the current call at the fixed scale iL, there are at most
(wo)’R
bridge types. Therefore M ) has congestion at most

2(wo)’ Rk pkp /€.

Furthermore, ) )
Dem(M™)+ > (DI + DJ) = x(Dem(F;" ™)),
AeHeur
S,ih

where Ft?’(h) denotes the restriction of F2(™ to the interface and bridge edges, and
Hgin C Hsi
denotes the heavy SCCs created in the current call at scale h.

For the cost, each ga,B,» has average cost at most L,, hence

COSt(M(il)) < Z xA,B,'rLr = cost (FD,GL) ‘bridge edges)«
A,B,r
Also,
A = palu), A = qalu),
DA < (u) |DA| < (u)

SO

ba(DYM) < hs Zp,q(u), ba(DY) < fstqA(u).

These are bounded by the costs of the outgoing and incoming interface-edge families of A, since every such

interface edge has length hs. Hence

cost(M™) + > (baA(DI™) +ba (D)) < cost(FE™M).

AeHour
S,i,h

Now define
B i= P o+ M,

and

DM .= D) U{DY, DY | A€ HE )
Then

Dem(FM)+ > D =mn(Dem(F>™M)),

DeD(h)

and

cost(Fl(OZ)) + Z bapy(D) < cost(FD‘@)).
DeD(h)

Its congestion is at most
1'(]S|,4) < 2w max{1,T([|S|/o],i),T(|S|,i — 1)} + 2(wo)*Rrkp/c.

Solving the recurrence gives the lemma.
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Summing over all scales. Finally set

P SR

h<h

and take the union of all deferred-demand collections over all scales. Since there are ¢ dyadic scales, the

congestion multiplies by at most q. Therefore
= (F°°) <T(S],9)

after adjusting the constant hidden in the definition of I'. The demand and cost identities add over different
scales, because
> #(Dem(FP™M)) = 7(Dem(FP))
h<h
and
Zcost(FD’(ﬁ)) < cost(FP).
h<h

This proves the lemma. O

Now we are ready to prove Lemma B.49.

Proof of Lemma B.49. Apply Lemma B.52 to the top-level call PROJECTION(V, t) and the input feasible flow
FP. This gives a local flow F'°¢ on G and, for every heavy SCC A € Hy ¢, two deferred demands DG, D'},
such that
Dem(F'°) + 3 (D3 + D) = m(Dem(F")),
A€Hvy ¢

cost(F'°) + > (ba(DI) +ba(DR)) < cost(F"),
A€Hvy ¢
and
>~ (F°%) < I'(n,t).

For every layer j € [t] and dyadic scale h < h, define the aggregate deferred demands

out ,_ E out in in
Aj,ﬁ = Dy, Ag,ﬁ = E Dy.
AG’HV,t AE'HV’t
3(A)=4, h(A)=h J(A)=j, h(A)=h

By Item (1) of Lemma B.52, every D", D'} in the above sum is degcj—respecting and symmetric ﬁ-length

in G — C~;. Since each vertex belongs to at most xv,: sets in Hy,¢, the aggregate demands A%

in
g B are

XVt degcj -respecting and symmetric fz—length in G —Cs;j.
Therefore

1 out 1 in

XVt gk XVt gk

are deg, -respecting and symmetric h-length. Since degg, is (< h, s)-length C j-constraint (¢, s)-expanding,
the associated routing algorithm outputs flows routing these scaled demands with congestion at most 1/¢

and cost at most )

XV,t

1 out in
A | Aih

XV,t

h’

h‘

Scaling the two routings back by xv,:, we obtain flows R;";: and Rij"ﬁ routing A;mht and A;.nh, each with

congestion at most xv,:/$, and cost at most

hs - |A°, hs - |A"
J J

h h‘
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Since

A<y Rt A< > DRy,

A€Hvy ¢ A€Hvy ¢
(A =4, h(A)=h §(A)=3, h(A)=h
we get
cost(R?f}f) + cost(R;I";l) < Z (bA(DZ“t) + bA(fo;)).
A€Hvy ¢
3(A)=3, h(A)=h

Now define

Fo=F 4 Y R4+ RN
gk d:h

The deferred demands cancel exactly, so

Dem(F) = 7(Dem(F")).

Also, summing the above cost bounds over all (j, h) and using Lemma B.52, we get
cost(F) < cost(FP).

For the congestion,
2tgxvie

¢

12

(F) <T(n,t) +

By Lemma B.52,

I'(n,t) < (wo)’Regkp/e - (O(w?)) t+t[logs nl

and by Lemma B.51,

XVt < (qw)O(t log, n)

Substituting the correct parameters yeilds the lemma.
Finally, the local reduction takes time 0 (\D€7t|), and for each of the 2tq aggregate demands we make
one call to the associated routing algorithm. It can be verified that the associated routing algorithm takes

time subsumed by O (|D§}t\) This proves the lemma. O

B.7.4 Projection Algorithm for Moving Cuts

In this subsection we prove that the recursive construction above admits a projection algorithm for moving

cuts.

Lemma B.53. Let Dy, ; be the DAG returned by PROJECTION(V,t). There is an algorithm that, given a
moving cut CP on Dy, return a moving cut C' on G with the same size and length, such that for every

u,v € V with dista—c(u,v) < h, we have distD‘*/ _op (Ut 01y < (14 %) - distg—c (u, v) where
ot

*

" =0(c+ep+ey) /o

It is technically more convenient to work with length increases instead of moving cuts.
For a graph H, a length increase on H is a nonnegative function £ : E(H) — R>o. We write H + £ for
the graph obtained by replacing the length of every edge e by £z (e) + £(e), and define the size of by

= > Unle)-Ue).
ecE(H)

We define
A= (1+ s/s)tﬂ‘,

and fix a sufficiently large absolute constant co. We also define

, (t+1)log, | S]] +i
n(S,1) := (1+co(s+ep+af)) .
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Lemma B.54. Let D ; be the DAG returned by PROJECTION(S,4). There is an algorithm that, given a

length increase £ on D5 ;, returns a length increase ¢ on G[S] such that:
1|8 <127,
2. for every dyadic h' < h, if Cs; is interpreted as an h'-length moving cut and
6§ = Gls] - O,
then for every u,v € S satisfying
h's

(’LL,’U) S A'L T

dist _(pry -
Gg,z‘)Jrl €

we have

: first  last . .
dlStD;1+2D (w0 < n(S,1) 'dIStG(S’f;MZ(u’ ).
Moreover, the algorithm runs in O(\E(DE,)D time.

Notice that Lemma B.53 is a directly corollary of Lemma B.54 by interpretating ¢, ¢° as moving cuts,

and set S =V,i=1t,h" = h (w.0l.g. we assume h is also powers of 2) so that G(S}f;) =G.
Proof. We prove the lemma by induction on the quantity

M(S,3) := (t + 1)[log, |S|] + 1.

Base cases. If i =0, then D3, is edgeless, so there is nothing to do. If |S| = 1, again there are no
nontrivial edges and the claim is vacuous.
We now assume ¢ > 0 and |S| > 1.

Construction of /. We define ¢ by summing three kinds of contributions.

(a) Recursive edges. For every SCC C appearing in every scale P<h”), consider the subgraph Do C D5 ;.
Restrict £° to E (Dc¢), apply the inductive algorithm to this restriction, and obtain a length increase lc on
G[V(C)]. We add all these contributions to /.

(b) Interface edges. Let
e= ((ulém)h ve) or  e= (v, (u‘gSt)g)

be an interface edge, and let

e =17 (e).

For every original edge f incident to u with C;(f) > 0, add
Ci(f) - ae

to £(f).

(c) Bridge bundles. Fix a scale h”, and fix an ordered pair (A, B) of heavy SCCs at this scale. Let
er = (va, ng)

denote the bridge edge of original length L,, and write

Define
Ba,p = mrin(Lr + Oér)v
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and let r* be the unique index such that
L'r* S /BA,B < Lr*+17

If pa, B+ —1 = 0 then do nothing. Otherwise notice that 7* —1 < R, so consider the stored cut C4 g« _1,

and let
e = mindp Lt
T C(tep)(ltey) [
Interpret C?4 5 ,«_; as a length increase

jaux *
A,B = Tr*—1" CA,B,T*A

o1e aux,(h’")
on the auxiliary graph G S.i .

We now transfer ZN&A‘f’fB back to G[S] as follows.

o If an auxiliary edge is an original edge of G[S], we add the same length increase to that edge.

o If an auxiliary edge is a star edge (sa,u) or (u, sa), then for every original edge f incident to u, we add

Ci(f) - Ei% (sa,u)

to £(f).

e« We do the same for star edges adjacent to sp.

Summing all recursive, interface, and bridge-bundle contributions gives the final length increase £.

Correctness: the size bound. We first bound |¢].
For the recursive parts, £ does not apply more size than ¢” by the inductive hypothesis.

For an interface edge
_ last _ / first
e=((w&,ve) or e=(vg, (ue™)z),

the size contributed by e to [£P| is

Up(e) - ae = degg, (u) - ae.

On the other hand, the translated contribution to ¢ has size

D Uf) - Cilf) - e = dege, (u) - a.

fou

Thus each interface edge preserves size exactly.

Now consider a bridge bundle (A, B) at some scale h”, and suppose r* > 1. Since
Ly <Bap < Lrsg1=(14+¢)Ly=,
and since S48 < Ly+—1 + a+_1, we get
Orx—1 2> faB— Lrx_1 > €Ll _1.
Recall that the capacity of the bridge edge e,«_1 is
Up(er—1) = 2pa,Br —1/c.
Therefore the contribution of e,«_1 to |57D| is at least
Up(ers—1) - ar<—1 > (2ua,Bro—1/€) - €Lrx—1 =2ua,Br*—1Lr=_1.
The translated auxiliary cut contributes size exactly

translation of ¢4 | = [(4'5],
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because original auxiliary edges preserve size trivially, and each translated star edge preserves size by the

same computation as above. Moreover,

jaux

*
x Bl =T 1 - |CA prr—1| < Lex—1-2p4,B v 1,

Hence every translated bridge bundle contributes no more size than was already paid by the corresponding

bridge edge in £°. Summing everything, we obtain

] < 12°).

Correctness: the length bound. Fix a dyadic b’ < h, interpret Cs; as an h'-length cut, and let

. h's
d:= dlStG(S}f';)+€~(u’ ’l}) S A,L . 7
Let A" < h’ be the smallest dyadic scale such that
"
d<A -8
€
Then by minimality of A",
h"s < 2ed.

Let P be a shortest (u,v)-path in Ggf;/) + 0. We will construct a path from «*! to v'** in DM 4 P
of length at most (1 + n(S,1%))d.

(a) Decomposing the lifted path. Since removing 7 only decreases lengths, the same path P has length
at most d < A;h”s/e in Gghl ). Hence, by the path-cover property, P lifts to a path in P"*").

Decompose the lifted path into maximal pieces

leQQa"'7Q2

such that each @Q; is contained in a single SCC of PP Let aj,b; denote the endpoints of Q);, and let S;
denote the SCC containing Q;.

(b) Lifting light pieces recursively. If S; is light, let

dj = diStG[V(Sj)]—C>i+Z(aj’ b])

Choose the smallest dyadic h; € {1,2,4,...,h} such that

>

dy < 22

|

This exists because d; < d < A;h's/e < 2hs/e.
Since the child call is PROJECTION(V'(S;),t), the inductive hypothesis gives a path in Ds; + 2P from

(af™")s, to (b*")s, of length at most
(1 +n(V(S;),1)) - d;.

(¢) Lifting non-critical heavy pieces recursively. If S; is heavy, write
V5 = Ci(Q5) == Z Ci(e).
e€E(Qj)

Define
Fj = i’ Fj = il
i'< i'>j
Sj/ heavy Sj/ heavy

We say Q; is left-non-critical if I's” < 1, and right-non-critical if I';” < 1.
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Suppose first that

Z v <1

1<j<z
S heavy

Then every heavy piece is both left- and right-non-critical. For such a piece, passing from Ggf:) to G(Sh:l

adds at most ;A" along @Q,. Hence

distay (s;))— sy +2(a5,05) < distay s,y —cw, +2(ai, b) + k"

Since

diStG[V(Sj)]ic>i+Z(Gj,bj) <d<A;
and v; < 1, we obtain

. B's
distapy (s,)-cnyg+2(05,05) S A=+ h" = Aiy

Therefore the inductive hypothesis applies to the heavy child PROJECTION(V (S;),¢ — 1), and yields a path
in DSJ + 0P of length at most

(L +n(V(8)),i—1))- (diStc[V(sj)]—cMH(am b;) + k).

Summing over all heavy pieces, the total additive loss from the ;h” terms is at most

h// . Z v < h”.

1<j<=z
S; heavy

After concatenating all recursively lifted pieces with the inter-SCC edges inside the first copy DY’”), we
obtain a path of length at most
(L+n(S,14))d,

provided cg is chosen large enough to absorb the extra O(g) term coming from h’”’s < 2ed. So in this case we

are done.
We may therefore assume

Z v; > 1.

1<5<>
S; heavy

Let a be the smallest index such that S, is heavy and
o > 1,

and let b be the largest index such that S; is heavy and
ry >1.

Then every heavy piece strictly before @, is left-non-critical, and every heavy piece strictly after Qy is
right-non-critical. By the same argument as above, all pieces strictly before @), and strictly after @, can be

lifted recursively, and the total additive loss from the corresponding ;h’ terms is at most

2hl/

(d) Choosing the exit and entry points. Let

Faf = Z Yi-

j<a
S; heavy
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Traverse the edges of @, from a, to b, and let
er = (pL,qr)
be the first edge of @, such that
T'y- + Ci(Qalaa,pr]) + Ci(er) > 1.
Thus

Fa* + Ci(Qa[aapr]) S 1.

Define the left candidate set

x=( U V@) uViQilaspil):

j<a, S; heavy

Symmetrically, let

L+ = Z Vi

ji>b
S; heavy

and let
er = (PR, qR)

be the last edge of @, such that
Lyt + Ci(Qulgr, by]) + Cier) > 1.

Thus
Tyt + Ci(Qulgr, b)) < 1.

Define the right candidate set
viv@bmbu (U v@)).
j>b, S; heavy
For every pair z € X, y € Y, let A := S(z) and B := S(y), and define
U(z,y) =07 ((@2™)1,0a) + 025 (54, 2) + Bas + Ea5(y, s8) + 27 (v, (y5™)2).-
Choose a pair (z,y) € X x Y minimizing ¥(z,y), and let

A= S(x), B :=S(y).

By construction of X, the total C;-mass on the left window

W = ( U Qj) U Qalaa,pr] U{er}

j<a, S; heavy
is strictly larger than 1. Every edge of Wy receives in £ at least
Ci(e) - (ZD((xlﬂSt)hUA) + ZZ%E(SAW))
from the combination of interface and left-star translations. Hence

EWr) > 07 ((x5%)1,04) + E4'B (sa, 7).
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Similarly, for the right window

Wr :={er} U Qslqr, bs] U ( U Qj)7

j>b, S; heavy
we have
U(Wr) > 035y, s8) + 7 (v5, (y5™)2)-

Thus the extra interface lengths and the two relevant auxiliary-star lengths are already charged to the
{-length of the original path.

Moreover, each interface edge has original length h”’s, so the two interface edges contribute an additive
2h"s < 4ed.

Finally, by construction of X and Y, the total C;-mass on the heavy pieces traversed before reaching =,
and after leaving y, is at most 1. Therefore the same non-critical-heavy-piece argument as above lifts the
prefix from u to x inside the first copy Dgh”), and the suffix from y to v inside the second copy D;h”), with
an additional additive loss at most 2h".

(e) The bridge edge.
By Corollary B.72, in the auxiliary graph

aux,(h’’) jaux
GS,i + EA,Bv

the distance from s4 to sp is at least

e —mindp Lt
T "Ate)(lren) )
Now the subpath Pz, y|, together with the two star edges

(314733)’ (yasB)7

forms an sa-sp walk in the auxiliary graph. Therefore
Tre—1 < dist Ly S (2,) + % (sa, ) + 4% (y, sB).
S’i Jr[ £ El

But the two auxiliary-star terms were already charged to £(Wr) and £(Wg) as argued already in (d) by the
choosing of entry point, respectively. Hence they create no additional uncharged loss in the final comparison.
Since
Bap < Lysi1=(14¢€)Lpx < (14+¢)°Ly=_1,

we conclude that
Bas < (L) (L&) (o) - (dist g (o, 9) + Bl (5a,2) + B (v, 5) ).
S,

After charging the two star terms to the left and right windows, the bridge contributes only a multiplicative
1+ O(e+¢€p + €y) loss on the skipped middle part.
(f) Concatenating all parts. We now concatenate:

e the recursively lifted prefix from u to x inside the first copy Dgh//),

e the interface edge ((xlj“)l,vf;),

« the cheapest bridge (va,vg),

o the interface edge (ng, (ygm)g),

e the recursively lifted suffix from y to v inside the second copy Déh”).

All concatenations are valid because D%h”) and Déh”) contain the lifted inter-SCC edges of P, and the

final trivial zero-length edges in DY ; allow us to move from the global uf™* to the copy of uf™* in ﬁ(h”),



152

and from the copy of v in D™ to the global v'#st,

Each recursively lifted subpiece contributes at most the factor

n(S, 1)
(e+ep+ey)

maX{U(V(Sj)J)v U(V(Sj)fi_ 1)} < 1+ co

The additive losses from the non-critical heavy parts and the two interface edges are O(h' + h''s) =
O((e +¢&p +ey)d), and the bridge contributes a multiplicative 14+ O(e 4+, +£5) factor on the skipped middle

segment. Choosing ¢ large enough, all these losses are absorbed into the definition of 7(S, ), and we obtain
disth oo (W) < (S,4) - d.

This proves the second item of the lemma.
The running time is O(| E(D5 ,;)]), since each recursive edge, interface edge, and bridge bundle is processed

only once up to polylogarithmic overhead. (]

B.7.5 Combine Everything

We first prove the following lemma.

Lemma B.55. Let ¢ € N. Given a directed graph G with non-negative edge capacities and lengths, suppose
OSTS?A computes a h-length flow-cost-preserving DAG projection G’ of G together with an efficient (k, \)-
projection algorithm. Then there is an algorithm that computes a qh-length flow-cost-preserving DAG
projection G of size O(q|G'|) associated with an efficient (4x, \)-projection algorithm. Its running time is

O(q) times that of the projection algorithm for G'.

Proof. Let G’ be the DAG projection returned by ngf/\, with projection map 7 : V(G') — V(G). For each
1 € [2q], let G be a copy of G', and for cach vertex z € V(G") write 2@ for its copy in G@.

We construct G as follows.

o For every internal edge of every copy G, keep the same length as in G’, but divide its capacity by q.

« For every i € [2¢ — 1] and every edge (u,v) € E(G), add an edge from (u*)® to (v/1*)(+1) with
length ¢ (u,v) and capacity Ug(u,v)/q.

o For every i € [2¢ — 1] and every u € V(G), add an edge from (u'***)® to (uf**)(*1) with length 0
and infinite capacity.
Let & be the natural projection map on G, namely 7 (z") = 7(z).
Since each G is a DAG and all added edges go from layer i to layer i + 1, the graph G is also a DAG.
Its size is clearly O(q|G’]).
We now define a gh-length (4x, \)-projection algorithm for G.

Primal part. Let F' be a flow on G with congestion 1 and cost B. For each i € [2¢], let F; be the restriction
of F' to the internal edges of G . Also, for each i € [2g — 1], let H; be the restriction of F' to the inter-copy
edges from layer i to layer ¢+ 1 corresponding to original edges of G; we ignore the zero-length infinite-capacity
edges, since they project to the same vertex and thus contribute zero projected demand.

View each F; as a flow on the original graph G’. Because capacities in G were scaled down by a factor
of g, each F; has congestion at most 1/q on G'. Applying the primal part of the projection algorithm for
G’ to each F;, we obtain a flow f; on G with the same cost as F;, congestion at most x/q, and demand
Dem(f;) = w(Dem(F3)).

Next, map each H; directly to a flow g; on G by sending exactly the same edge-flow on the corresponding
edge of G. Since those inter-copy edges have capacities scaled down by ¢, each g; has congestion at most 1/¢
on GG, and the same cost as H;.

Now define

2q—1

fZIZfi+Zgi~
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By construction,
Dem(f) = #(Dem(F)).
Also, cost(f) = cost(F) = B.

Finally, the congestion of f is at most

2q 2g—1

Zg+2$§2n+2§4/€,

i=1 i=1
where we use k > 1. Hence the primal part has congestion slack 4«.

Dual part. Let C' be an L-length moving cut on G. Since the zero-length inter-copy edges have infinite
capacity, any finite-size moving cut assigns value 0 to them. Thus C is supported only on the internal edges
of the copies and on the inter-copy edges corresponding to edges of G.

For each i € [2¢], let C; be the restriction of C' to the internal edges of G). For each i € [2q — 1], let D;
be the restriction of C' to the inter-copy edges from layer i to layer i + 1 corresponding to original edges of G.

For each i, view C; as a moving cut on the original graph G’. Since capacities in G were scaled down
by a factor of g, its size in G’ is q|C;|. Applying the dual part of the projection algorithm for G’ to C;, we
obtain an (L/\)-length moving cut C} on G with

|C7 | = qlCil.

For each i € [2¢ — 1], define a cut D} on G by assigning to each edge (u,v) € E(G) exactly the cut value
that D; assigns to the inter-copy edge from (u!#%)® to (v8t)(+D | Then D is an (L/A)-length moving cut

on GG, and because the capacities of those inter-copy edges were scaled down by ¢, we have
D[ = q|Dsl.

Now define
1 2q 2q—1
c::q<zc;+zm>.
i=1 i=1

Then C is an (L/A)-length moving cut on G, and

R 1 2¢q 2g—1 2q 2g—1
=1 (Dc:l + lDf) =2_ICl+ 1D =cl.
i=1 i=1 =1

=1

It remains to prove the distance guarantee. Fix any u,v € V(G) with distg(u,v) < ¢gh, and let P be a
shortest path from u to v in G.

We first claim that P can be written as
P=Qi10e10Q20€e30---0¢€,_10Q,

where each Q; is a (possibly empty) subpath of length at most h, each e; is a single edge, and r < ¢. Indeed,
greedily take @1 to be the longest initial subpath of P of length at most h; if Q1 # P, let e; be the next

edge, and continue. For every j < r, we then have £(Q;) + £(e;) > h. Summing over j < r gives

(r=1Dh <> (6Qy) +Uey)) <UP) < gh,
j<r
sor <gq.
Let s;,t; be the endpoints of Qj, so s1 = wu, ¢, = v, and e; = (t;, s;41) for every j < r.
For each offset a € [g], construct a walk W, in G — C as follows:
¢ move from (uﬁrSt)(l) to (uﬁrSt)(“) using only zero-length inter-copy edges and zero-length paths inside

the intermediate copies;

o foreach j=1,...,r, traverse inside copy G'**7~1 a shortest path from (s?m)(“*jfl) to (t;a“)(“H*l);
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o for each j < r, traverse the inter-copy edge from (t;aSt)(““;l) to (sjff)mﬂ)

e; = (tj,85+1);

corresponding to the edge

e finally move from (v'2*)(@+7=1) o (112%t)(29) ysing only zero-length inter-copy edges and zero-length

paths inside the later copies.
This is well-defined because a +r — 1 < 2¢g — 1.
We justify the zero-length paths inside one copy. Applying the dual guarantee for the base projection to
the pair (z,z) gives
dist g o, ((mﬁm)(i)7 (mlaSt)(i)) < X-distg_cz (z,7) =0.
Hence such a path exists and has length 0.
For each j, since dista(sj,t;) < £(Q;) < h, the dual guarantee for the base projection yields

. firs a+j— as a+j— .
distgtars—n_c,,, , (57 )t (st ety < A-distoocr,  (s1,8) S A-lo-cr, . (Q)-

Also, for each j < r, the inter-copy edge corresponding to e; has length

L.
€a(es) + L+ Dasyoa(es) <A (Loles) + 5 Diss1(e) = A bampy, (e),

where we use A > 1 and £g(e;) > 0.

Therefore,

r r—1
o oWa) SAY lacr Q) +AD La-pr, . (e;).
j=1

j=1

Now average over all a € [¢]. We get

1< . L 1<~ .,
q 266—0(‘%) < AZ (fc(Qj) +5- q;cﬁdej))

j=1
— L 1<
+AY (Mej) Xy ZD;“(ej))
j=1 a=1
<A écia(P).

Hence for some a € [q],

fa\ic(WE) <A nga(P)'

Since W, is a walk from (uf™%)®) to (v'25*)(29 | this implies

dist; ((uﬁm)“), (vlaSt)(2q)) <AL, 5(P)=X-dist, 5(u,v).

Thus the dual part also holds. Therefore G is associated with a gh-length (4k, \)-projection algorithm.
By Lemma B.27, Gisa gh-length flow-cost-preserving DAG projection of G. O

Now we are ready to prove the two lemmas stated at the beginning of this section.

Lemma B.46. There is an algorithm given a directed graph G = (V, E) with non-negative polynomially

bounded integral edge capacities and lengths, a length bound h, parameters ,ep,ey € (0,1/logn),d €

(1/logn,1) and z, kp, k¢ € Ny, with oracle calls to OS;ZJ;%,H% and OSRI}A_&Ff, write

S(n,8,¢) = n®® . (1/£)°1/)

output a DAG projection of size
m-S(n,0,¢)

with a (k, \)-projection algorithm where

K= Kkfkp-S(n,d,¢) A=1+0(+¢ep+e5)/6°



155

The projection algorithm takes time zm - S(n, d,¢€) time. The construction algorithm makes z - S(n,d,¢)-

efficient oracle calls.

Proof. We call the algorithm stated in Section B.7.1 and apply Lemmas B.47 to B.49 and B.53. There are

two things to notice in order to get Lemma B.46.

Proj
hs,kp,1+ep?
we can use Lemma B.55 to get the oracle by concatenating zs copies of the projection returned by

Proj
h/z,kp,1+ep?

factor is absorbed in S(n,d,€)).

e Section B.7.1 makes oracle calls to O i.e., a hs-length algorithm but not h/z. However,

which only increase all the time complexity part by a factor of z (the s = (logn)'/°

o Lemma B.53 is slightly different from the definition Definition B.6: the cut CP, C has the same length
while Definition B.6 has a different length (differ by the length slack X\ of the projection). This can
be easily solved by multiplying all the capacities of the edges in the DAG by A, so the cut CP will
increase its length by a factor A\. Then we can intepretate C as a leng(C”)/\ cut, the size keep the

same and the congestion only increase by a factor of at most O(1/6?).

O

Theorem B.23. There is an algorithm given a directed graph G = (V, E) with non-negative polynomially
bounded integral edge capacities and lengths, parameters e¢ € (0,1/logn),d € (1/logn,1) and ky € N4, with

n’ . (l/sf)p°1y<1/6)-eﬁicient oracle calls to OSR%&FW output a DAG projection of size
m1+5 . (1/€f)poly(l/§)
with a (k, \)-projection algorithm where
/6 6 ly(1/6 o(1/s
K,:K,f/'n'(l/a’:‘f)poy(/) )\:1+Ef'(1/5)(/)
The projection algorithm takes time m'™? . (1/e;)PoY(1/9),

Proof. Notice that when h is sufficiently small (like polylog(n)), a h-length DAG projection is trivial to get

according to Lemma B.55.

PDMCF
Nf,1+5f

Lemma B.46 shows how to enlarge the length by a factor of ¢ with oracle O and

« enlarging the congestion slack by a factor of rf - n°©) . (1/5)0(1/55),

« enlarging the length slack minus 1 by a factor of O(1/§2) if we always choose € = e and €f < &p,

o with a fix complexity gm - S(n,d,¢) and fixed size m - S(n, d,¢).
Thus, we can choose the parameters ¢ to be n‘/g, then up to O(1/+/9) iterations, we get sufficient large
length bound h, and the congestion becomes (redefine § = /3)

o(1/s o(s o(1/s't
Hf(/),n <)'(1/5f) (1/6°%)

the length slack becomes
14e;5-(1/5)°0/%

The complexity also matches. O

B.8 Minimum Cost Flow Algorithm on DAGs

In this section we give an algorithm that returns an approximate primal-dual solution for minimum-cost s—t

flow in a DAG. The algorithm is inspired by the weighted push-relabel framework for max flow [Ber+24].

Theorem B.56. Given a DAG G = (V, E) with source s, sink t, and a parameter € € (0,0.1), suppose there

exists an s—t flow f* on G. Then there is an algorithm that computes a (1 £ 6¢) primal-dual minimum-cost
flow pair (f, ,C) with value val(f) > val(f*)/3 in time 9} (’I’L2/E).
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Notice that Theorem B.56 implies our main theorem about combinatorial minimum cost flow on general

graphs.

2+o(

Theorem B.1. There is a combinatorial algorithm computing a minimum-cost flow in n U time.

Proof. We apply Corollary B.26 which requires a OEEEL/IECF oracle. We use Theorem B.56 with € set to be

exp(—log® nloglogn), which outputs a flow routing 1/3 of the demands. We repeat this procedure O(logn)
times on the original graph and the remaining demands until all the demands have been routed, summing
over all the flows gives a flow with congestion O(logn). Moreover, suppose the i-th iteration routes a; amount
of demands and the total demand is A, we have that the i-th flow’s cost is at most (1 + O(¢)) - OPT - &
where OPT is the optimal cost for routing all the demands (this is because we can scale down the optimal
flow routing all demands by % and get a flow with cost OPT - % routing a; demands, and according to the
guarantee of Theorem B.56). Summing over all the costs gives (1 4+ O(¢)) - OPT, so the required oracle for

Corollary B.26 is satisfied with kK = O(logn). The total running time is p2to), O

B.8.1 Algorithm

Guessing the scale. We first guess (within a factor of 2) the value and cost of f*. Assume we are given
integers ¢, o such that
val(f*) € l¢,2q)  and  La(f") € [ang, 2ang].

These guesses can be obtained by trying powers of 2 for ¢ and a.

Topological weights. Fix a topological order (v1,...,v,) of V. For any (directed) edge e = (v;, v;) that

appears in the residual graph (including reverse residual edges), define its topological weight
w(e) = |j —1il.

(Thus reverse residual edges are also assigned weights by the same formula.)

Residual graph and reduced lengths. We maintain a feasible flow f (initially the zero flow) and its
residual graph Gy. Each residual edge e = (u,v) € E(Gy) has residual capacity Ug,(e) > 0 and original
length/cost £c(e) (inherited from G for forward residual edges and negated for reverse residual edges, as
usual). We also maintain a potential ¢ : V' — R (initially ¢ = 0). For a residual edge e = (u,v) define its
reduced length

Ly(e) = La(e) + ¢(u) — ¢(v).

Admissible edges with lazy updates. Each residual edge is marked either admissible or inadmissible.
Initially all residual edges are inadmissible. We use the following rule to (re)compute the status of an edge,
but we do not recompute it on every potential update; instead we only recompute it at discrete “checkpoints”

to control the total number of status changes.

Changing edge state (lazy checking). For a residual edge e = (u,v) € E(Gy), whenever either ¢(u) or

¢(v) hits a multiple of e - w(e), we check e and set e as admissible if
Ly(e) < —2ea-w(e)
and otherwise mark e as inadmissible.

The purpose of the checkpointing (multiples of eaw(e)) is to ensure that each edge is checked only

O(#(e) times over the entire execution (formalized in Section B.8.3).
Active vertices. We call a vertex v active if v # t and

o(v) > —99an.
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Intuitively, we keep relabeling active vertices until admissible structure emerges; the algorithm terminates

once the source potential becomes sufficiently negative (see below).

Operations. The algorithm alternates between the following two types of operations.

Relabel. While there exists an active vertex u with no outgoing admissible residual edge, perform

P(u) « ¢(u) —ea,

and apply the lazy-checking rule above to any incident edges whose endpoint potentials hit a checkpoint.

Push / Augment. Once every active vertex has at least one outgoing admissible residual edge, each active
vertex picks an arbitrary outgoing admissible edge. Starting from s, follow the picked admissible edges.
Lemma B.57 guarantees that we will not end up with a non-active vertex. Then either we reach ¢
(vielding an admissible s—t path), or we repeat a vertex (yielding an admissible directed cycle). In

either case, let P denote the resulting admissible s—t path or directed cycle, and augment f along P by

A = mi
min uy (e),

updating residual capacities and the flow accordingly. (Implementation details and how we find P
efficiently are deferred to Section B.8.3.)

The algorithm terminates when ¢(s) < —50an.

Lemma B.57 (Proof in Section B.8.2). Repeatedly following an admissible outgoing edge starting from s

does not reach a mon-active vertex other than t.

Recovering the primal and the dual. The primal solution is the flow f at the end of the algorithm.
To construct the dual, define an auxiliary penalty C’ on backward residual edges as follows. For each

residual edge e = (v;,v;) € E(Gy) with ¢ > j (i.e., e goes backward in the fixed topological order), set
C'(e) = 6ea-w(e),

and set C’(e) = 0 otherwise. The next lemma (proved in Section B.8.2) shows that this eliminates negative

cycles.

Lemma B.58. The length function £4(-) — C'(-) on Gy has no negative cycle. Equivalently, the residual

graph Gy — C' contains no negative cycle.

Given Lemma B.58, we can run a single-source shortest path algorithm for graphs with negative edges
but no negative cycles (e.g., nearly-linear-time implementations as in [HJS25]) on Gy with edge lengths
£4(-) — C'(-) and source s. Let ¢’ : V — R be the resulting distance labels.

Finally, we define the dual slack variables C : E(Gy) — Rx>¢ by

0, otherwise,

Cle) = {¢(v) —o(u) —Lg(e), if e = (u,v) is saturated in f and fa(e) < ¢(v) — P(u),

and return (f, ¢ + ¢’, C) as the primal-dual output.
B.8.2 Correctness
Recall our guessing assumption: there exists an s—t flow f* with
val(f*) € [¢,2¢]  and  Le(f") € [ang, 2ang].

We first prove an invariant of the algorithm maintained by the lazy admissibility checks.
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Lemma B.59. At any time during the algorithm, every residual edge e € E(Gy) satisfies
Ly(e) > —3ea-w(e).

Moreover, if e is currently marked admissible, then
ly(e) < —ea-w(e).

Proof. Fix a residual edge e = (u,v) and let 7 be the most recent time at which e was checked under the

“Changing edge state” rule. At time 7, by definition of the marking rule,
e admissible at time 7 = £j(e) < —2eaw(e), e inadmissible at time 7 = £j(e) > —2eaw(e),

where £, denotes the reduced length at time 7.

Drift between checks. Between 7 and the next check of e, each endpoint potential decreases by at most

eaw(e) in absolute value, and in particular

|(6(u) = d(v) = (&7 (u) = ¢7(v))| < ea-w(e). (B.3)
Since £4(e) = La(e) + ¢(u) — ¢(v), the same bound holds for the change in €4 (e):
() — £5(e)| < caw(e). (B.4)
Lower bound for all residual edges. If e was inadmissible at time 7, then £}(e) > —2caw(e), and by (B.4),
Lo(e) > li(e) —eaw(e) > —3eaw(e).

If e was admissible at time 7, then £4(e) cannot decrease since the potential of edges with at least one

admissible outgoing edge cannot decrease. Moreover, certainly £7(e) < —2eaw(e), and again by (B.4),
ly(e) < L3(e) +eaw(e) < —eaw(e).

Thus, the upper bound holds.
Effect of push operations. A push only changes the residual graph by (i) decreasing residual capacities on

traversed edges and (ii) possibly creating reverse residual edges. Reduced lengths on existing residual edges
are unchanged (potentials do not change during a push). For a forward residual edge a — b, then the newly

created reverse residual edge is b— a with
£¢.(b, a) = 716(;(0,, b) + ¢(b) - ¢(CL) = 7(‘€G(a’a b) + d)(a) - d)(b)) = 764)(&, b)

Since the push traverses only admissible edges, £4(a,b) < —eaw(a,b), hence £y(b,a) > eaw(a,b) >

—3eaw(b,a). Thus the invariant is preserved by pushes as well. O

Admissible paths from s cannot enter inactive vertices (proof of Lemma B.57). We now
show that before termination, following admissible edges from s cannot reach an inactive vertex; this implies
that once every active vertex has an outgoing admissible edge, we can always find either an admissible s—t

path or an admissible cycle.

Proof of Lemma B.57. Consider any time during the algorithm at which ¢(s) > —50an (in particular, this
holds whenever we execute a Push step). Suppose for contradiction that there exists a directed path P in
Gy from s to some vertex v with ¢(v) < —99an such that every edge of P is admissible.

Let e = (b,a) be the last backward residual edge on P (i.e., e satisfies b = v;, a = v; with ¢ > j in
the fixed topological order). Such an edge must exist: since all edges of P are admissible, £4(P) < 0, and
telescoping yields

la;(P) = £3(P) +¢(v) — ¢(s) < ¢(v) —¢(s) < —49am,
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so P must contain a negative-cost residual edge. Because G is a DAG with nonnegative edge costs,
negative-cost residual edges can only be backward residual edges (reverse edges created by the current flow).

Since (b, a) is a backward residual edge, the forward edge (a,b) in G currently carries positive flow in f.
Because G is a DAG, the support of f decomposes into s—t paths; hence (a, b) lies on some s—t flow path in
this decomposition. Let ) denote the prefix of that path from s to a. Every edge on Q) carries positive flow,
so every edge of () appears in Gy as a backward residual edge; reversing (Q gives a residual path Q™" from a
to s consisting only of backward residual edges. Moreover, since @ follows the topological order, its total
topological weight satisfies w(Q) < n, hence also w(Q™") < n.

rev

Applying Lemma B.59 to each edge of Q™" and summing, we obtain

£5(Q™Y) > —3ca-w(Q™) > —3ean.
On the other hand, telescoping along Q*¢V yields

£s(Q™) = Lo (Q™) + ¢(a) — ¢(s) < ¢(a) — (s),

rev

because every edge of Q'Y is a backward residual edge and thus has nonpositive original residual cost.

Combining the two displays gives
o(a) — ¢(s) > —3ean, ie., ¢(a) > ¢(s) —3ean > —50an — 3ean > —99an,

using € < 0.1. Thus a is active.

Now consider the suffix P[a ~ v] of P starting at a and ending at v. By the choice of (b, a) as the last
backward residual edge on P, every edge of Pla ~ v] is a forward residual edge, hence has nonnegative

original cost. For any forward residual admissible edge * — y we have

lo(z,y) = la(z,y) + o(x) — ¢(y) < —caw(z,y) <0,

and since ¢e(z,y) > 0, it follows that ¢(y) > ¢(x). Therefore, potentials are nondecreasing along Pla ~ v],
and in particular ¢(v) > ¢(a) > —99an. This contradicts ¢(v) < —99an and completes the proof. O

The algorithm routes (¢) flow. We now show that upon termination we have routed a constant

fraction of the guessed value q.
Lemma B.60. At termination, the algorithm outputs a flow f with val(f) > 0.9q.

Proof. Let termination mean ¢(s) < —50an. Note also that ¢(t) never changes (we never relabel t), hence
b(t) = 0.
Assume for contradiction that val(f) < 0.9¢. Since val(f*) > ¢, the value gap satisfies

A = val(f*) —val(f) > 0.1q.

Let g be the standard residual representation of the difference f* — f in Gy: for each original edge e
we send max{f*(e) — f(e),0} units on the forward residual edge e, and max{f(e) — f*(e),0} units on the
backward residual edge €. Then g is a feasible s—¢ flow in Gy of value val(g) = A. Moreover, since {g is

nonnegative on original edges,
le,(g9) < La(f") < 2ang.

The inequalit EG < ZG * hOldS because each backward residual ed (§] has nonpositive COSt, and
y L, (9) < La(f g
la(f) >0.)

We now derive a lower bound on £g,(g) that contradicts this. By flow conservation and telescoping of

potentials, for any s—t flow g we have

lo(9) = La,(9) + @(s)val(g) — g(t)val(g) = La,(9) + (¢(s) — ¢()A. (B.5)
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Rearranging and using ¢(¢) = 0 and ¢(s) < —50an gives
lap(g) = Lo(g) + (6(t) — ¢(s))A = Ly(g) +50am - A. (B.6)

Next, apply Lemma B.59 to lower bound £4(g):

lo9) = Y gle)lole) > =3sa > gle)wle).

e€E(Gy) e€EE(Gy)

It remains to upper bound the weighted sum ) _g(e)w(e). For any s—t flow h on a DAG, define its w-weight
by W (h) :=>__h(e)w(e). Since G is a DAG, h decomposes into st paths; for any such path p,
Z w(vi,v;) = Z (j —4) = (index(t) —index(s)) < n,

(vi,v5)€P (vi,v5)€P

hence W (h) < n -val(h). Applying this to f* and f and noting that g uses at most the forward part of f*
and the backward part of f, we obtain

Y gleule) < W) +W(f) < mval(f7) +mval(f) < n-(20+09g) < 3ng

Therefore,

Ly(g) > —3ea-3ng = —9eang.

Plugging into (B.6) and using A > 0.1q yields
la,(g9) > —9eang+350an-0.1¢ = (5 — 95)anq > 2ang,

for ¢ < 0.1. This contradicts £, (g) < 2ang, completing the proof. O

Primal-dual gap. We will use the following exact (and standard) identity, which cleanly formalizes the

“slackness = small gap” step.
Lemma B.61 (Exact primal-dual gap identity). Consider the min-cost flow primal/dual pair:

(P) minZ((e)f(e) s.t. flow conservation and 0 < f(e) < U(e),

ecE

(D) max Yy (=D(u)p(u) = Y U(e)Cle) s.t. $(v) —p(u) < l(e) + C(e), C(e) > 0.

ueV eck

For any primal-feasible f and any dual-feasible (1), C),

> e fle) - (Z(—D(u»w(u)—ZU(e)c(e)) =Y _fle)ve) + Y (Ule) = f(e)Cle), (BT)

ecE ueV ecE eckE eckE

where y(e) == L(e) + C(e) — (Y(v) — Y (u)) > 0 is the dual slack on e = (u,v).

Proof. Expand the dual objective and use flow conservation:
S p@w =Y ww( D - X f@)= > fOw - vw).
ueV ueV e€dt (u) e€s— (u) e=(u,v)EE

Hence

DU fe)+ > Dwyp(u)+ > Ue)Cle) =D fle)(tle) +v(u) —v(v)) + > U(e)Cle).

€

Add and subtract ) _ f(e)C(e) and rearrange to obtain (B.7). O
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Lemma B.62. Let ¢* := ¢ + ¢, where ¢’ is computed as in the analysis (with ¢'(s) = 0), and let C be the
algorithm’s output. Then the primal-dual gap satisfies

ta(f) — (Z(—D(u))¢*(u) -y U(e)C(e)) < 6ca Y fl)w(e) < Gean -val(f).
ueV ecE ecE
Proof. We apply Lemma B.61 with (¢,C) = (¢*,C). By construction, C(e) > 0 and (¢*,C) is dual-feasible
(the algorithm sets C'(e) exactly to fix the upper-capacity constraints on saturated edges).

It remains to upper bound the two nonnegative terms in (B.7). We claim:

(i) Saturated edges do not contribute to the second term. If C(e) > 0, then e is saturated, i.e.
f(e) =U(e), hence (U(e) — f(e))C(e) = 0. Therefore the second sum in (B.7) vanishes.

(ii) Edges with f(e) > 0 have slack y(e) < 6eaw(e). Fix an original edge e = (u,v) with f(e) > 0. Then
the reverse residual edge (v, u) exists in Gy. By the way ¢’ is defined in the analysis (as a distance potential

on the modified residual graph), we have for this residual edge the inequality
(—t(e) +¢"(v) = ¢"(u) > —beaw(e),
equivalently,
¢ (v) — @™ (u) > £(e) — b w(e). (B.8)

On the other hand, if f(e) < U(e) then the forward residual edge (u,v) also exists, and the same reasoning
gives £(e)+¢" (u)—¢*(v) > 0, ie. ¢*(v)—¢" (u) < £(e). If f(e) = Ul(e), dual feasibility ensures ¢*(v) —¢* (u) <
L(e) + C(e). In both cases,

v(e) = L(e) + C(e) = (¢"(v) — ¢"(u)) < L(e) + C(e) = (L(e) — bzaw(e)) = C(e) + beaw(e).

Moreover, when f(e) > 0 and f(e) < U(e) we have C(e) = 0 (by construction, C is only needed for saturated
edges), so y(e) < 6eaw(e); when f(e) = U(e) we also have v(e) = 0 by definition of C(e). Thus in all cases
with f(e) > 0 we have v(e) < 6eaw(e).

Combining (i) and (ii) with (B.7) gives

la(f) = Dual(¢",C) = > fle)y(e) < 6ea Y _ f(e)wle).

Finally, every unit of s—t flow can be decomposed into an s—t path following the topological order, and along
such a path the w-weights telescope to at most n; hence ) f(e)w(e) < n - val(f). This yields the stated
bound. O

B.8.3 Complexity (Implementation Details)

We implement the algorithm almost identically to Appendix A of [Ber+24] using dynamic trees (link—cut
trees). For completeness we spell out the implementation details here. The only new feature is that, when a
newly chosen admissible edge would create a directed cycle in the maintained structure, we immediately

augment along that cycle (cycle-cancel) before continuing.

Bounding the number of augmentations. We first bound how many augmentations (Push opera-

tions) occur.

Lemma B.63. For any directed graph on vertices ordered as (vi,...,vn), letting w(vi,v;) = |j — |, we have
n—1
1 n—d ~
Zw(e) < T = Olnlogn) = O(n).
c€E d=1

Proof. Group edges by their topological distance d = w(e). For a fixed d € {1,...,n — 1}, there are at most
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n — d ordered pairs (4,4 + d), hence at most n — d edges with w(e) = d. Therefore

1 ~—n—d
Yaug SXTa ="

ecE

1 n—1

- 1 = O(nlogn).

n

<N

I

A
SHC

=N

]

A

O

Lemma B.64. Throughout the algorithm, the total number of augmentations is 0 (n2/5). Moreover, any

fized original edge e (equivalently, its two residual directions over time) becomes saturated at most O(#(e))

times.

Proof. Every augmentation (along an s—t path or a directed cycle) sends

A =mi
Erggujc(a)

units and therefore saturates at least one residual edge on the augmented object P. Thus it suffices to bound
the total number of saturation events.

Fix an original edge e = (vi,v;) and write d := w(e) = |j — i|. Consider two consecutive times at which
the same direction of e becomes saturated as a residual edge. At the moment a residual edge a = (z,y) is

saturated in an augmentation, it must be admissible, hence by Lemma B.59
lo(a) < —eaw(a) = —ead.
When a is saturated, the reverse residual edge a™" = (y, z) is created (or its capacity increases), and
Ls(a™) = —Ly(a) > ead.

For a™" to become admissible (and hence be eligible to be saturated in some later augmentation), we must

v and the time it is next

have £4(a™") < —ead at that later time. Therefore, between the creation of a™
saturated, its reduced length must drop by at least 2ead.

Now observe that for a fixed residual edge (y, =),

Ly(y, ) = La(y,z) + ¢(y) — d(x),

and potentials never increase (they only decrease under relabels). Hence the only way ¢4(y, ) can decrease
by 2ead is that ¢(y) decreases by at least 2ead (since ¢(z) cannot increase to help). Each vertex potential
decreases in steps of size ea, and a vertex is relabeled only while active, so over the entire run each vertex u
satisfies

0> ¢(u) > —99an,

i.e., ¢(u) decreases by at most 99an in total. Charging 2cad units of potential decrease of the tail endpoint

each time e is saturated (in the appropriate direction), we conclude that e can be saturated at most
99an n
0( ) —o-2
2ead cw(e)

Summing over all edges and using Lemma B.63, the total number of saturation events (hence augmenta-

times overall.

tions) is

z};wL() :o(:).;u@zé(ﬁ/s).

Dynamic trees. We use a standard link—cut tree data structure [ST83; GT88].
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Lemma B.65 (Dynamic trees [ST83; GT88]). There is a data structure that maintains a collection of rooted
trees | together with values v € RED) on the tree edges. It supports the following operations in amortized
O(logn) time:

e LINK(u,v,v): add an edge making v the parent of u with stored value v(u,v) < v. Requires that u is

currently a root and u,v are in different trees.
e Cur(u): delete the parent edge of u (if any), making u a root.
o FINDROOT(u): return the root of the tree containing u.
e FINDMIN(u): return an edge of minimum v on the path from u to its root (ties broken toward u).

e ADD(u,z): add x to v(e) for every edge e on the path from u to its root.

Maintaining an admissible pseudoforest. During a Push phase (i.e., when no more relabels are
possible), every active vertex has at least one outgoing admissible residual edge. For each active vertex u # ¢,
we maintain one chosen admissible outgoing edge p(u) = (u,v), called its parent edge. The chosen parent
edges define a directed pseudoforest (outdegree at most 1). We maintain this structure inside dynamic trees

as an actual forest by immediately canceling any cycle that would be created:

e When u becomes active and currently has no parent edge in |, choose some admissible outgoing residual

edge e = (u,v). If u is a root and v and v are in different trees, we insert it via LINK(u, v, uy(e)).

o If inserting e = (u,v) would create a directed cycle (i.e., u is a root but FINDROOT(v) = u), then the
cycle consists of the path from v to w in the current tree plus the edge (u,v). We augment along this
directed cycle by the bottleneck residual capacity (found via FINDMIN(v) and the residual of (u,v)),
update residual capacities using ADD(v, —A) along the tree path, and decrease the residual of (u,v) by
A. At least one edge on the cycle becomes saturated; we delete every saturated tree edge by cutting it
from |. After the cycle is broken, we retry linking u to some admissible outgoing edge (possibly the

same one if it remains residual).

Whenever an edge is marked inadmissible (or its residual capacity drops to 0), if it is currently used as a
parent edge in | we remove it using CuT(-) and then pick a replacement admissible outgoing edge for that
child (if the child is active). All such changes take O(logn) time per link/cut/update.

Augmenting on an s—t path. When the structure is cycle-free in the component containing s, the
chosen parent pointers define a (tree) path from s to its root. By Lemma B.57 (and the cycle-cancel rule
above), this root is t. We then augment along the unique tree path from s to ¢: we compute the bottleneck
A via FINDMIN(s) and apply ADD(s, —A). After this update, at least one tree edge on the path has residual
capacity 0; we repeatedly call FINDMIN(s) and delete any returned edge with v = 0 (cutting it from | and
updating the corresponding residual reverse edge in Gy). Each such deletion corresponds to a saturation

event.

Total running time. We bound the total number of expensive events.

¢ Relabels. Each relabel decreases ¢(u) by ea, and ¢(u) decreases from 0 to below —99an at most.
Hence each vertex is relabeled O(n/e) times and the total number of relabels is O(n?/¢).

o Edge checks. An edge e = (u,v) is checked only when ¢(u) or ¢(v) hits a multiple of eaw(e). Since

each endpoint potential decreases by at most O(an), the number of checks of e is O(%) =

O(TTQE)) Summing over edges and using Lemma B.63 gives a total of 19) (n2 / 5) edge checks. Each

check causes O(1) admissibility work plus O(logn) dynamic-tree updates in the worst case.

¢ Augmentations and saturated-edge deletions. By Lemma B.64, the total number of augmentation
steps is 0 (n2/€), and the total number of saturated-edge deletions from | is also 0 (n2/s). Each such

event costs O(logn) amortized time.

Putting everything together, the total running time is 9] (’I’L2/E).
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B.9 Missing Proofs in Section B.6

B.9.1 Union of Sparse Moving Cuts

In this section, we will prove Lemma B.33.

We first need the following lemma from [Hae-++25b].

Lemma B.66 (Lemma 3.17 of [Hae+25b]). Let Ch,...,Ck be an sequence of (h,s)-length ¢-sparse for
some node-weighting A in the graph G where h > 1, ¢ < 1, 1 < a < logn and s > 41‘?%, then
221G < (2% 2¢lnn) - |A].

We can generalize Lemma B.66 to allow the cut sequence to be a subsequence as follows.

Lemma B.67. Let A be a node-weighting on a graph G with positive integral edge lengths and capacities.

Let C4,...,Ck be a sequence of moving cuts, and let

Cary.ryCa

z

be a subsequence of C1,...,Cx. Let h > 1, ¢ € (0,1), 1 < a <logn, and

s> 4log2n.
e

Suppose that for every r € [z], the cut Ca,. is (h,s)-length ¢-sparse with respect to A in the graph
G- ¢
j<ar
Then ;
D [Ca, | < (2% 2 gInn) - |A].

r=1

Proof. This is proved by the same potential argument as in the proof of Lemma 3.17 of [Hae+25b], with
only one change: instead of summing the potential drops over all cuts, we sum only over the subsequence

Caryooo'y,Ca,.

More precisely, define

G1:=G, G ::G—ZC]- for every i € [k + 1].

For each i, let w; denote the exponential distance weight wj, with respect to the graph G;, and let D; denote

the corresponding exponential demand DZ’ 4- Also define the potential

P;(u) := A(u) In(w; (u)) Yu e V.

Fix any r € [z]. Since C,, is (h, s)-length ¢-sparse with respect to A in G, , the same argument as in
Lemma 3.17 of [Hae+25b] gives

—8a—1 |C
ey, a(Ca, D) 2 2750 1G] ;T',

and therefore
1

¢

r ‘

> (Por (w) = Py (w) > 27572

ueVvV

Equivalently,
[Car < 2°720 Y " (Pa (1) = Papa ().

ueV



165

Summing over all r € [z], we obtain

Z|ca \<28a+2¢zz ar (1) = Pa,41(w)).

r=1ueV

Now the key observation is that the potential is monotone under arbitrary length increases: for every ¢ and
every u € V|
Pi(u) > Pit1(u),

since passing from G; to Gi4+1 only increases edge lengths. Hence all terms in the above sum are nonnegative,

ZZ ar (1) = Papt1(u ZZ — Piya(u)).

and so

r=1ueV i=1 ueV
The latter telescopes to
k
> (R - ) < X )
i=1 ueV ueV
Therefore,
Z |Ca, | < 2%+20 Z Pi( 28a+2¢z A(u) In(wy (u)).
ueV ueV

Finally, as in Lemma 3.17 of [Hae+25b], we have In(wi(u)) < Inn for all u, and so

S [Cu] < (225 Inm) - |A].

r=1

Now we are ready to prove Lemma B.33.
Lemma B.33. Let A be a node-weighting on a graph G with positive integral edge lengths and capacities.
Let Ch,...,Ck be a sequence of moving cuts. Let hi,...,hpy > 1, ¢ € (0,1), 1 < a <logn, and

81
5> 22621
e

Suppose that for every i € [k], the cut C; is (hi, s)-length ¢-sparse with respect to A in the graph
G- ¢y
j<i
Then
k
Dol < 0(2* g log*n) - |A],

i=1

Proof. Partition the index set [k] into dyadic buckets according to the values h;. For each integer ¢, let
Iri={iek]:2" <h; <2°'}.

Only O(log H) of these buckets are nonempty.

Fix one nonempty bucket I;, and let

B, of+l
For each i € I;, define a rescaled cut
G=2lo = lig
he 2¢
Since 2° < h; < 2°T!, we have
1< 2o 2,
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and therefore
|Cs| < |Ci| < 2|Cyl.
We now view C; as a hy - (s/2)-length moving cut. Indeed,

o~

he 3 Cile) =212 %Ci(e) — hisCile),

S
2
SO é\z induces exactly the same edge-length increases as C;. Hence

G-Ci=G-C;.

Next, let D be a witnessing A-respecting h;-length symmetric demand showing that C; is (h;, s)-length

¢-sparse. Since h; < /};e, the same demand D7 is also A-respecting ﬁg—length symmetric. Moreover,

Ee . g = 2% < h;s.

Therefore every demand pair that is h;s-separated by C; is also /I”;g(s/ 2)-separated by é\l Hence
Sepﬁz<s/2> (C’La D:) 2 Sephis(cia D:)
Combining this with |é\z| < 2|C;|, we obtain

|| < 2|Cs| < 2¢ - sepy,,,(Cs, DY) < 26 seps: Ci, Dy).

z(S/Q)(
Thus C; is (71\4, s/2)-length 2¢-sparse with respect to A in the graph
G- Ci=G=) G
j<i j<i
where equality again holds because C; and 6]' induce the same metric.

Now apply Lemma B.67 to the subsequence
{a 1 € I[}
with parameters /};g, 2¢, and s/2. This is valid because
41
s Alogyn
2 «a
by assumption. Therefore,

S 1G] < (257 26 Inn) - [A] = O(2% g Inn) - A

i€ly

Since |C;] < |6,|7 we also get
S lCd £ 0@ P gmn) - Al

il

Finally, summing over all nonempty buckets gives

k
D ICi| < O(log H) - 0(2** 2 Inn) - |A] = O(2°* g Inn - log H) - |A|.
i=1

If H<n®®Y, then logH = O(logn), and hence

k
Y1l < 02 plog ) - |A].

=1
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B.9.2 FatLDD on Directed Graphs

In this section, we will fill in the missing proofs in Section B.6.1.
We first show that it is possible to construct an undirected graph approximating the round-trip distance

of a directed graph. We need the following lemma about randomized low-diameter decomposition.

Lemma B.68 ([Ash+24a]). There is a randomized algorithm that, given a directed graph G = (V, E) with
edge length ¢ and a parameter d, makes 19) (1) calls to an exact SSSP oracle and computes a distribution of a
partition of the vertex set V.= Vi W Va... WV}, such that
o for each edge e = (u,v), the probability that e is reversed, i.e., u € V;,v € V; with j < 1, is at most
O(log®n) - w(e)/d.

e for every i € [k] and every u,v € V;, we have distg(u,v) < d.

Lemma B.69. There is a randomized algorithm that, given a directed graph G = (V, E) with edge lengths ¢,
constructs an undirected graph G' = (V, E') using 19) (1) calls to an exact directed SSSP oracle such that,
with high probability, for every u,v € V,

ﬁg(u, v) < distg (u,v) < O(log® n) -@G(u, v).

Proof. For each d = 2° from i = 1 to i = C - logn for sufficiently large C, we construct O(logn) independent
LDDs with parameter d using Lemma B.68. For each computed LDD Vi, ..., Vi, with parameter d, and each
j € k], we add edges from every node in V; to a single node w € V; with length d, which results in the
final graph G’ = (V, E). Notice that constructing LDD makes o (1) calls to exact directed SSSP oracle, and

connecting the edges has complexity subsumed by the LDD computation. It remains to prove the correctness.

Correctness. Since for every two nodes u,v € Vj, it is from the LDD property that diste(u,v) < d, we
immediately get one side of the inequality ﬁg(u, v) < distgr(u,v). For every u,v € V, let us focus on the
LDD with parameter d = C'log? n - d/ia(u, v) for sufficiently large constant C, denoted by Vi, ..., Vi. By the
choice of d, such d must exist. Consider the shortest path p, ., from u to v and the shortest path p, . from
v to u. We have that £(pu,v) + €(pv,u) = a&(u, v). According to the property of LDD Lemma B.68, with
probability at least 0.1, no edges in either p, , or p, . will be a reversed edge for Vi, ..., Vi, which implies
that u,v € V; for some j € [k]. Thus, in G’, the distance between u, v is 2 - d = O(log®n) - @G(u, v). Since
we repeat the LDD for O(logn) independent times, one of them will satisfy this inequality w.h.p. Applying

union bound over all pairs of vertices gives the final result. O

Lemma B.40. For any heov >0, s > 1, and ¢ € (0,1), and any directed graph G = (V, E) with edge lengths
£, there is a randomized algorithm that computes a neighborhood cover with respect to dista, together with

separation witnesses, with
o covering radius hecov,
o separation factor s,
o diameter bound

1
hdiam = - 'O(Slog2 n)o(l/s) - heov,

o width

nO(E)

w = -log n.

The algorithm runs in 10) (m) time given that both hdiam/hcov and w are in the order of ne@

We need the following lemma for undirected graphs.
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Lemma B.70 (Theorem 5.32 of [HHT24]). For any hcov > 0, s > 1, and € € (0,1), and any undirected
graph G = (V, E) with edge lengths ¢, there is an algorithm that computes a neighborhood cover with respect

to distg with covering radius hcov, separation factor s, diameter
1
hdiam = g . O(S)O(I/E) . hcow

and width

O(e)

w=mn -log n.

The algorithm Tuns in m - hdiam - n°© time.

Proof of Lemma B.40. Let a = O(log®n) denote the distortion in Lemma B.69, so that with high probability

—

d/iag(u, v) < distgr (u,v) < a - diste (u, v) for all u,v € V.

Condition on this event.

Algorithm. We construct the desired neighborhood cover in three steps.
1. Apply Lemma B.69 to G and obtain an undirected graph G’.
2. Apply the hopset construction from [Coh00] to G'. This yields a set H of n!T°M odges such that:

e every hopset edge (x,y) € H has length distgs(x,y), and hence

distgrum (u,v) = distg (u, v) for all u,v € V;

o for every pair u,v € V, there exists a path in G’ U H from u to v using at most h = n°") edges

and having length at most 1.1 - distg/ (u, v).

3. Define

Let G be the graph on vertex set V and edge set E(G’') U H in which every edge e of original length

w(e) is assigned the new length

Since all edge lengths in G are positive integers, Lemma B.70 applies to G.

We invoke Lemma B.70 on G with covering radius 10h and separation factor 40as. Let
N={&,...,8,}

denote the resulting neighborhood cover. For each i € [w], let ﬁl be the diameter parameter of the
clustering §1 Thus
10h < hi < haiam  for all i € [w],

where
Pt = é - O(as)°V/9) .,

For each clustering :‘S\i, we output the same partition of vertices, now viewed as a clustering in the
metric distg, and assign it diameter
hi = )\/le

For each cluster S € gi, define its witness set by
[ —~ A.
5" = ball5(5, 10as hi).

We claim that the resulting family is the desired neighborhood cover in G.
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Correctness analysis. We verify the covering property, the diameter bound, the separation guarantee,

and the existence of separation witnesses.

Covering radius. Fix any vertex u € V and let v € ball(;:t (ty heov). Then
istg
distgr (u, v) < ahcov.

By the hopset guarantee, there exists a path in G’ U H from u to v with at most h edges and total length at
most 1.1ahcov. After scaling and rounding, the length of this path in G is at most

1.1chcov

i\ +h=1.1h+ h < 10h.

Hence
ban@G (U, heov) C ballz(u, 10R).

Since N is a neighborhood cover in G with covering radius 10h, there exists a cluster in some 3’; containing
balla(u, 10h), and therefore also containing ball(ﬁs\t (u, heov). Thus the output has covering radius heov with
G

respect to d/i;G.

Diameter bound. Fix any clustering §, and any two vertices z,y in the same cluster of §1 Since that
clustering has diameter E in @,
dista(:my) < h;.

By construction of é, every edge e satisfies

)

w(e) < A

e).

Therefore every path of length L in G corresponds to a path in G’ U H of length at most AL, and hence

o~

dister (z,y) = disterum (z,y) < A-distg(z,y) < Ahi = hi.
Using d/iac(x, y) < distgr (z,y), we get
giac(x,y) < h;.
Thus the ith output clustering has diameter h;.

Moreover,

hi < )\Ediam = ahCOV 1 : O(as)O(l/E) h= é ! 0(063)0(1/8) . Oéhcov-

h e
Since a = O(log® n), this is
h; < haiam = é -0(s log2 n)ou/a) “Recov-

Hence the output has diameter bound hgiam-

Separation factor. Fix a clustering §i, and let S, T be two distinct clusters in it. We show that

diste(S,T) > s hi.

Suppose for contradiction that there exist z € S and y € T such that
d/iac(a:,y) < sh;= s)\/fzi.
Then
dister (z,y) < a@c(m, y) < s M.

By the hopset guarantee, there exists a path in G’ U H from z to y using at most h edges and having total
length at most
1.1045)@1'.
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After scaling and rounding, this yields
dist5(z,y) < 1.1lash; + h.

Since /i;l > 10h, we have )
Llash; +h < (1.1 + E) ashi < 40as hy,

contradicting the fact that distinct clusters in ‘SA'Z are at distance at least
40as El

in G. Therefore
diste(S, T) > s hi,

and the output clustering has separation factor s.

Separation witnesses. Fix a clustering §i7 and recall that for each cluster S € §Z we defined
[ —~ A.
S" 1= ball5(5, 10as hi).

We first show that these witness sets are pairwise disjoint. Indeed, if S # T and some vertex belonged to

both S” and T”, then by the triangle inequality in G we would have
dist5(S, T) < 20as hi,

contradicting the separation guarantee

Now let x be any vertex with

dist(z, S) < 22 =

Then for some y € S,

, hence distg (z,y) < as;\hi .

S)\/h\l
2

d/iag(m, y) <

Applying the hopset guarantee once more, there exists a path from z to y in G’ U H using at most h edges
and having total length at most

ozs)\/l;i

—

1.1-
After scaling and rounding, this gives
dist5(z, 5) < 0.55as i + h.
Since E > 10h, we obtain
0.55as hi + h < 10as hs,

and therefore z € S’. Thus N

S g ’
c s

2 ) -

ball (57

So the sets {S': S € §1} form a valid separation witness for the ith clustering.

This proves that the output is a neighborhood cover with respect to @G with the claimed parameters,

together with separation witnesses.

Running time analysis. The graph G has

|E(G)| = |E(G)| + |H| = m+ """ = 0 (m)
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edges.
The work of the call to Lemma B.70 on @ is

o~

|E(G)| - Taiam - n°.

Since

hdiam = . hdiam,

oheoy

the assumption that both hgiam/heov and w = n%© logn are of order n°® implies that

o(1) no(s) — no(l).

Rdiam = 1 and

Therefore the work of the FatLDD step is

O (m)-n°M .M =0 (m).

The preprocessing steps Lemma B.69 and the hopset construction also take 16) (m) time. Hence the total

running time is O (mn). O

B.9.3 The Cutmatch Algorithm

In this section we will prove Lemma B.43.
We first prove two lemmas about using DAG projection in the way of length-bounded flow.
At first sight, it is not obvious how to use the dual part of the projection algorithm together with an

oracle for OSB\MCF on DAGs. The following lemma is a convenient bridge.

Lemma B.71. There is an algorithm that takes as input a directed graph G with positive polynomially
bounded integer edge capacities and lengths, and an s-t feasible demand D on G, and in time proportional to
PDMCF
KyA

one call to O, on G, outputs

e a flow f routing D with congestion at most k and average cost h = cost(f)/val(f), and

e a h/A-length moving cut C with size at most val(f) such that distg_c(s,t) > h/\.
Proof. Run (’)ERMCF on (G, D) and let (f, ¢, £) be the output. By definition, f routes D with congestion at
most k; set h = cost(f)/val(f).

Let S=3 _p Ul(e)l(e), and let G be the graph obtained from G by replacing each edge length £(e) by
£(e) + £(e). Since (f,¢,£) is a (k, A)-approximate PD-MCF, we have

cost(f) < A(val(f) - (6(t) — ¢(s)) - 5),

so
h S

By dual feasibility, ¢(v) — ¢(u) < £(e) + £(e) for every edge e = (u,v), hence ¢(t) — ¢(s) < dist5(s,1).

Therefore b g

Let L := distz(s,t) and define C(e) := {(e)/L for every edge e. Viewed as an L-length moving cut,
G — C is exactly é, so distg—c(s,t) = L. Also,

0= 3 U()0() = 2 < wal(f),

where the last inequality follows from h/X\ < L — S/val(f).

It remains to show that the same cut values also form a (h/A)-length moving cut with diste—c(s,t) > h/A.
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Since all edge lengths are positive and h/\ < L, for every s-t path P we have

B/ < B/

lo(P) + == U(P) > == (la(P) + I(P)).

The right-hand side is at least (h/A) - dist5(s,t)/L = h/A. Hence every s-t path in the graph with length
function £g + (h/A) - C has length at least h/\, i.e. distg_c(s,t) > h/\. O

Now we can combine this lemma with the projection algorithm.

Corollary B.72. There is an algorithm that takes as input a directed graph G with positive polynomially
bounded integer edge capacities and lengths, an s-t feasible demand D on G, and a graph G’ associated with
PDMCF
PN

a h-length (k', \)-projection algorithm, and in time proportional to one call to O . on a graph of size

O(|G'|) and one call to the projection algorithm, outputs

e a flow f routing D with congestion at most kk' and average cost a = cost(f)/val(f), and

e amin(h,a/(AN))-length moving cut C with size at most val(f) such that
dist (s,t) > min{h i}
a-c(s,t) > Sy

Proof. Let D' := #~Y(D). Since D is an s-t demand, D’ is a s7™*-¢/** demand on G’ with the same value.
Apply Lemma B.71 to (G', D’) using the oracle OF3M°". We obtain a flow f routing D’ with congestion
at most x and average cost a = cost(f)/val(f), together with an (a/))-length moving cut ¢’ on G’ such
that |C’] < val(f) and
diStG,_C,(Sﬁrst7tlast) > %

We first project the flow. Since Dem(f) = D’ = #~ (D), the primal part of the projection algorithm
returns a flow f on G routing D, with the same cost as f and congestion at most x's. As val(f) = val(f),
its average cost is also a.

For the cut, let L' := min{a/X, h\'}. Since all edge lengths in G’ are positive and L’ < a/), the same cut
values C’ may also be viewed as an L’-length moving cut, and the same scaling argument as in Lemma B.71
gives

distar_cr (87, %) > L',

Now apply the dual part of the projection algorithm to this L’-length moving cut. We obtain a moving
cut C on G with length L'/)\ = min{h, a/(AXN)} and size |C| = |C’] < val(f) = val(f).

It remains to prove the distance lower bound. Suppose for contradiction that

/
distg_c(s,t) < v

Since L' /X < h, the guarantee of the h-length projection algorithm applies to the pair (s,t), giving
dister_cr (s, #1755 < X - diste_o (s, t) < L,

contradicting distgs _cr (sﬁrSt, tlaSt) > L'. Therefore

. r . a
dlStG_C(S,t) > y = IIllIl{h,7 W} .

This proves the corollary. O

We also need the following helpful lemma.

Lemma B.73. Given a directed graph G with positive integral edge capacities and lengths, an h-length
single-commodity demand D, and parameters ¢ € (0,0.1) and s > 1, there is an algorithm making one call to

Ofgoi/ v and one call to OERMCF, each on a graph of size O(|G)|), that either
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o outputs an implicit flow-path decomposition of an hs-length flow routing some demand D' < D with

congestion at most kK’ such that

¢

D2 £ |,

or

o oulputs a %—length moving cut C that is (h, 557 )-length ¢-sparse with respect to Ap and has size at

least P
3" |D|.

Proof. Let A :=|D|. Construct an auxiliary graph H from G by adding a super-source s and a super-sink ¢,

where:
o for every vertex v with D(v) > 0, we add an edge (s,v) of capacity D(v) and length 0;
e for every vertex v with D(v) < 0, we add an edge (v,t) of capacity —D(v) and length 0.

Clearly, H has size O(|G|).
Now consider the s-t demand of value ¢A/3 in H, and apply Corollary B.72. This returns

e a flow f routing value ¢A/3 with congestion at most kx' and average cost

_cost(f)
T oval(f)

and

e a moving cut C of length
and size at most

such that

We distinguish two cases.
Flow case: a < hs/2. Apply Theorem B.9 to f, obtaining a decomposition
{(Li, Miy siyti) bacln)-
Keep only those triples with L; < hs, and output the resulting collection

{( N, s, t6) Yacpr)-

This is an implicit flow-path decomposition of an hs-length flow.
It remains to lower bound its value. If the retained flow had value less than val(f)/2, then more than

val(f)/2 units of flow would be routed on paths of length strictly larger than hs. This would imply

val(f)
2

cost(f) > - hs,

contradicting the assumption a = cost(f)/val(f) < hs/2. Therefore, the retained flow has value at least

Lo = 98

§val(f) 5

Hence it routes some demand D’ < D of value at least ¢|D|/6, as desired.

Cut case: a > hs/2. In this case,

’ . a hs
= — s > .
h mm{hs’ AX} = N

Let C* be the restriction of C to the edges of G, multiplied by 2. We interpret C* as a %-length
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moving cut on G. Thus, for every e € E(G),

hs _ hs A

Los(e) = oo C*(e) = o C(e).

Call a vertex u € V(G) heavy if the auxiliary edge incident to w in H receives cut value more than 1/4
under 6, and light otherwise. Since

0 < 92,

the total demand on heavy vertices is at most

A A
46| < ¢’ <2
6
where the last inequality uses ¢ < 0.1. Hence the total demand on light vertices is at least
5a
5
Now let u,v € V(G) be light vertices with D(u) > 0 and D(v) < 0. Since the auxiliary edges (s, u) and

(v, t) each contribute less than h'/4 in H — C, we must have

) ) h/ h/
dist , s(u,v) > dist, 5(s,t) — 5 > 5
We claim that
dist (u,v) > hs
G =W
Indeed, for any u-to-v path P in G,
la-c+(P) = la(P) + 5 G(P)
G-C =Lag NV -

Since 525 < k' and £a(P) > 0, we have

hs =~ hs ;A
ovC ) = s (ta(P) + 1'C(P)).

ZG(P) +

Taking the minimum over all such paths P, we obtain

!
w,v) > hs 'h7_ hs

hs
. o > . di - .
distg_c* (u,v) > dist = oOWWH 9 4N

iy Bt

Therefore every light positive vertex and every light negative vertex are ﬁ—separated by C*. Since the
total demand on light vertices is at least 5A/6, it follows that C* is (h, ;357)-length ¢-sparse with respect to
Ap after padding if necessary.

Finally, note that
o] =210 < 22,
If |C*] < ¢A/3, we pad C™ until its size becomes exactly ¢A/3. Since padding only increases edge lengths,
the separation property is preserved. Moreover, after padding the cut still has size at most 2¢A /3, while it

separates at least 5A/6 units of demand, so its sparsity remains at most

(2¢A/3) _

“(5A/6) s0<0

Thus the resulting cut is still (h -length ¢-sparse with respect to Ap, and has size at least ¢|D|/3. O

v
Now we are ready to prove Lemma B.43.

Lemma B.43. Given a directed graph G with positive integral edge capacities and lengths, an h-length
single-commodity demand D, and parameters ¢,e € (0,0.1) and s > 1, there is an algorithm making

O(%) efficient oracle calls to OP“’J/ N and to OPDMCF that either
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o outputs an implicit flow-path decomposition of an hs-length flow routing some demand D' < D with

congestion
0 (/m’ log(l/z—:))
— % )
such that
|D'| > (1—¢)-|D],
or

hs _

o7 -length moving cut C' that is (h, ;357)-length ¢-sparse with respect to Ap and has size at

o outputs a

least
ge

D].
= ID)

Proof. Let D© .= D, and let A©® = |D|. We repeatedly apply Lemma B.73 to the current residual demand.

At iteration r, suppose the current residual demand is D). If
D™ < ¢|D],
then we stop and output the sum of all previously returned flows. Otherwise, apply Lemma B.73 to D).
If the lemma returns a cut, then this cut has size at least
D | () < PE
~|D"| > = |D
21001 > £ ),

and we output it.

Otherwise, the lemma returns an implicit flow-path decomposition of an hs-length flow routing some
demand E™ < D) with
B0 > 21D,

‘We then update the residual demand by
pr+Y . p™ _ g

Hence
D) < (1= £) Ip©)

By induction,
D)< (1-2) D).

_ log(1/¢)
= O( 7 )

Therefore, after

iterations, we must have
D) < ¢|D.

If the algorithm terminates in this way, then the sum of all returned flows routes a demand D’ < D with
|D'| = (1 -¢)|D].

Each iteration contributes congestion at most k', so the total congestion is at most

ekl - kK" log(1/¢)
I

Since each constituent flow is hs-length bounded, their sum is also hs-length bounded, and concatenating all

implicit flow-path decompositions gives the required output.

This proves the lemma. O
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B.10 Path Cover with Bounded Width

In this section, we will prove Lemma B.12.

Lemma B.12. There ezists a deterministic algorithm that, given a directed graph G = (V, E) with non-
negative edge weights, a diameter parameter d, a parameter € € (loglogn/logn, 1) and a stretch parameter

q € Ny, constructs a qd-path cover H of G such that
1. every SCC of H has strong diameter d - exp(O(1/g)),

2. the width is at most q - n°®,
in q-m*t°E) time.

Throughout the section, we write p = 21/ for convenience.

B.10.1 The Algorithm

The algorithm is recursive. A recursive call carries a positive integer weight on every vertex.

Definition B.74 (Loaded recursive instance). A loaded instance is a pair (A, u) where A C V and
peA—{1,p0% ..}

For every S C A, define

u(S) = nu(v).

veS

For S C A, define the reweighting operator

p-p(v), veES,

(p1s p)(v) == {
w(v), véesS.

The recursive procedure is denoted by
PATHCOVER(A, p),
and the initial call is

PaTHCOVER(V, 1),

where 1(v) =1 for every v € V.
Base case. If |[A| =1, return G[A] with the trivial projection map and representative.

Recursive step. Fix a loaded instance (4, 1) with |A| > 1, and choose an arbitrary root vertex u € A.
We run a forward Dijkstra search in G[A] from u and a backward Dijkstra search in G[A] toward u. For
i > 0, define
B™ = Ballg{a) (u,i - d), B := BallGa) (u,i - d).

For either direction, let i be the smallest positive integer such that
w(Bi) < (L4 7)pu(Bi-1),

where
1

T 100003
Let i°"* and i be the forward and backward stopping indices. Define
B = Ballg:{y (u, i - d), B = A — Ballgi{y (u, (i — 1) - d),
B™ = Ballga)(u, i - d), B™ = A — Balljja)(u, (@™ — 1) - d).
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Also define the forward and backward rings

R := B°"' N B°"" = Ballg{y (u, ™" - d) \ Ballgiy) (u, (i = 1) - d),
R™:= B™ N B™ = Ball§a)(u,i" - d) \ Balljpa) (u, (i — 1) - d).

Simultaneous forward and backward ball growing: For running time analysis, we do the ball growing
forward and backward simultaneously using Dijkstra’s algorithm. Specifically, we interleave Dijkstra’s
algorithm for the forward and backward ball growing in the following way: let A contain all the nodes v
that have been extracted from the heap (i.e., have been relaxed and contribute deg(v) to the running time)
in the forward Dijkstra’s algorithm, and B be the backward version, if u(A) > p(B) then we continue the
forward Dijkstra’s algorithm (extract the next node and do relaxation, update A), otherwise we continue the

backward Dijkstra’s algorithm. If one of them finds a thin layer, both procedures stop.

Without loss of generality, assume the forward search stops first. Fix

1

7T 100"

We distinguish two cases.

1. Case 1: u(B°") < (1 —~v)u(4).

Recurse on the two overlapping pieces, and multiply the weights on the forward ring in both recursive

children:

H®" « PATHCOVER (B, (p 1 gout )| H®" « PATHCOVER (B, (p 1 gout )|

BO“t) I Bout) °
Let G’ be the layered projection induced from (H°**, H°""). Return G'.

2. Case 2: u(B°"") > (1 —y)u(A).
Continue the backward search until it reaches its own stopping index ™.

Let T°" be the shortest-path tree in G[B°""] rooted at u, and let T™ be the reversed shortest-path
tree in G[B™] rooted at wu.

Let
M := B°**n B™,

Let T°U be the subtree of T°U* containing all vertices that can reach M in T°", and let T be the

subtree of T containing all vertices that can be reached from M in T™. Define
H™4 = G[V(Tow) UV (Tm)].

As before, H™¢ is a subgraph of G, so the projection map and representatives are defined trivially.

Now recurse on the two recursive pieces, multiplying all weights in each child by p:

H°" + PATHCOVER(B°* N B™, (pp)| H™ + PatuCoVER(B™, (pp)] 5,0 ) -

BoutRin ) ’

where
(pp)(v) == pu(v) for all v € A.

Let G’ be the layered projection induced from (H°"*, H™9 H™). Return G’.

B.10.2 The Global Potential
We show that a global £2 potential over the currently active recursive calls never increases.

Definition B.75 (Active frontier and potential). At any moment during the recursion, let F be the set of

loaded instances that have been created but not yet expanded (i.e., all the leaves of the current recursion
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tree). Define

(A,p)eF

Initially F = {(V, 1)}, so
O(F) =n’.

Finally, F becomes all the leaves of the final recursion tree. Our goal is to show that in the end, we still
have ®(F) < n®.

‘We now show that every recursive expansion never increases ®.

Lemma B.76 (Thin rings). We have
P(R™) < 7B, p(R™) < Tu(B™).
Proof. By definition of the stopping index,
p(B™) < (14 Pu(B™\ B

Hence
M(Rout) — M(Bout) _ M(Bout \ Rout) S Tu(Bout \ Rout) S T/J,(Bout).

The proof for R™ is identical. O
Lemma B.77 (Case 1: the ring is tiny compared to the smaller side). Assume Case 1. Then

H(R™™) < —— - min{u(B*™), u(B*™)}.

10p?

Proof. If u(B°"") < p(B°"), then by Lemma B.76,

1 ou
Su(B°),

out < out <
w(R) < Ti(B™) < 157

since 7 < 1/(10p?).
Now assume p(B°") < u(B°*). Let
Y := A\ B°™.

Then B°" =Y U R°", and since we are in Case 1,
u(Y) = p(A) = p(B*) > yu(A).
Also, by Lemma B.76,

n(B°™),

w(R™™) < mu(B°™) < Tp(A) < ZN(Y) < Flpz“(y) <

1
gl 10p?

because 7/v = 1/(10p?). O

Lemma B.78 (Case 2: both complements are small). Assume Case 2. Then
p(B*) < 29u(A),  p(B™) < 2yu(A).
Proof. Since we are in Case 2,

u(B™) > (1= ~)p(A).

Because the searches are interleaved one virtual access at a time and the forward search stops first, by
the time the forward search reaches i°"*, the backward search has already performed at least as many virtual

accesses. Therefore the backward search has already settled weighted mass at least pu(B°"). Continuing it
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until its own stopping index can only increase that mass. Hence
H(B™) > u(B™™) > (1 - 7)u(A).
Now
Bout — (A \ Bout) U Rout,

so by Case 2 and Lemma B.76,
p(B°") < yu(A) + Ti(B™) < (v + 1)pu(A) < 2yu(A).

The proof for B™ is identical. O

Lemma B.79 (The potential never increases). Every recursive expansion never increases ®(F). Consequently,

O(F) <n’ throughout the entire recursion.

Proof. Fix an active instance (A4, ) and write

Case 1. Write A as a disjoint union
A= XUR™UY,

where
X := Ballg{ly(u, (i — 1) - d), Y := A\ B,

Let
zi=p(X),  re=pRTY),  yi=p(Y).
The parent mass is

s=z+7r—+y.

The two child masses are

s1 = x + pr, So =y + pr.
Assume without loss of generality that x < y, i.e., B is the smaller side. By Lemma B.77,

x+Tr
< _—
"= 10p2”’

which implies
x> (10p> = 1)r.

Now
s1+s5—5"=—2wy+2(p—r(z+y)+ (20" - 1)r’.

Since y > x, this is at most
—22% +4(p — Dz + (2p° — 1)r°.

Also x > (10p* — 1)r > 4pr, so
4(p — Drz < 2°.

Therefore
s1+s3—s < —a”+(2p° -1’ <0.

Case 2. By Lemma B.78,

p(B™ N B™) < pu(B™) <2ys,  p(B™) < 2ys.
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After multiplying all weights in these recursive children by p, their masses satisfy
s1 < p-2vs, s2 < p-2vs.

Since v = 1/(100p), we obtain

S
S1,S82 S %

Hence
s?—l—sg <2(i)2 < s
- 50

In both cases the total potential of the active frontier does not increase. Initially the potential is n?, so

the claim follows. O

Corollary B.80. For every active recursive instance (A, i),
n(A) < n.

Proof. 11(A)? is one term of ®(F) < n?. O

B.10.3 Correctness: Path Covering

The path-covering property is proved the same as in the original proof in [HJS25], because the recursive
domains are still
(Bout7 Bout) or (Bout n Bin’ Hmid, Bin)’

and the final graph is still obtained by the same layered-projection mechanism. In this section, we only mark
several changes to the proof that is affected by our definition of thin layer, which is defined by the p mass

and several parameter changes.
Lemma B.81 (Number of layers). Both i®*" and i™ are at most O(p®logn).
Proof. For every i < i°"%, the forward stopping rule fails, so

p(Ballgiy (u, i - d)) > (1+ 7)u(Ballg{y (u, (i — 1) - d)).
Multiplying over all i < i°"* gives

out

p(B) > (L+7)" " p({u}).

Since p({u}) > 1 and Corollary B.80 gives u(B°"") < n, we get

iout

1+7)" '<n

)

and hence

i = O(lo%) = O(p’ logn).
The proof for i is identical. O
Lemma B.82 (Diameter bound). Every SCC of the graph returned by PATHCOVER(A, ) has diameter
O(p®logn) - d.

Proof. The proof is identical to the original proof in [HJS25] of the diameter bound, replacing the old bound
on i°"t 4" by Lemma B.81. O

Lemma B.83 (Path Covering). For every loaded instance (A, 1), the graph returned by PATHCOVER (A, u)
is a d-path cover of G[A]. Moreover, every path p in G[A] of length at most d has a lift p'.

Proof. This is identical to the original path-covering proof in [HJS25]. O
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B.10.4 Width, Size and Running time

We now use the potential to bound the width.

Lemma B.84 (Width bound). Let H be the final graph returned by PATHCOVER(V,1). Then the width is

at most n°().

Proof. Fix a vertex v € V and consider the rooted tree T, of all copies of v created by the recursion.

In Case 1, a copy of v can create at most two recursive children. In Case 2, it can create at most two
recursive children, plus possibly one additional terminal copy inside H™9,

Let L(t) be the maximum number of final copies obtainable from a current copy that can still be

reweighted at most ¢ more times. Then

Hence L(t) < 2f*1.

Every time a reweight happens on v, the weight of v’s copy is multiplied by p. Thus, after ¢t such
events, that active copy has weight at least p’. On the other hand, by Corollary B.80, every active recursive
instance has total mass at most n, so no active copy can ever have weight larger than n. Hence p* < n and
t = O(log, n).

Given that p = exp(1/¢), the number of final copies of v is at most n°(®). O

Lemma B.85 (Size bound). Let H be the final graph returned by PATHCOVER(V,1). Then |H| = mttoE),

Proof. Since the path cover is induced, which means (u’,v") € E(H) implies (7(u),n(v)) € E(G), according

O(e)

to Lemma B.84, each node can have at most n copies, so the number of copies for each edge is at most

n°®) and the lemma follows. O

Lemma B.86. The algorithm takes time m!toe),

Proof. The running time of Dijkstra and the modification of the graph can be charged into Zv,eV(H) degq (m(v)),

according to Lemma B.84, the running time is at most mitoE), O

B.10.5 Amplifying the covered length by concatenation

We now show how to cover paths of length qd for an arbitrary integer ¢ > 1 while keeping the SCC diameter
at O(d - p®logn).

Definition B.87 (Consecutive g-chain of a path cover). Let H be a projection onto G. For an integer g > 1,
define Chaing(H — G) as follows.
Take ¢ disjoint copies
Hy, Hs,... H,

of H, preserving the same projection map on every layer. For every j € {1,...,q — 1} and every two vertices
mEV(Hj), yEV(Hj+1),

if
(r(z),7(y)) € E(G)

then add the edge (z,y) with weight w(w(z), 7 (y)).

Lemma B.88 (Amplifying the covered length). Suppose H is a d-path cover of G with representatives, and
every SCC of H has diameter at most \d. Then for every integer ¢ > 1, the graph

G'? .= Chain,(H — G)

satisfies:
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1. G9 covers every path in G of length at most qd,
2. every SCC of GV has diameter at most Ad,

3.
width(G'?) < ¢ - width(H),

(G <q-[B(H)|+(q—1) Y degg(r(x)) = O(q- [E(H)]).
zeV (H)
Proof. Fix any path p of length at most gd in GG. Because all edge weights are non-negative, we can greedily

partition p into at most g consecutive subpaths
P=p1Op2D-- Dpr, t<gq,

such that each p; has length at most d.

For every i € [t], since H is a d-path cover, p; has a lift p} inside layer H;. Now the last vertex of p;
projects to the last vertex of p;, and the first vertex of p;,; is the representative in layer H;;1 of the first
vertex of p;+1. Since the last edge of p; and the first edge of p;+1 are consecutive on the original path p, the
definition of Chaing(H — G) adds the necessary connector edge from End(p;) to Start(pj,;). Thus

PLOPLD - Dpy

is a lift of p in GP.

All inter-layer edges go strictly forward from layer j to layer j+ 1, so no SCC can use two different layers.
Hence every SCC of G'9 is contained in a single copy of H and still has diameter at most Ad.

The width bound is immediate because every original vertex has at most width(H) copies per layer and
there are g layers.

For the size bound, each layer contributes |E(H )| internal edges. Between two consecutive layers, every
vertex copy z adds at most deg. (7(x)) outgoing connector edges, because the head is always the unique

representative in the next layer. Summing over the ¢g— 1 consecutive pairs of layers gives the stated bound. [
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Abstract

We present the first deterministic nearly-linear time algorithm for single-source shortest paths
with negative edge weights on directed graphs: given a directed graph G with n vertices, m edges
whose weights are integers in {—W, ..., W}, our algorithm either computes all distances from a
source s or reports a negative cycle in O(m) - log(nW) time.

All known near-linear time algorithms for this problem have been inherently randomized
[BNW22; BCF23; Fis+25; LM24], as they crucially rely on low-diameter decompositions.

To overcome this barrier, we introduce a new structural primitive for directed graphs called
the path cover. This plays a role analogous to neighborhood covers in undirected graphs [Awe+98],
which have long been central to derandomizing algorithms that use low-diameter decomposition in
the undirected setting. We believe that path covers will serve as a fundamental tool for the design

of future deterministic algorithms on directed graphs.
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C.1 Introduction

In the negative weight single-source shortest paths (SSSP) problem, given an m-edge n-vertex directed
weighted graph G = (V, E, w) with possibly negative edge weight w(e) € {-W,...,W —1, W} for each e € E
and a source vertex s € V, the goal is to either compute the distance from s to every other vertex or find a
negative-weight cycle.

When weights are non-negative, the textbook Dijkstra algorithm takes near-linear O(m + nlogn) time.
Another textbook Bellman-Ford algorithm can handle negative weights, but requires much slower O(mn)
time. This contrast motivates the search for near-linear time algorithms since 1980s [Gab85; GT89; Gol95;
Coh+17; Bra+20a; AMV20; Bra+21].

In 2022, two algorithmic breakthroughs happened. Chen et al. [Che+25] gave a randomized algorithm
with m!T°® log W time that solves an even more general minimum cost flow problem. Their approach
is based on convex optimization and dynamic data structures and was later improved to be deterministic
[Bra+23; Che+24; Van+24]. However, the dynamic data structures required in this approach are complicated
and the m°Y factor in time seems hard to avoid.

Independently, in the same year, Bernstein, Nanongkai, and Wulff-Nilsen [BNW22] showed an algorithm
with O(mlog®(n)log(W)) time, which is faster, combinatorial, and bypasses complicated dynamic data
structures. The follow-up work [BCF23; Ash+24a; LM24; Fis+25] subsequently sped up the time to
O((m+nloglogn)log?(n)log(nW)). Unfortunately, algorithms in this line of work are inherently randomized.

Until now, there is no deterministic negative weight SSSP algorithm with near-linear O(m - polylog(nW))

time.

Our result. We give the first deterministic near-linear algorithm, improving upon both lines of work

above.

Theorem C.1 (Deterministic SSSP). There is a deterministic algorithm solving the negative weight single-

source shortest path problem in O(mlog®nlog(nW)) time.

To prove Theorem C.1, we introduce a novel graph structure called path cover, which we believe will find
further applications beyond Theorem C.1 itself. We do not optimize the polylogarithmic factor in order to
present the clearest version of this new concept. A more relaxed version of path covers can speed up our
algorithm to O(mlog® nlog(nW)) time. Below, we first define the path covering problem to motivate path

covers.

The Path Covering Problem. We say a path p is a d-path if its length is at most d, and a subgraph
H C G covers pif p C E(H). A graph H is d-clustered if every strongly-connected component of H has

diameter at most d. The negative-weight SSSP problem can be reduced to the following problems.

Problem C.2 (Covering d-Paths with Clustered Subgraphs). Fix a graph G with non-negative weights and
d > 0. An adversary chooses an unknown target set P of paths of length at most d in G where |P| = O(n).
We must choose O(d)-clustered subgraphs G4, ..., G% C G where z = O(logn) such that each path p € P is

covered by some Gj.

The frameworks of [Ash+24a] and [Fis+25] showed that a deterministic near-linear time algorithm for
Problem C.2 implies another one for negative-weight SSSP with m'+°™M) log(nW) time and O(m-polylog(nW))

time, respectively.

Previous Solutions: Either Randomized or Undirected. Problem C.2 admits a randomized
algorithm with near-linear time via the probabilistic low-diameter decomposition (LDD), a powerful primitive
[Bar96a; MPX13] extended to directed graphs by [BNW22]. For any d, an LDD algorithm samples a

O(d)-clustered subgraph G’ C G that covers each d-path with constant probability. Thus, z = O(logn)
samples G, ..., G’ will cover |P| = poly(n) unknown target paths with high probability, solving Problem C.2.
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All prior negative-weight SSSP algorithms with near-linear time [BNW22; BCF23; Ash+24a; LM24; Fis+25]
employ probabilistic LDDs, and, hence, are inherently randomized because of it.

For deterministic algorithms, Problem C.2 is much more difficult. Observe that we must cover all
exponentially many d-paths, as any uncovered path can be picked by the adversary into the target set P.
Thus, even the ezistence of the solution is highly unclear.

Yet, in undirected graphs, a deterministic near-linear time algorithm follows directly from efficient
constructions of neighborhood covers [Awe-+98]. This very strong property of neighborhood covers has been
used for developing many deterministic algorithms in undirected graphs [Awe+98; GP19; Chu2l; CZ23;
HLS24; CP25]. For completeness, we define LDD and neighborhood covers, and explain how they give the
solution of Problem C.2 in either the randomized or undirected settings in Section C.6.

This raises a natural question: is there a deterministic algorithm on directed graphs for Problem C.27

A Barrier for Subgraphs: No Deterministic Algorithm on Directed Graphs. Unfortunately,
unlike undirected graphs, we show that Problem C.2 cannot be solved deterministically on directed graphs.
In fact, even the total size of the O(d)-clustered subgraphs must be Q(m+/m) in the worst case. Thus, it
takes (m+/m) time to even write down these subgraphs.

Theorem C.3 (Barrier for Subgraphs). For every m, A > 1, there exists an O(m)-edge directed graph G and
d such that every collection of d\-clustered graphs G, ...,G. C G covering all d-paths in G must have total

size 3, 1B(GY)| = Qmy/m/).

See Section C.7 for the proof. This barrier seems bad because the only two main tools mentioned above,
LDDs and neighborhood covers, naturally only give a collection of O(d)-clustered subgraphs of G and, hence,

must suffer from the barrier of Theorem C.3.

Bypassing the Barrier via Projection. We bypass the barrier in Theorem C.3 using a projection,
instead of subgraphs. A projection to G is a graph G’ whose vertices of G’ are copies of vertices in G, and
edges of G’ may connect the copy «’ to v’ only if the original vertex u is connected to v in G. More formally,
there is a mapping 7 : V(G') — V(G) where, if (v/,v") € E(G’), then (u = 7(v),v = 7(v")) € E(G)."
Intuitively, a projection is formed by “merging” subgraphs together.

Observe that every path p’ = (v1,...,v;) in G’ is mapped to a path p = (v1,...v;) in G where v; = 7(v}).
Here, we say that p is covered by G’ and p’ is a lift of p. If a projection G’ covers all d-paths in G, then G’
is a d-path cover of G.

As a toy example to illustrate the power of projection, consider a directed unweighted cycle G on [n].
Observe that a path G’ = (1,...,n,1,...n) is an n-path cover of G, which is a O-clustered graph, i.e., a
DAG. In contrast, any collection of O-clustered subgraphs G%,...,G. C G cannot cover any n-path of G.
Otherwise, it would introduce a cycle in G. See Figure C.1 for another example where subgraphs require
larger total size than a projection.

As our main technical contribution, we show how projection can bypass the the barrier from Theorem C.3
for subgraphs: while some graph requires O(d)-clustered subgraphs of total size Q(m\/ﬁ) to cover all d-paths,
we show that every graph G admits a O(d)-clustered projection G’ to G of linear size that covers all d-paths.

Theorem C.4 (Covering d-Paths with Clustered Projection). Given a graph G with non-negative weights
and d > 0, there exists a projection G’ to G where G’ is a O(dlog® n)-clustered graph of size |E(G')| <
1+

time.

10;TL)|E(G)| that covers all d-paths of G. Moreover, G’ can be deterministically computed in O(mlog*n)

In other words, G is a d-path cover which is a O(d)-clustered graph of size (1 + $)|E(G)| Importantly,
this size bound is even stronger than that of the known randomized LDD-based approach, which requires the
total size of O(|E(G)|logn).

Finally, we obtain our SSSP algorithm Theorem C.1 by showing that the reduction of [Ash+24a] from
negative-weight SSSP to Problem C.2 extends from subgraphs to projections. By replacing the randomized

1That is, 7 is a graph homomorphism.
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Figure C.1: At the top right, G’ is a 1-clustered projection to G that covers all 3-paths in G. At the
second row, G, G4, G%, G/, are 1-clustered subgraphs of G that cover all 3-paths in G.

LDD with the deterministic projection from Theorem C.4, we simultaneously derandomize their algorithm

and speed up the time from m'*°™M) to near-linear.

This speed-up crucially exploits our size bound of (1 + 10én)|E (G)|. Thus, when the algorithm makes

O(log n)-depth recursion, the total size blow-up is at most a constant factor as (1 + ——)°Ue™ | E(Q)| =

logn
O(|E(G)]). In contrast, the LDD-based approach gives subgraphs of total size O(|E(G)|logn). The O(logn)
blow-up per level causes their m!T°") running time in [Ash+24a].?
Stronger Property: Anchored Path Cover. Path covers can be viewed as a deterministic counter-
part of LDD in directed graphs, similar to how neighborhood cover is a deterministic counterpart of LDD in
undirected graphs. Since neighborhood covers have been a powerful tool in undirected graphs, we believe

Theorem C.1 is only the first of many applications of path covers.

Related work. In the setting of undirected graphs, the idea of simplifying a graph G via another graph
G’, that makes copies of the vertices of the original graph G and connects them together, appeared in the
clan embedding of [FL21] and the copy tree embedding of [HHZ22].

Independent work. In an independent work, Li [Li25] also obtains a near-linear time deterministic
algorithm for negative-weight shortest paths. He defines a new variant of padded decomposition which can be

of independent interest. In constructing our path cover, we perform a similar graph decomposition.

C.2 Overview

This section sketches the existence of the d-path cover G’ of G in Theorem C.4.

We start with some standard notation: For every vertex v € V let deg®'*(v) be the out-degree of v, i.e.,

the number of edges leaving v. For a vertex set S C V let deg2*(S) = Y oves deg2(v) be the number of
edges starting in S. Lastly, for any vertex u € V, define

Ballg"(u,r) = {v € V | diste(u,v) < r}
to be the ball centered at u with radius r.

Construction. Our algorithm is recursive.
If the diameter of G is one strongly connected component with diameter O(dlog® n), then one can trivially

return the whole graph and terminate the recursion.

2The projection from Theorem C.4 can derandomize [Fis+25], too. Here, a more relaxed size bound of |E(G')| =
O(|E(G)|logn) is sufficient but their framework additionally requires that every SCC of G’ contains no duplicated
copies of vertices. Although our projection G’ does satisfy this property, the overall argument is more complicated, and
we do not want to impose such restrictions on the definition of path cover. So, we choose to present a derandomization
of [Ash+24a] in this paper.
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Otherwise, the algorithm finds a good partition by picking an arbitrary node u and growing a ball from

it by computing Ballg*(u,i - d) for i = 1,2,3, ... until we find a “thin layer” i* such that

1

deggy® (Ballg™ (u,i* - d)) < (1 +— > - degg (Ballg' (u, (i* — 1) - d)) . (C.1)
log“n

Since the ball cannot grow multiplicatively too often it is clear that i* = O(log®n). The algorithm works

separately and recursively on both
B°" :=Ballg*(u,i* -d)  and  B°":=V\Ballg"(u,(i* —1)-d).

Note that B°"* and B°"* only overlap at the “ring” around u from radius (i* — 1) - d to i* - d.

We focus here on the interesting case that the ball grown from u is not more than a constant fraction
of the graph, i.e., deg%™ (Bout) < 0.9m, our proof shows that otherwise there is a way to carve out a large
ball and still make progress. Note that by running Dijkstra’s algorithm locally from u the time needed to
grow the ball B°"* is 0 (deg%“t(BO"t)) and therefore essentially proportional to its size and independent of
the size of B°"*. This makes the recursion efficient. Let H°"' and H°"* be d-path covers of the induced
subgraphs G[B°""] and G[B°""], respectively, which are constructed recursively.

For technical reasons, we strengthen the property of H°"* (and likewise for H' °u%): not only do we require
each d-path in G[B°"] to have a lift p’ in H°"*, we require a one-to-one mapping between the start vertices
of p and p’. In other words, each vertex v in G[B°*"] has a representative vertex v’ in H°"" such that if a
d-path in G starts at v, then its lift in G’ starts at v'.

We build the d-path cover of G (denoted G') by concatenating H°"* and H°"" as follows: for every
(u,v) € E with u € B° and v € V \ B°", we add edges from all copies of the vertex u in H°"" to
the representative of the vertex v in H°"*. Having a representative for each vertex avoids having to add
prohibitively many edges from all copies of u to all copies of v. Defining the representatives of vertices in G’

throughout the recursion is straightforward once the path-covering property in the next paragraph is clear.

Bout

Hout Hout

Figure C.2: An illustration of the construction. A path entering V — B°"* (for example a path
starting at w) will not leave B°"* again because of the length d layer in the middle, thus covered by
Hout'

9] (d)-clustered graph. Notice that if F7°"%, °"* are O (d)-clustered graphs, then G’ is a O (d)-clustered

graph because edges can only be from H°" to H°%.

Path Covering. We show that G’ indeed covers all d-paths in G.
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We consider the case where a path p starts at v, € B°"" and leaves B at some point (i.e., enters
V '\ B°™). Other situations (completely inside B°"* or starting in V'\ B°"*) can be handled similarly. Let v},
be the first vertex on p that is not in B°*. Let p; be the subpath of p before v, (excluding v;,) and let p2 be
the remainder of p (starting at v},).

Notice that

v, € VA B™ =V \(V\Ballg" (u, (i* — 1) - d)) = Ballg" (u, (i" — 1) - d).
This means that every path starting at vj, with length at most d (in particular, p2) is contained in
Ballg (u, (i* — 1) - d + d) = Ballg" (u,i* - d) = B™".

Therefore p; lies completely inside G[B°"] and p. lies completely inside G[B°*], so H°"" covers p1 with a
lift p} and H°" covers po with a lift p5.
We then concatenate pj and p5 using the edge from the last vertex of p) to the first vertex of p5 (which

is the representative of v}, in H°""). The concatenated path maps to p.

Size of the path cover. We first show that the size of G’ satisfies

BE) < Y degd(m(v).
)

v eV (G’

Let (u/,v’) be an edge concatenating H°"* and H°", where v/ € V(H°"") and v/ € V(H°"") are copies of
w € B°" and v € V' \ B°", respectively, so that (u,v) € E and v’ is the representative of v in H°"*. In this
case, we say that (u,v) contributes to u’. Notice that (i) (u,v) can contribute to u’ at most once among
all edges concatenating H°"* and H°"', because we add only one edge from u’ to the representative of v in
H°"* (which is why we define representatives); and (ii) (u,v) cannot contribute to v’ again in the recursive
construction of H°", because (u,v) is not an edge of G[B°"]. Combining these two facts, every vertex v’ is
contributed to by at most degcc’;“t(w(u')) edges, which establishes the claimed inequality.

It remains to bound }_ ) deg®y(w(v")). Intuitively, Equation (C.1) guarantees that each recursion
layer increases the total degree by at most a factor of (1 +1/log? n) times the smaller side which is sufficient
to yield an overall bound of (1 + 1/logn) - m on the final total degree (we defer the calculation to the

technical section). Since we have |E(G")| < Zv’€V(G’) deg‘é‘“(ﬂ(v')), we get the desired size bound

|E(G)] < (1+1/logn)-m

C.3 Preliminaries

We use the following notations, [a] = {1,2,...,a}, 5(f) = f - polylog(n), where we always use n,m
to denote the number of nodes and edges of the input graph. For a function 7 : V — V', we write

77 (') = {v € V| m(v) = v'}. All algorithms in this paper are deterministic.

Graph. All graphs of this paper, unless specified, are directed graphs with edge weights, denoted by
G = (V, E,w). We assume edge weights are integers within the range [—W, W]. We use standard definitions
of graph terminologies for directed graphs which can be found in textbooks, including paths, distances,
strongly connected components (SCCs), negative cycles, shortest-path trees, etc. For a cycle or path H,
we use w(H) to denote the sum of weights of edges on the cycle or path, and |H| to denote the number of
edges on the cycle or path (note that a path can have repeated edges; in this case, both the weight and the
number of such an edge are counted multiple times). We use w>¢ to denote the weight truncated at 0, i.e.,
w>o(e) = max{0,w(e)} for every e € E. Similarly, we write G>¢ = (V, E, w>0).

In many cases of this paper, a path is not a simple path, so a path can have repeated vertices (but usually
a shortest path is a simple path). We use Start(p) and End(p) to denote the starting vertex and ending

vertex of a directed path p. We use p1 @ p2 to denote the concatenation of two paths: if p1 = (v1,...,v:)
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and p2 = (u1,...,u,), then p1 ® p2 = (v1,...,vz,u1,...,u,). Notice that p1 @ p2 is a path only if (v.,u1)
is an edge.
We use V(G) and E(G) to denote the vertex set and edge set of a graph G. We use wg to stress that
out

we is the weight function for G. We write degg'*(u) to denote the number of edges (u,v) for v € V, and

deg% (v) to denote the number of edges (u,v) for u € V. We write degg (v) = deg®**(v) + degls (v). We write
deg (A) = Y vea degZ (v), degih(A) = Y e deg% (v), and deg,(A) = Y vea degg(v).

Graph distance. We use distg(s,t) to denote the distance from s to t. When G is clear from the context,

we simply write dist(s,t). We write
Ballg(s,d) = {v € V(G) | distg(s,v) < d} and BallE(s,d) = {v e V(Q) | diste(v,s) < d}.

We allow distance to be +o00 (in the case of not connected) or —oo (in the case of reaching a negative cycle)
so that every distance is well-defined.

Given a directed graph G = (V,FE,w) and a vertex set A C V, the diameter of A is defined as
maxs, ¢c a distgpa)(s, t) where G[A] is the induced subgraph of G on A. The diameter of A is also the diameter
of G[A4].

The single-source shortest path problem (SSSP). Given a directed graph G = (V, E) with
integer (possibly negative) edge weights and a source s € V, either output distg(s,v) for every v € V, or
output a negative cycle of G. It is folklore that we can get a shortest-path tree from a distance function, and

vice versa.

Potential adjustment. Given a potential ¢ : V — Z and a graph G = (V, E,w), we define an adjusted
weight we(u, v) = w(u,v) + ¢(u) — ¢(v). We define the adjusted graph G4 = (V, E, wg).
The following lemma shows the power of potential adjustment. The lemma is folklore and was already

used in [Joh77].

Lemma C.5 ([Joh77]). Let G be a graph and ¢ : V — 7Z be a potential function. If G has no negative cycle,
a subgraph is a shortest-path tree of G iff it is a shortest-path tree of Gy. More precisely, let dg(u) be the

distance in G from s to u, then

dg, (u) = dg(u) + ¢(s) — p(u).

C.4 Path Cover via a Clustered Graph

In this section, we present a method for covering every bounded-length path in a directed graph using a
clustered graph. We begin with the necessary definitions. All graphs in this section have non-negative edge

weights.

C.4.1 Definitions and the Main Theorem
We first formally define graph projections introduced in the introduction.

Definition C.6 (Graph Projections). Let G = (V, E,w) be a graph. A projection onto G is a graph
G' = (V' E',w’) together with a projection map m = mgs where 7 is a weight-preserving graph homomorphism:
for every (z,y) € E(G"), we have (w(z),n(y)) € E(G) and v’ (z,y) = w(w(z), 7(y)).

When we refer to a projection G’, we implicitly assume its map 7qr.

Definition C.7 (Path Covering). Given a path p = (v1,...,v;) in G, we say that a projection (G’, ) onto
G covers p if there exists a path p’ = (v1,...,v,) in G’ such that 7 (v]) = v; for every i € [z]. We call p’ the
lift of p. The projection is d-path-covering if every path in G of length at most d is covered.
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Our goal is to cover every simple path of length at most d by a projection whose SCCs have small

diameter. For this purpose, we define clustered graphs as follows.

Definition C.8 (Clustered Graphs). We say that a directed graph G’ is a d-clustered graph if every strongly

connected component (SCC) of G’ has diameter at most d.

Definition C.9 (Path Cover). A d-path cover of a directed graph G = (V, E, w) with diameter slack X is a
d-path-covering projection G’ where G’ is a X - d-clustered graph.

We will prove the following theorem in this section.

Theorem C.10 (Path Cover via Clustered DAGs). There exists a deterministic algorithm that, given a
directed graph G = (V, E,w) with non-negative edge weights, a diameter parameter d, and a slack parameter

X > 100001log? n, constructs a d-path cover G' of G with diameter slack \ and size at most

10010g2n .
<1+7ﬁ ) m,

in O(V/X-mlogn) time.
Moreover, we have

Z degs(m(v)) < (1 + %) -m.
veV(GY)

To get Theorem C.4, we only need to set A = 10000 log® n.

Remark C.11. The running time can be improved to O(m log? n), independent of A, if we relax the structure
of the path cover so that we only guarantee weak diameter w.r.t. G. More precisely, for each strongly
connected component U in G, maxy,vecv distg(m(u), m(v)) < dX. This weaker guarantee is sufficient for our
negative-weight shortest path algorithms, and we can improve the running time from O(m log® nlog(nW))
to O(mlog® nlog(nW)) in this way. However, we choose to construct the path cover with a strong diameter

guarantee to ease the understanding of this new concept.

C.4.2 The Algorithm

In this section, we describe the algorithm for Theorem C.10. Let G = (V, E, w) be the input directed graph
and d be the input diameter parameter.

The following definition is useful when describing algorithms. Let G’ be a projection onto G. We say a
vertex v € V(G) is present (in the projection) if 7! (v) # . We say the projection has representatives if
every present vertex v € V(@) has a unique representative rep, (v) € V(G') with mg (repg (v)) = v. In this

case, we say repq (v) is a representative.’

Definition C.12 (Layered Projection). Let G; be projections onto G with representatives for i =1,...,z.
A layered projection G' = Layer((G1,...,G.) = G) induced from (G1,...,G.) onto G with representatives
is constructed as follows. First, initialize G’ as a disjoint union of G1i,..., G, with the same projection
map on vertices*. For every v € V(G), suppose v is present in G; where ¢ is the smallest such index, select
the representative rep (v) to be repg, (v). Then, for every two vertices u' € V(G;) and v" € V(Gy), if
i < j, (ma,;(u'),7ng,;(v")) € E and v’ is a representative in G’, we add the edge (u’,v") to G' with weight

w(ng, (u), 76, (v)).

The algorithm is recursive. For convenience, we use PATHCOVER(A) to denote the subroutine that takes
a vertex set A C V as input and returns a d-path cover of G[A] with representatives. It suffices to call
PATHCOVER(V) to finish Theorem C.10.

3The representative in our case is basically the first appearance of the copy of v in G’. First is defined on the SCC
order of G’ (we will have the guarantee that each SCC is a subgraph of G, which does not have repeated vertices).
4When G; and G; share the same vertex v, we make different copies of v in G’.
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We define the following parameters:

Base case. When |A| =1, we simply return G[A] with the trivial projection map and representative.

Recursive step. Pick an arbitrary vertex u in A. We execute the following two procedures in an
interleaved fashion: we perform one memory access of each procedure in turn, alternating between them,

until one of them terminates. As soon as one procedure stops, the entire process halts.

1. (Forward growing) Run Dijkstra’s algorithm to find the smallest i°** € N5 such that
deg, (Ballgiy) (u, i - d)) < (1+¢€) - degq (Ballgiy (u, (i — 1) - d)).

Such an 7°"* must exist because for sufficiently large i, we have Ballgj{y;(u,i - d) = G[A].
To be precise, Dijkstra’s algorithm fixes the distances from u to other nodes in increasing order. We
run it only up to the point where the distance exceeds i - d, in order to compute Ball%“[fq] (u,i-d). This
can take sublinear time because the algorithm stops once the desired index i°"* is found.

For technical reasons, we assume that when Dijkstra’s algorithm fixes the distance of a node v, it

performs degg (v) memory accesses, i.e., it looks up all adjacent edges of v in G (but only performs

degg“[;](v) relaxations). This setting is purely for the convenience of analysis.

2. (Backward growing) Identical to the forward growing procedure, but with all occurrences of ‘out’

replaced by ‘in’.

For simplicity, we use the following notation. Notice that the algorithm only knows B°"*, B°"* but does

not know B™, B™ if forward growing stops earlier than backward growing, and vice versa:

B°U = BallZih (u, i - d), B = A — Ballg{(u, (i — 1) - d),
Bin = Ballg[A](u, iin . d), Bin =A-— Balllél[A] (U, (iin - 1) ) d)

Without loss of generality, assume forward growing stops earlier than backward growing (the other case

is handled symmetrically). Consider two cases.

1. Case 1: deg;(B°") < (1 —¢)deg(A). In this case, let
H°"* « PATHCOVER (B°") H°"* + PATHCOVER (B°™) .

Let G’ be the layered projection induced from (H°"*, H°"*) (Definition C.12). Return G’ as the output
of PATHCOVER(A).

2. Case 2: degy(B°") > (1 — ¢)degs(A). Continue the backward growing until it stops. Now the
algorithm also knows B™, B'®. Let T°"* be the shortest-path tree in G[B°"] with root u, and let 7"
be the reversed shortest-path tree in G[B™] with root u (i.e., T™ contains the shortest paths from
every node in B™ to u).

Let
M « B n B™.
Let T°" be the subtree of T°" that contains all nodes in V (7°"") that can reach M in T°". Similarly,
define T™ to be the subtree of T'™ that contains all nodes in V(7™) that can be reached from M in
™.
Define
H™ — GIV(T™) uV(T™)).

Notice that H™9 is a subgraph of G, so a projection map and representatives can be defined trivially.
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Make the following recursive calls:
H™ « PatHCOVER(B™), H" + PatnCover (B n B™).

Let G’ be the layered projection induced from (H°", H™¢ H™). Return G’ as the output of
PATHCOVER(A).

For a graph illustration, see Figure C.2 which shows Case 1. Case 2 can be viewed as after applying Case
1 to get (H™, H™), we recursively build H™ by (H°, ™),

C.4.3 Correctness
We prove the correctness of the algorithm described in Section C.4.2. Specifically, PATHCOVER(A) returns a

d-path cover of G[A]. We proceed by induction on |A].

Base case. Suppose |A| = 1. The only SCC has diameter 0. Thus, G[A] is a d-clustered graph. Moreover,

the trivial projection map certifies that all paths are covered.
Induction step. Assume PATHCOVER is correct for every input size smaller than |A|. We first show the
easy part: G’ is a A - d-clustered graph. We need the following lemma.
Lemma C.13. Both i®*" and i'™ are at most \/4.
Proof. For every i < i°"", by the definition of i®"*,
degq (Ballgiy) (u,i - d)) > (1+¢') - degg(Ballgiy) (u, (i — 1) - d)).

Combining these inequalities for every i < i°"% gives

-out
jout _ 1 g -1
m > degg (Ballg{a; (u, i - d)) > (1 —|—€/) to (1 + 9 ign) .

Since A > 10000 log* n, we obtain i°"* < M\/4. The same proof holds symmetrically for ™. O

Bounding diameter. To show G’ is a ) - d-clustered graph, let C be an SCC of G’; we must show
diam(C) < A-d. If the algorithm goes to Case 1, then G’ is the layered projection induced from (H°"*, H°").
By Definition C.12, there are only edges from H° to H°"* but not backwards, so C is either completely
inside H°"* or inside H°"'; in either case, C' has diameter at most X - d by the induction hypothesis. If the
algorithm goes to Case 2, then G is the layered projection induced from (H°", ™4 H™). Similarly, if C is
completely inside H°" or H™, then C has diameter at most A - d by the induction hypothesis. If C is inside

H™ we show that H™? is strongly connected and has diameter at most A - d. Recall
H™ « GIV(T*") uv(T™)],

where T°U is the subtree of T°%* whose every node can reach W = B°"* N B, and T' is the subtree of 7

whose every node can be reached from W. Recall also
B = Ballgiy(u,i®" -d),  B™ = Ballga(u,i" - d),

and T°", T are shortest-path trees in G[B°*"] and G[B™]. By Lemma C.13, each shortest-path tree has
depth at most (A/4) - d. Thus, every node in T°" can reach W with distance at most (\/4) - d in T°"; every
node in T™ can be reached from W with distance at most (A/4) - d in T™. Similarly, v can reach every
node in 7°" within distance at most (A\/4) - d in T°", and u can be reached from every node in T within
distance at most (A\/4) - d in T™. We conclude that the diameter of H™ is at most X - d.
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Covering all length-d paths. Next we show that G’ is a d-path cover of G[A]. Let p be an arbitrary
path of G[A] with length at most d. We prove that G’ covers p (see Definition C.7). Moreover, we prove a
stronger statement: there exists a lift p’ of p such that Start(p’) = rep(Start(p)).

Since G’ depends on whether the algorithm goes to Case 1 or Case 2, we prove the two cases separately.

Induction step (Case 1). Here G’ is the layered projection induced from (H°"t, H°"*) where
o H°" is a path cover of G[B°"], and

e H°" is a path cover of G[B°""].

If p is completely contained in G[B°"*], then by the induction hypothesis, p is covered by G’. Moreover,
the lift p’ of p has Start(p’) = repgou (Start(p)). By Definition C.12, rep gout (Start(p)) = rep/ (Start(p))
since H°"® precedes H°"". Thus, Start(p’) = repq (Start(p)).

Now assume p is not completely contained in G[B°""], so there exists a vertex on p that lies in A — B°"".
Let a be the first such vertex on p.

Let p1 be the subpath of p before vertex a (excluding a; possibly empty), and let p2 be the subpath of p
after vertex a (including a). By definition, p; is contained in G[B°"], so by induction, p; is covered by H°"*.

We now show that ps is contained in G[B°""]. Recall
A — B = Ballgiy (u, (i*"* = 1) -d), B = Ballgiy(u,i" - d).

Thus, if a € A — B°", any path of length at most d starting at a is contained in B°"*.

Hence p; is covered by H°"* and ps is covered by H°"*, with lifts p}, p} respectively. We have 7(End(p})) =
End(p:1) and Start(ph) = rep gous (Start(p2)). Since Start(ps) = a € A — B, a is not present in H°"*, so
repar(a) = repgout (a) and Start(ph) = repss (a). By Definition C.12, there is an edge (End(p}), Start(ps))
in G’, so p} @ p, is a path in G’ and is a lift of p = p; @ pa.

If p} is non-empty, then Start(p}) = rep gout (Start(p1)) by induction, hence Start(p}®p5) = reps/ (Start(p))
since H°" precedes H°" in G’. Otherwise, p} is empty, so p starts at a € V — B°**. In this case, since a
is not present in H°"*, we must have repqs(a) = rep gou (a) = Start(ph), where the second equality is by

induction.

Induction step (Case 2). Here G’ is the layered projection induced from (H°, H™< H™), where

o H°" is a path cover of G[B°"* N B™],

. Hmid 2 G[Bout N Bin]7

« H™ is a path cover of G[B™)].

If p is completely contained in G[B°"* N B™], then p is covered by G’. Moreover, since H°" precedes
H™4 F™ e have repe (Start(p)) = rep gout (Start(p)), which equals the starting vertex of the lift of p in
G/

Otherwise, there is a vertex of p in A— (B°"*NB™); let a be the first such vertex. Let p; be the subpath of
p before a (excluding a; possibly empty), and let pe be the subpath of p starting at a. Then p; C G[B°"*NB™],
so p1 is covered by H°" with lift p}. If p1 is non-empty, then rep. (Start(p)) = rep gous (Start(p)) = Start(p})
by induction.

We first show that p2 is completely contained in V(Hmid) U B, Recall that

A— (B NB™) C (A-B*)U (A - B™) = Ballgiy(u, (i°*" — 1) - d) U (A — Ballg 4 (u,i" - d)),
V(H™ YU B™ 2 (B N B™) U B™ D Ballgy (u, i - d) U (A — Ball4)(u, (i"™ — 1) - d)).

Hence, if a € A — (B°** N B™) and p» has length at most d, it is contained in V(H™)U B™. We now argue
within V (H™) U B,

If po is completely contained in V(Hmid), then po is covered by H™ trivially (as H™4 is an induced
subgraph of G) with a lift p5. Moreover, repq (a) = repymia (@) = a = Start(py) since a is not present in
e,



195

Otherwise, p2 has a vertex in A — (B°** N B™) — V(H™!?); let b be the first such vertex. Let p21 be
the subpath of p2 before b (excluding b; possibly empty) and let p2 2 be the subpath of ps from b onward.
Then p21 C V(Hmid) and hence is covered by H™Y with lift p1. If p21 is non-empty, then as above
repe (a) = Start(ph ;).

We prove that p2,2 C G[B™], so that it is covered by H™ with lift p5 5. Note

A— (B NB™) -~ V(H™) CA—(B™'NB™) - (B°*NB™) = A—B™ = A Ballj4(u,i" - d),
B™ = A — Balla(u, (@™ — 1) - d).

Since b = Start(p2,2) € A — Balliél[A] (u,i™ - d) and pa,2 has length at most d, pa,2 is contained in B™ by
definition (otherwise it would enter Ballg 4 (u, (i — 1) - d), contradicting b € A — Ballg 4;(u,i" - d)).

Moreover, b is not present in H°" or H™, so repg, (b) = rep i (b) = Start(ph,») by induction.

Now p; is covered by H°™ with lift pf, pa,1 is covered by H™ with lift p) ;, and pa,2 is covered by H™
with lift p5 5. Assuming all are non-empty (the empty cases are analogous), we have 7(End(p})) = End(p1),
Start(p31) = repes(a) and w(End(ph 1)) = End(p2,1), and Start(p3 ) = repg, (b). By Definition C.12, edges
(End(p}), Start(ph,,)) and (End(ph,; ), Start(ph 2)) are in G, so p| @ p3 1 @ ps > is a path in G’ and is a lift of
p=p1Dp21Dp2e2.

C.4.4 Size and Time Complexity
The algorithm is recursive. We first prove the following lemma.
Lemma C.14. Suppose G' < PATHCOVER(A). The size of G is at most Zvev(c,) degga)(m(v)).

Proof. By induction on |A|. When |A| = 1, there are no edges in G’, so the lemma is trivial. Suppose |A| > 1.

The algorithm returns different G’ based on two cases.

Case 1. The size of G’ contains two parts: (1) the sizes of H°", H°"* which, by induction, are at most

> deggrpouy (@) + Y deggipouy (1(v)).

UGV(I‘_IO“t) veV (Hout)

(2) The edges added by Definition C.12. For every v € V(H®™), the number of edges added from v
equals degg4)(m(v)) — degggout;(m(v)), because only vertices in A — B°"" can have representatives in H°";

all other vertices are present in H°"*. Summing over Zvev(ﬁout)(degG[A] (m(v)) — degggout)(7(v))) and
Zvewgouc) degggout)(7(v)) + EUEV(HO‘“) deggpout; (m(v)) gives the bound EUEV(G’) deggpa)(m(v)).

Case 2. (i) The H°"*-term. All edges with both endpoints in H°" lie inside the induced subgraph
G[B°"* N B™]. Thus

[B(H™)| < > degggontnpin (7(v)).
vEV (Hout)

Any additional edge incident to v € V(f]out) that goes to H™¢ U H™ must use a representative outside

B°"* N B 50 the number of such outgoing edges is at most

> (degapa(m(v)) - degggaon s ((1)))

vev (dout)

Consequently, the total number of edges charged to H°"® is at most

> degga(m(v)).

veV (Hout)
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(i) The H™-term. Edges internal to H™ are contained in the induced subgraph on V(H™), so

[E(H™] < Y deggpy gmiay (m(v))-
vEV (Hmid)

Edges from H™9 to H™ are added only from the H™-side, and for each v € V(H™) there are at most

degG[A] (m(v)) — degG[V(Hmid)](W(U))

such edges. Hence the total number of edges charged to H™ is at most

Z deggay(m(v)).

vEV (Hmid)

(iii) The H™-term. By the induction hypothesis applied within H™, the edges with both endpoints in H™

are at most

[B(H™)| < Y deggpa(m(v)).

vEV (HM)
Inter-piece edges incident to H'™ are not charged here (they were already charged to their tails in H°" or

H™) 50 there is no double counting.

Summing the contributions from (i)—(iii) yields

BG)] < Y degga(r(@)+ Y degory(r(v))+ D> degga(r(v))

veV (Hout) veV (Hmid) vEV (HIn)

= Z degG[A] (m(v)),
)

veV (G’

which completes the proof.

Thus, it remains to bound ZUEV(G/) deg; (m(v)), which we prove next.

Lemma C.15. Suppose G’ < PATHCOVER(A). Then

’

> degg(n(v) < (1 +9(log(deg (4))) - ) degg(A).
The running time of PATHCOVER(A) is at most log(deg(A)) - O(degs(A)/¢).

Proof. By induction on |A|. For |A| = 1, PATHCOVER returns G[A], and the claim is trivial.

The algorithm first runs two procedures (forward and backward growing) in lockstep, one edge access
at a time, and stops as soon as one stops. The time between two edge accesses is at most O(logn) using a

standard heap. Assume forward growing stops earlier.
The forward procedure runs Dijkstra from « until it finds i°“*, costing O(logn - deg (B°")).

We analyze the two cases.
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Case 1: deg,(B°") < (1—¢)degy(A). Here V(G') = V(H"")UV (H°") with H"* = PATHCOVER(B°")
and H°"" = PATHCOVER(B°""). By induction,

9¢’ log|deg - (B°™ o 9¢’ log|deg (B°"* _
> degc<w<v>>s<l+ | EG( 1Y e oy + (14 228 SG( 1Y qesoo
)

veV (G’

9¢’(log(1 — €) + log|d A
§<1+ ¢’ (log( a)aog’ g6 (4)])

) (1+¢') degg (A — B™)

9¢’ log|deg (B°"t
+<1+ |EG( )|

) degG(BOUt)

9¢’ log|deg (A
< (o0 ] g )

The second inequality uses degg (B°"") < (1 — &) degs(A), A > 10001og? n, and the definitions of B, B°"*.
The third inequality uses

<04,

(1 N 9¢’(log(1 — ¢€) —|€— log|degG(A)|)> <o, @

after plugging in &', ¢.

The running time consists of two recursive calls and building the layered projection. The latter is bounded
by Zvev(G,) degq (m(v)), since every edge we add corresponds to some v’ € V(G’) and an edge (w(v'),v) in
G. The total complexity is

O(logn - degg(B™™)) + 'eldesa(NHos0=9) . 0 (1og 1 - (degg(B™™) + degg (B°™))) + O(deg(A))

< log(degs(A)) - O(logn - deg(A)/e),

where the first term is for finding i°** (or ™), the second for recursion by induction, and the last for
constructing G’, which is < 2deg,(A) since A > 10000 log® n.

Case 2: degq(B°") > (1 —¢e)degn(A). Now V(G') = V(H) U V(H™) U V(H™) with H*" =
PATHCOVER(B°" N B™), ™4 = G[B°** N B™], and H™ = PaATHCOVER(B™). We need:

Lemma C.16. deg(B°"), deg(B™) < 2edegy(A).

Proof. Since forward growing stops earlier than backward growing, the backward procedure accesses
at least as many edges before stopping. As each accessed edge contributes to degs(B™), we have
degs (B°"), degs(B™) > (1 — ¢) degn(A). By the definitions of B, B™,

deg(B™™),deg(B™) < edegy(A) + &' deg(A) < 2e degy; (A).
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By induction,

9¢’ log|deg, (B°" N B
I e
)

) degG(BOut N Bin)

veV (G c
+ <1 + > log‘digG(Bin)’> degg (B™)
+ deg(A)
- (1 N 9¢’ (log|degG (gA)| + log(26))> 2% deg (A)

9¢’ (log|deg (A)| + log(2e
+<1+ (log| gc<€>y 2(2¢))

) -2e degq (A) + degi(A)

degG (A)7

9¢’ log|deg (A
< degg(A) + 9edegg(A) < <1 + g!g‘éa”\)

using Lemma C.16 and the definitions of B°"*, B°"*, then plugging in €, ¢’.

The running time here includes two global SSSP computations costing O(deg (A)logn), plus recursion
time bounded by (log(1 —¢) +1log(deg(A)))-O(logn -deg(A)/e). Thus, the total is log(deg(A))-O(logn -
deg(4)/2). O

C.5 Deterministic Negative Weight SSSP

In Section C.5.1, we show how to solve the restricted SSSP problem (defined below). Bringmann, Cassis,
and Fischer [BCF23] showed a black-box reduction from solving SSSP on general graphs to restricted SSSP.
Although the main statements in [BCF23] are randomized (see Sections 4 and 5 in [BCF23]), the reduction

to a restricted graph is deterministic.

Definition C.17 ([BCF23]). A restricted graph is a directed graph G = (V, E, w) satisfying

-

o the edge weights lie in the set {—1,0,1,...,n},”
o for every cycle C, we have w(C)/|C| > 1,

e there is a vertex s € V with an edge of weight 0 from s to every other vertex.

The problem restricted SSSP is: given a restricted graph, find a shortest-path tree from s.
Sections 4 and 5 of [BCF23] prove the following reduction.

Lemma C.18 (Sections 4 and 5 of [BCF23]). If there is a deterministic algorithm for restricted SSSP with
running time Trsssp(m,n), then there is a deterministic algorithm for general SSSP with running time
O(Trsssp(m, n) - log(Wn)).

In Section C.5.1, we prove the next lemma.
Lemma C.19. There is a deterministic algorithm solving restricted SSSP in O(mlog®n) time.

Combining Lemmas C.18 and C.19 yields Theorem C.1.

C.5.1 An Algorithm for Restricted SSSP

We now describe the algorithm for restricted SSSP. The input is a directed graph G = (V, E, w) and a source
s satisfying Definition C.17. The algorithm outputs a shortest-path tree of G from s.

5Tn the original definition of [BCF23], there is no upper bound n on the edge weights. We can assume an upper
bound n because any edge of weight > n cannot appear in the shortest-path tree from s: otherwise that path would
have weight at least 1 (the most negative edge has weight at least —1 and a simple path has at most n — 1 edges),
contradicting that s has a O-weight edge to every vertex. This assumption also appears in [Fis+25].
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Before stating the algorithm, we recall two standard subroutines: (1) computing distances when all
negative edges must cross different SCCs, and (2) computing distances when the number of negative edges

on every shortest path is small (by alternating Dijkstra and Bellman—Ford).

Lemma C.20. Given a directed graph G = (V, E,w) where w(u,v) > 0 for every edge (u,v) with u,v in the
same SCC of G, there is a deterministic O(mlogn)-time algorithm for SSSP on G.

Proof. Let the SCCs of G be (Vi,Va,...,V.) in a topological order of the condensation DAG. Define a
potential function ¢ by
Vi€ [z], VveVi: o¢w)=-W-i.
If (u,v) € E has u,v in the same SCC, then wy(u,v) = w(u,v) > 0. Otherwise, if u € V; and v € V; with
i < j, then
we(u,v) = w(u,v) + ¢(u) — ¢(v) = w(u,v) + W(j — i) 2 w(u,v) + W > 0.

Hence all edges of G, have nonnegative weight, so Dijkstra’s algorithm computes SSSP on G in O(mlogn)
time. By Lemma C.5, this yields a shortest-path tree for G as well. O

Lemma C.21 (SSSP with Few Negative Edges). There is a deterministic algorithm which, given a directed
graph G = (V, E,w) with no negative cycle, a source s, and an integer k such that every s-to-v shortest path

uses alt most k negative edges, computes dista(s,-) in O(kmlogn) time.

Proof. Build a (k+1)-layer graph G’ as follows. For each i € [k+1], let G; be a copy of G>¢ (the subgraph of
nonnegative-weight edges), and let u; denote the copy of u € V in layer i. For every negative edge (u,v) € E
with w(u,v) < 0 and every i € [k], add the interlayer edge (u;,v;+1) with weight w(u,v). Run Dijkstra’s
algorithm from s; in G/, and return

min distg/(s1,u; as distg (s, u).
i€ k1] G( 1, Z) G( ) )

Running time. We have |V(G')| = (k+ 1)|V| and
|E(G)| = (k + 1)|Exo| + k| E<o| < O(km).

Thus Dijkstra on G’ takes O(kmlog |V (G")|) = O(kmlogn) time since |V (G')| < (k + 1)n.

Correctness. First, fix i € [k + 1] and let P’ be any s1 —u; path in G’. Projecting layers and replacing
each interlayer edge by its original negative edge yields an s—u walk in G of weight at most w(P’). Hence
distgr (s1,u:) > diste (s, u).

Conversely, let p be a shortest s —u path in G. By assumption, p uses at most k negative edges. Deleting

these negative edges decomposes p as
p=p1Sp2D---Dpz,

with z < k+1 and each p; consisting only of nonnegative edges. For each j € [2], let p; be the corresponding
path in layer G; (same vertices, same weight). For each negative edge between p; and p;41, use the interlayer
edge from layer j to j + 1. Concatenating p!,...,p. with these interlayer edges yields an s; —u. path in G’
of weight exactly w(p) = diste (s, u). Therefore

mindistgr (s1,ui) < dista(s, u).
7
Combining both directions gives diste (s, ) = min; distgr (s1,us). O
Our algorithm is recursive. We describe an algorithm KSSSP(H, s, k) that solves a restricted SSSP

instance (H,s) under the promise that every shortest s-to-v path in H uses at most k negative edges. It
suffices to call KSSSP(H, s,n) to prove Lemma C.19.
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Base case. When k = O(log® n), apply Lemma C.21 to (H, s, k) to obtain all distances from s in H. For

the remainder, assume k = w(log®n).

Building a path cover. Compute a deov-path cover G5 of H>q with at most (1 +1/logn) - |[E(H)|
edges and diameter slack A such that

ddiam S A dcov = k/2

By Theorem C.10, it suffices to set

k

A=10000log°n  and  deov = e,
200001og” n

and invoke Theorem C.10 to obtain such a G%.

Recursive call. From G, form G’ by restoring each 0-weight edge back to its original weight in H: for
every (u',v") € E(G%) with w(n(u'), w(v")) <0, set wer (u',v") == w(m(u'), w(v")).

Define G§¢¢ from G’ by:

1. computing the SCC decomposition of G’ and deleting all edges whose endpoints lie in different SCCs,

and

2. adding a super-source s’ and an edge of weight 0 from s’ to every vertex of G’.

Call KSSSP(Gscc, 8',k/2) to obtain dy () = distgr__(s',-)-

Computing distances for H. Construct G” as follows.
1. Make x = 2 copies of G', denoted G1,...,G,. For v’ € V(G'), let u; € V(G}) be its copy.

2. For every 1 < i < z, each (u,v) € E(H), and each copy u; € 7~ '(u) in G} and the representative
vj1, € 7 (v) of v in Gfy4, add the edge (uj, v/, ;) with weight w(u,v).

3. Add a source s and, for every vertex u; with w(u’) = s, add the O-weight edge (s, u}).

Define a potential ¢ on G” by

d(uy) = dg (u')  for uj # 5", #(s") = 0.

1

We will show that G;; satisfies the premise of Lemma C.20. Invoke Lemma C.20 on G to compute
dg : V(G") — Z. For every u € V(H), output

ds(u) = min{ dgr (ui) + ¢(ui) | ui € V(G"), m(uv') =u}.

C.5.2 Correctness

Lemma C.22. KSSSP(H, s, k) correctly outputs distw (s, ) provided that
e (H,s) is a restricted SSSP instance, and

e every shortest path from s in H uses at most k negative edges.

We proceed by induction on k. The base case k = O(log® n) follows directly from Lemma C.21. For the

induction step, assume k = w(log® n).

Validity of oracle calls. We first verify the two oracle calls: the recursive call KSSSP(Ggcc, s, k/2)
and the call to Lemma C.20.

Lemma C.23. (G§cc, s') is a restricted SSSP instance.

Proof. We verify the three bullets in Definition C.17. Since Glzo is a projection onto Hsq (Definition C.6)

and G’ restores weights only by replacing some 0-weights with the original weights in H, G’ is a projection
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onto H. As G§ec — {s'} is a subgraph of G, it is also a projection onto H; hence all edge weights lie in
{-1,0,1,...,n} (edges adjacent to s’ have weight 0).

Let C be any cycle in Ggoe. Since s’ has no incoming edges, C lies in Ggoe — {s'}, which projects to a
(possibly non-simple) cycle 7(C) in H. By Definition C.17, w(w(C))/|7(C)| > 1, hence w(C)/|C| > 1. The
last bullet holds by construction of s’. O

Lemma C.24. Every shortest path from s’ in Ggoe uses at most k/2 negative edges.

Proof. Suppose, for contradiction, that a shortest s’-to-v’ path p in G uses > k/2 negative edges. Let p’
be p with its first vertex (the source s’) removed; then p’ still uses > k/2 negative edges and lies inside a
single SCC of G’ by construction of G§oc. Also Wy (p') €0, as otherwise the direct 0-edge from s’ to
End(p’) would give a strictly shorter path, contradicting minimality of p.

Write Start(p’) = «’ and End(p’) = v'. Since each SCC of G has (strong) diameter at most daiam < k/2,
there exists in H>o a path p from m(v") to w(u’) of length at most k/2. The walk w(p’) & p forms a (possibly
non-simple) cycle in H, so by Definition C.17,

w(r(®)) +wd) > |=@)| + |5l
Using w(n(p’)) = way (p') <0 and w(p) < w>o(p) < k/2, the number of all edges in p’ is
P =) < k/2,
contradicting that p’ has more than k/2 negative edges. O

Lemma C.25. For every edge (u”,v") € E(Gy) with u”,v" in the same SCC of Gy, we have wer ("’ 0") >
0.

Proof. The source s” has no incoming edges, so assume u”,v” # s”’. By construction of G”, edges go only
from G} to G with j > 4, hence if u”,v" lie in the same SCC of G}, they must belong to the same copy G
and correspond to u’,v" € V(G’) lying in the same SCC of G’. It suffices to show

war (u',v") + d(u') — ¢(v') > 0.
By definition, ¢(z') = distey (s',2') for 2’ € V(G'). The triangle inequality in G§o¢ gives
war, (u',v') + distar (s',u') — distar, (s',0") > 0.
Since wgy, (u',v") = wgr (u',v"), we obtain wgr (u',v") + d(u’) — $(v') > 0, as desired. O
Correctness of the returned distances.
Lemma C.26. d(u) > distg(s,u) for allu € V(H).
Proof. By Lemma C.20 and Lemma C.25, d,»(z) equals distG;; (s",2) for all z € V(G"). By Lemma C.5,
ds// (u;) + ¢(u;) = diStG// (SN, u;)

Any s”-to-uj; path in G” maps to an s-to-u path in H of the same weight by replacing each u; with m(u’);
the initial edge (s”,u}) has weight 0 and ensures the path starts at s. Taking minima over copies yields
ds(u) > distg (s, u). O

Lemma C.27. d,(u) < distg(s,u) for allu € V(H).

Proof. Let p be a shortest s-to-u path in H. Since every edge weight is at least —1, we have the number of
negative edges in p is at most k (by assumption) and hence w>o(p) < k; otherwise w(p) > —k + w>o(p) > 0,

contradicting the 0-edges from s.
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Recall z = 2X and deov = k/(2X). Partition p into at most « subpaths p = p1®- - -®p. with w>o(pi) < deov-
Each p; is covered by G%, hence also by G’ (weights restored). For each i, let p} be a lift in G’, and let pj’
be the copy of p; in Gj. By construction of G”, there is an edge from End(p]) to Start(p;,;) with weight
equal to w(End(p;), Start(pi+1)). Thus p”’ =pY @ -+ @ py is an s”-to-u}, path in G’ with wgr (p”) = w(p).

Therefore,
(m/i)ri dister (s”,u;) < diste (s, u).
Using dg (u}) + ¢(us) = distgr (s”,u}) finishes the proof. O

C.5.3 Time Complexity

Let T(m, k) denote the running time of KSSSP(H, s, k). We show T(m,n) = O(mlog®n) by writing a

recurrence for T'(m, k).
« Building the path cover for H>o takes O(mlog*n) time by Theorem C.10 (since VA = 1001log® n).

e The recursive call requires an SCC decomposition in O(m) time and costs
T((1+ mgm)ms 3)-

« For computing distances, we build G”. Each vertex u] has out-degree O(degy (7(u’))), and there are

x = O(log® n) copies, hence

|E(G")| < O(log°n) - Y degy(n(u)) = O(mlog®n)

u’ eV (G’)

by Theorem C.10. Therefore Lemma C.20 on G costs O(mlog” n) time.

We obtain the recurrence

1 k 7
T(m, k) < T(<1+logn> m,2> + O(mlog n),

with base case T'(m, O(log® n)) = O(mlog” n) by Lemma C.21. Solving gives T(m,n) = O(mlog®n).

C.6 Randomized or Undirected Solutions for Problem C.2

Low Diameter Decomposition: Randomized Solution. Let G be a directed graph G with
non-negative weight and d’ > 0. A low-diameter decomposition (LDD) is an edge set E' C F such that G\ E’
is a O(d')-clustered graph and, for each e € E, Pr[e € E'] < % logn. Bernstein et al. [BNW22] showed
how to sample E’ in near-linear time.

Observe that, by sampling 2 = O(logn) copies of LDD E; of diameter parameter d’ = 2dlogn and set
G = G\ E, each length-d path p is covered by some G} with probability at least 1 — 1/n'°. This is because,
for each 1,

PrlpNE; #0) < ZPr[e € Ej]< Z %,e)logn < %logn <1/2.
ecp eep

So, there is i where p C G'\ E! with probability 1 — 1/2% > 1 — 1/n'®. Thus, every path in the unknown
target set is covered with probability at least 1 — 1/ n® by union bound.

Neighborhood Cover: Undirected Solution. A d-clustering C consists of vertex-disjoint subsets
called clusters, each of which has diameter at most d. For any vertex v, let B, (v,d) = {w | distq (v, w) < d}.
A d-neighborhood cover N, of G is a collection of z = O(logn) many O(dlogn)-clustering Ci,...,C.
such that, for every vertex v, B,(v,d’) C S for some cluster S in some clustering C;. For any d, Awer-
buch et al. [Awe+98] showed how to construct Ay deterministically in near-linear time.
Observe that Ny gives the solution to Problem C.2. Indeed, for each i < z, let G = USECi G|[S]. Consider
any length-d path p in G starting from vertex u. We have that p C B, (v,d) C G} for some i.
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C.7 A Barrier for Covering Paths via Subgraphs
In this section, we prove Theorem C.3.

Theorem C.3 (Barrier for Subgraphs). For every m, A > 1, there exists an O(m)-edge directed graph G and
d such that every collection of d\-clustered graphs GY,...,G% C G covering all d-paths in G must have total

size ) |E(G})| = Q(my/m/\).
Fix m, A > 1. We will build a directed graph G with O(m) edges and a distance parameter d.

Step 1: choose parameters. Let
L= L m/)\J and d:=2+3L.

So L =0(y/m/\) and d = ©(/m/\).
We will also use one more parameter
R :=2d\.

Note that R > dA by construction.

Step 2: ladder gadget. Create vertices a1, az2,...,ar+1. For each layer j =1,..., L do:

o create R new vertices wj 1,...,w; R,

o add the directed cycle

Wj,1 = Wj,2 = =+ —> Wj,R — Wj,1,
o add edges a; — w;,» for every r € [R],

o add edges wj,» — ajy1 for every r € [R].
Thus, to “go through” layer j you can do

aj = Wjr — Wjir41l =7 Qj+1,

which is 3 edges.

The number of edges in one layer is
R (cycle) + R (entries) + R (exits) = 3R = 3 - 2dA = 6dA\.
Since there are L layers, the total number of edges in the ladder is

6dX - L = 6(2+ 3L)AL = O(AL?) = O(A - (m/A)) = O(m).

Key property of the ladder. Let H be any subgraph of G whose SCCs all have diameter at most d\.
Consider a fixed layer j. If H contained all R edges of the directed cycle of layer j, then that SCC would
have directed diameter R — 1 > d)\, contradicting that H is dA-clustered. Hence: For every dA-clustered
subgraph H and every layer j € [L], H omits at least one edge of that layer’s cycle.

Step 3: star in front of the ladder. Add a special vertex r (the center of the star) and add the edge
r — a1. Then add
M := |m/20|

new vertices s1,...,sn and add star edges
st —>r fort=1,..., M.

This adds M + 1 = O(m) edges. Since the ladder already cost O(m) edges, the whole graph G has O(m)
edges.

Step 4: the d-paths we care about. Consider a path that:



204

1. starts with some star edge s — r,
2. then takes r — ag,

3. then for each layer j = 1,..., L takes a 3-edge traversal
Qj = Wj,r; = Wi,rj+1 —7 Aj+1-

This path has length
1 (star) + 1(toa1) + 3L = 24+ 3L = d.

So these are exactly d-paths in G.
Step 5: diagonalization for one star edge. Let {G',...,G%} be any collection of d\-clustered

subgraphs of G that covers all d-paths.

Fix one star edge e; := s — r. Define
L:={ic[z]: e € E(G))}.

We claim that
|I| > L. (C.2)

Suppose toward a contradiction that |I;| = ¢ < L. For each ¢ € I, for every layer j it omits at least one
cycle edge in that layer. Since g < L, we can pick for every i € I; a distinct layer £(i) € [L] and let f; be one
cycle edge in layer £(3) that G; omits.

Now we build a d-path P as in Step 4, but with the following extra choice: in layer ¢(i) we force the
traversal to use exactly the edge f;, and in all other layers we traverse arbitrarily. This is a valid d-path
because every layer allows us to pick any two consecutive cycle vertices.

By construction:

o Ifi ¢ I, then G} does not contain the first edge e;, so P € Gj.

o Ifi € I, then Gj does not contain f; (by choice), and P uses f;, so again P ¢ G;.

Thus P is a d-path that is not contained in any G, contradicting the assumption that the family covers all
d-paths. Therefore (C.2) holds.

Step 6: counting. For each of the M = ©(m) star edges e; we have found at least L subgraphs that
contain it. So the total number of edge—subgraph incidences is at least

M

STnl > ML,

t=1

But ;
> IEGY)
i=1

counts all edge-subgraph incidences (each time an edge appears in some G it is counted once). Hence
S IEGH > M- L.
=1
Finally, M = ©(m) and L = @( m/)\), S0

Z|E(G;)| > Q(m)-Q(v/m/A) = Q(my/m/X),

which is exactly the desired lower bound.

This completes the proof.
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Abstract

A recent breakthrough by [LNPSY STOC’21] showed that solving s-t vertex connectivity is sufficient
(up to polylogarithmic factors) to solve (global) vertex connectivity in the sequential model. This
raises a natural question: what is the relationship between s-t and global vertex connectivity in
other computational models? In this paper, we demonstrate that the connection between global

and s-t variants behaves very differently across computational models:

e In parallel and distributed models, we obtain almost tight reductions from global to s-t vertex
connectivity. In PRAM, this leads to a n“+°M-work and n°"-depth algorithm for vertex connectivity,
improving over the 35-year-old O(n“*1)-work O(log? n)-depth algorithm by [LLW FOCS’86], where w
is the matrix multiplication exponent and n is the number of vertices. In CONGEST, the reduction
implies the first sublinear-round (when the diameter is moderately small) vertex connectivity algorithm.

This answers an open question in [JM STOC’23].

¢ In contrast, we show that global vertex connectivity is strictly harder than s-t vertex connectivity
in the two-party communication setting, requiring &) (n1'5) bits of communication. The s-t variant
was known to be solvable in O(n) communication [BvdBEMN FOCS’22]. Our results resolve open
problems raised by [MN STOC’20, BvdBEMN FOCS’22, AS SOSA’23].

At the heart of our results is a new graph decomposition framework we call common-neighborhood
clustering, which can be applied in multiple models. Finally, we observe that global vertex
connectivity cannot be solved without using s-t vertex connectivity, by proving a s-t to global

reduction in dense graphs, in the PRAM and communication models.
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D.1 Introduction

The problem of finding (global) vertex connectivity of a simple undirected graph aims to find the minimum
number of vertices whose removal disconnects the graph (or the graph becomes a singleton). This problem,
along with a very closely related problem of (global) edge connectivity (which asks for the minimum number
of edges to be removed to disconnect the graph), are classic and fundamental graph problems that have
drawn the attention of researchers for the last fifty years [Kle69; Pod73; ET75; Eve75; Gal80; EH84; Mat87;
Bec+82; LLW88; CT91; N192; CR94; Hen97; HRGO00; Gab06; CGK14b; SY22]. Both problems can be easily
solved by n? calls to their s-t variants', which is in addition given two vertices s,¢ and asking the minimum
number of vertices (or edges) whose removal disconnects s and ¢. This simple idea is not efficient for two
reasons. Firstly, s-t vertex (or edge) connectivity is known to be equivalent to max flow with unit vertex
capacities (or edge capacities), which is a hard problem.? Besides, n’* calls add an even larger polynomial
factor to their s-t variancts running time. Thus, researchers focus on two questions: is there an algorithm to
circumvent their s-t variants? Can we reduce the number of calls to their s-t variants?

For edge connectivity, the answer to the first question is affirmative. In the conventional unit-cost RAM
(i-e., sequential) model, a long line of work spanning over many decades in the last century was concluded
by a near-linear time algorithm [Kar00], which does not require s-t edge connectivity computation, but
instead uses a technique called ‘tree-packing’. This technique has been proven to be versatile enough to
lead to near-optimal algorithms in various computational models [MN20; LMN21; Dor+21]. One can view
these developments through the lens of the cross-paradigm algorithm design—a relatively new research
direction where the general theme is to come up with schematic algorithms that can be implemented in
several computational models without much trouble [MN20; Bli+22; Roz+22b; Nan24]. The second question
was also answered affirmatively recently by the technique ‘isolating cuts’ [LP20], which reduces the number
of calls to polylogarithmic.

For the vertex connectivity problem, in the sequential model, the second question was solved very
recently [Li+21] which reduces the number of calls to polylogarithmic. However, unlike the tree packing
framework for edge connectivity which has been successfully implemented in various models, the reduction
in [Li+21] is highly sequential and suffers from several bottlenecks which make it only suitable for the
sequential model (we discuss more about these bottlenecks in Section D.2). Moreover, most the known
algorithms for vertex connectivity [Eve75; Bec+82; LLW88; CT91; CR94; HRGO00; Gab06; Li+21] This is in
contrast with the progress on edge connectivity, which is known to be easier to handle than its s-t variant.

Thus, a central question this paper aims to answer is:

Is solving s-t vertex connectivity necessary and/or sufficient for solving

(global) vertex connectivity in various computational models?

In this paper, we show a trifecta of such connections:

Sufficiency: We show that s-t vertex connectivity is sufficient for vertex connectivity on parallel and

o(1

distributed models by providing an almost-perfect reduction that uses only n ) calls. This reduction

is built on a new framework using common-neighborhood clustering, which is of independent interest.

Insuffiency: In contrast, we show that s-t vertex connectivity is not sufficient for vertex connectivity in
the communication model, by showing a near-optimal lower bound separating the complexity of s-t
vertex connectivity and vertex connectivity. We also provide a matching upper bound, thus settling

the communication complexity of vertex connectivity.

Necessity: Unlike the case for edge-connectivity, we observe that s-t vertex connectivity is indeed necessary
for vertex connectivity, at least in dense graphs. This follows from a straightforward reduction from s-t

to global vertex connectivity in dense graphs. The reduction works in the PRAM and communication

IThroughout this paper, we use n to denote the number of vertices and m to denote the number of edges of the
input graph.

2While there now exist almost linear time maximum flow algorithms in the sequential setting [Che+25], these
algorithms are far from simple. Morover, in other models of computation it remains largely open how efficiently one
can solve (even unit-vertex-capacitated) maximum flow.
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models, but when applied in the CONGEST model it adds additional communication edges. To the
best of our knowledge, this simple reduction is novel. This observation implies that any algorithm
developed for global vertex connectivity can be adapted to solve s-t vertex connectivity on dense graphs
(and hence also unit-vertex-capacitated maximum flow). This explains the lack of vertex connectivity

algorithms that work without calling its s-t variant, unlike what is the case for edge connectivity.

D.1.1 Owur Results: Reductions and Separations

Parallel and Distributed Computing. We use the standard PRAM and CONGEST models for
parallel and distributed computing respectively (see Section D.3.2 for the detailed definitions). Our first

results are almost perfect reduction algorithms in both models.

Theorem D.1. In PRAM model, if s-t vertex connectivity can be solved in W (m,n) work® and D(m,n)
depth where W (m,n) is superadditive® on m, then vertex connectivity can be solved in W (m,n) - work
and D(m,n) - n°Y depth.

Theorem D.2. In CONGEST model, if S-T vertex connectivity’ can be solved in R(m,n, D) rounds,® then

vertex connectivity can be solved in R(m,n, D) - n°Y rounds.

Our main technical contribution for showing Theorems D.1 and D.2 is a new algorithmic framework based
on graph decomposition for vertex connectivity. We introduce a graph property called common-neighborhood
and show that if the graph satisfies this property, then the reduction can be handled in PRAM and CONGEST.
For the general graph, we develop an efficient algorithmic framework that decomposes the graph into
common-neighborhood clusters. The decomposition algorithm, as well as its efficient implementation in both
PRAM and CONGEST", might be of independent interest.

Our approach is similar to recent advances in graph algorithms, where problems are first solved on graphs
with “nice properties” and then extended to general graphs through decomposition techniques (for example,
low-diameter decomposition [FRT04; ABNO08; Coh+14; BNW22], expander decomposition [ST04; Shel3;
RST14], length-constraint expander decomposition [HRG22; Hae+24]) . Certain graph decompositions
are also proven to be highly parallelizable [MPX13; CS19; CS20; Ash+24a]; this is also the case for our

common-neighborhood clustering.

Two-Party Communication. Given the positive results in the sequential, PRAM, and CONGEST
models, one might expect a perfect reduction from vertex connectivity to its s-t variant in other models
as well. Perhaps surprisingly, we show that this is not always the case. In particular in the classic two-
party communication model, we show a lower bound separating the communication complexity of vertex
connectivity and s-t vertex connectivity by (:)(\/ﬁ)8 We also show a matching upper bound, thus resolving

the communication complexity of vertex connectivity up to polylogarithmic factors.
Theorem D.3. The two-party communication complexity of verter connectivity is 5) (n1‘5).

It is known from previous work [Bli422] that the communication complexity of s-t vertex connectivity is
O (n). Thus, Theorem D.3 provides a strict separation of these two problems. Previously, a lower bound of

Q(n?) is only known to hold on multigraph [AS23].

3We assume all the complexity functions in this paper are reasonably smooth in the sense that W (Cm,Cn) =
poly(C) - W (m,n).

4W (m,n) is superadditive on m means W (m1 + mz,n) > W(m1,n) + W(mz,n). For example, W (m,n) = my/n
is superadditive, while W (m,n) = n* would not be superadditive.

5S8-T vertex connectivity is given two disjoint vertex sets S, T and asking the minimum vertex cut separating S and
T. In other models we can simply contract S and T into single vertices. However, in CONGEST, this is not allowed as
it would change the underlying communication network. This variant does not incur new challenges as commonly
both s-t or S-T vertex connectivity are solved by maximum bipartite matching.

6D is the diameter of the input network.

"More precisely, our algorithm works in the recently introduced minor-aggregation model [Roz-+22b] in ne)
rounds.

8Throughout this paper, we use O(-) to hide poly logn factors, and ) () to hide n°() factors.
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In contrast, we note that for edge-connectivity, seemingly the s-t variant is harder than the global variant:
it is known that the global variant admits an O(n) communication protocol [MN20], while it remains an an

open question if this is also the case for the s-t edge-connectivity.

D.1.2 Our Results: Implications

Implications in PRAM and CONGEST. By folklore reductions, s-t vertex connectivity is known to be
equivalent to mazimum bipartite matching (BMM). By combining with our reduction Theorems, we directly

get the following results.
Theorem D.4. In PRAM model, vertex connectivity can be solved in mn® M) work and n®5te® depth.

Theorem D.5. In CONGEST model, vertex connectivity can be solved in n°® . (n*®DY? 4 n'/2D +

n7/10D7/10) rounds, which is sublinear as long as D = n3/7-¢ for some constant £ > 0.

The superadditive requirement in Theorem D.1 might prevent us from reduction to BMM algorithm in
matrix multiplication work and depth [Lov79; KUW86; MVV87]. However, although not directly implied
by Theorem D.1, our reduction framework is versatile enough to obtain vertex connectivity in matrix

multiplication work and depth as well.

w+o(1)

Theorem D.6. In PRAM model, vertex connectivity can be solved in n work and n°™M depth, where

n® is the optimal work for matriz multiplication in n°Y depth.

Remark D.7. The n“*°®" work and n°®) depth can be improved to 5(nw) work and 5(1) depth if we
apply a common-neighborhood cover algorithm with o (n2) work and O (1) depth instead of o (m) work
and n°® depth. However, for consistency throughout the paper across different models, we do not optimize
this here.

Previous Work. Parallel vertex connectivity was mostly studied for small x (the vertex connectivity of
the input graph) [CT91; CKT93; GH20], which have at least 2(n) depths for large . Despite the long-known
fact that BMM can be solved in matrix multiplication work and depth [Lov79; KUWS86; MVV8&T7], the
only known sublinear depth algorithm for vertex connectivity in the general case is by reduction to matrix
multiplication [LLWS88] in o (n“’“) work and O(log?n) depth. Our result Theorem D.6 improves this
35-year-old result in the subpolynomial depth regime to almost matrix multiplication time. Moreover, in the
sublinear depth regime, our result Theorem D.4 is faster than matrix multiplication time on moderately
sparse graphs.

In the CONGEST model, vertex connectivity was either studied for small x [Thu97; PT11; Par20; PP22;
JM23], or by O(logn) approximation [CGK14b]. For exact computation and large &, all of the mentioned
results cost at least ©2(n) rounds, even for a graph with constant diameter. Our result Theorem D.5 gives

the first sublinear round algorithm for exact large vertex connectivity as long as D is moderately small.

Implications for Streaming. We use the standard graph streaming model (formally defined in
Section D.3.2). It is a well-known fact that an efficient streaming protocol yields an efficient communication
protocol. Thus, our communication lower bound in Theorem D.3 immediately implies the following streaming

lower bound.

Theorem D.8 (Streaming lower bound). Any P(n)-pass randomized streaming algorithm of vertex connec-
tivity needs Q(n*°/P(n)) space.

Our algorithmic ideas can be used in the streaming model as well and give the following reduction
theorem. In the randomized streaming model, we say a reduction from vertex connectivity to maximum
bipartite matching is an («, 8)-reduction if vertex connectivity can be solved in aS(n) space and SP(n)

passes as long as maximum bipartite matching can be solved in S(n) space and P(n) passes.
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Theorem D.9 (Streaming upper bound). In the randomized streaming model, there is a (5 (n0‘5) ,O0(1))-

reduction from vertex connectivity to maximum bipartite matching.

A natural question is whether the reduction of Theorem D.9 is optimal or not. Although we cannot show
a lower bound, there is a simple observation that any better reduction gives a strong streaming lower bound

for maximum bipartite matching.

Corollary D.10. If an («, B)-reduction from vertex connectivity to mazimum bipartite matching exists for
a- 6 < n0.576

passes.

, then in the semi-streaming model, mazimum bipartite matching cannot be solved in o(n®)

The implied BMM lower bound of Corollary D.10 would be a breakthrough in semi-streaming lower
bound [AG11; AR20b; Che+21]. Hence, if we are to believe the conjecture that maximum bipartite matching
can be solved in O (n) space and n°M passes, then according to Corollary D.10, the reduction of Theorem D.9
can not be improved by a polynomial factor. Alternatively, Corollary D.10 can be viewed as a new potential
way to obtain polynomial pass semi-streaming lower bound for bipartite matching through developing better
reductions for vertex connectivity.

At last, by combining Theorem D.9 with the current progress on BMM [Ass+22], we get the following

result.

Corollary D.11. There is a randomized streaming algorithm for vertex connectivity with 19) (n”’) space and

5
075+ passes.

D.2 Technical Overview

Given an undirected graph G = (V, E), a partition (L, S, R) of V' (where L, S, R are all non-empty) is a
vertez cut (or simply cut in this work) if there are no edges between L and R. The size of the cut (L, S, R)
is defined as | S|, and we say S is a separator or more precisely, (s,t)-separator for any s € L,t € R. We
say a cut (L, S, R) is a t-sink cut if t € R. Throughout this paper, we will focus on solving the following

single-sink version of vertex connectivity.

Definition D.12 (SSVC (single-sink vertex connectivity)). Given an undirected graph G = (V, E) and a

vertex t € V, outputs a minimum ¢-sink cut.

There is a simple randomized reduction from the general vertex connectivity problem to SSVC (see Lemma D.89),
and fixing a sink makes the algorithm easier to state. So we focus on the single-sink version.

Another useful observation is that to solve SSVC, it suffices to solve the following Min-Neighbor problem.
Given a vertex u € V, define Ng(u) (or N(u) when the context is clear) to be the set of neighboring vertices
of u, i.e., vertices that share an edge with u. Let N[u] := N(u) U {u}. For a vertex set V' C V, define
N(V") = (Uuev' N(u)) — V' and N[V'] = N(V)UV’.

Definition D.13 (Min-Neighbor). Given an undirected graph G = (V, E) and a vertex set V' C V|, find
L C V' such that |[Ng(L)| is minimized.

If we have an algorithm for Min-Neighbor, to solve SSVC, we set V' =V — N|[t] and call the Min-Neighbor
algorithm to get L C V' such that |[N(L)| is minimized. One can verify that (L, N(L),V — L — N(L)) is
a valid t-sink cut for any L C V’. Moreover, every minimum t-sink cut (L, S, R) satisfies that L C V' and
S = N(L) (otherwise we can set S = N(L) which decrease the size of the cut).

We can also show the reversed reductions by simple arguments, so Min-Neighbor is, essentially, equivalent

to vertex connectivity. Throughout this overview, we focus on solving Min-Neighbor.

Bottlenecks of [Li+21] beyond the sequential model. We first discuss the bottlenecks of
implementing the sequential algorithm of [Li+21] in PRAM, CONGEST, and two-party communication

models.
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1. The algorithm is inherently sequential in the sense that it uses a breadth-first-search with unbounded
depth as a subroutine. This makes it hard to be implemented in situations where parallelism is a
requirement, such as PRAM and CONGEST.

2. Very informally, the algorithm reduces a vertex connectivity instance on a graph G with n vertices
and m edges to a bipartite maximum matching instance on a graph G’ with 0 (m) edges and 19) (n2)
vertices. In other words, when n is the parameter, the reduction is not efficient. In many situations,
n is the parameter for measuring the complexity, such as CONGEST and communication, or in the

matrix multiplication work of PRAM.

As mentioned in the introduction, we develop a new framework based on common-neighborhood clustering

to sidestep these bottlenecks. The organization of this overview is as follows.

1. In Section D.2.1, we define the common-neighborhood property of a graph, and show how to reduce
Min-Neighbor to s-t vertex connectivity preserving the number of edges (but not vertices) in a common-
neighborhood cluster (defined in Section D.2.1). The algorithm is described in PRAM model for the

sake of simplicity.

2. In Section D.2.2, we show our decomposition algorithm for common-neighborhood clustering in PRAM,
which can also be implemented efficiently in various models like CONGEST and communication.
Common-neighborhood clustering is a way to reduce solving Min-Neighbor on a general graph to
solving Min-Neighbor on common-neighborhood clusters. Combined with Section D.2.1, this proves
Theorem D.1 (not preserving the number of vertices is fine here because we assumed W(m,n) is

superadditive on m in Theorem D.1).

3. For the CONGEST model, to prove Theorem D.2, we do not have the guarantee that R(m,n, D) is
superadditive. Thus, it suffers from the second bottleneck of [Li+21]. We show that it can be resolved
nearly perfectly in Section D.2.3 and prove Theorem D.2.

4. To prove that vertex-connectivity can be solved in matrix multiplication work in PRAM (Theorem D.6),
only preserving the number of edges does not suffice. We show how to leverage our framework to

circumvent this bottleneck in Section D.2.4.

5. Section D.2.5 gives an overview of our results in the two-party communication setting (Theorem D.3).
We show that the number of vertices cannot be perfectly preserved by proving a near-optimal lower
bound for vertex connectivity separating it from s-t vertex connectivity. The near-optimality of the

lower bound is shown by an upper bound.

D.2.1 Building the Framework: Common-neighborhood Cluster

Recall that the input to Min-Neighbor is an undirected graph G = (V, E) and a vertex set V' C V. Throughout
this overview, we always use L* to denote an arbitrary one of the minimizers of minycy [N(L')|. Wlog.,
we will assume G[L*] is connected, otherwise we can take a connected component of G[L*] denoted as L', we
have N(L') C N(L*) so we can use L’ as the minimizer instead.

Our goal is to find L*, and let us assume that we know its size.” Now we are ready to define common-
neighborhood clusters. For two sets A, B, define AAB = (A — B)U (B — A) as their symmetric difference.

Definition D.14. Given an undirected graph G = (V, E) and a vertex set C C V', we say C has neighborhood
difference d if for any u,v € C, |[N(u)AN (v)| < d.

We say C is a common-neighborhood cluster if C' has neighborhood difference at most O (|[L*]). In
this section, we will assume V' is a common-neighborhood cluster and show a PRAM algorithm solving
Min-Neighbor. We will use the following property of a common-neighborhood cluster. The formal statement

and proofs are in Claim D.42.

9This assumption can be easily removed by guessing the size of L* by powers of 2 which only adds a logarithmic
factor to the complexity.
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Lemma D.15 (Informal version of Claim D.42). If the input vertez set V' is a common-neighborhood cluster,

then one of the following two cases happens.
1. |[Ng(L*)nV'| = O (|L*)).

2. G[V'] is almost a clique. For this overview, assume V' is indeed a clique for convenience.

Now we show the rough idea of how to find L* in each case. The formal proofs are in Section D.5.

Case 1: [N(L*)NV'| = O (|L*|). In this case, we can employ the isolating cuts technique [Li+21], that,
given an independent set T', finds the minimum vertex cut separating exactly one node in T from the other
nodes in T. For our case, we let T be an independent sample by including each node v € V' in T with
probability 1/O (|[L*]). This means that with probability (1), T has exactly one node in L* and no nodes
in N(L).

Case 2: G[V'] is a clique. In this case, we are trying to solve Min-Neighbor given that (i) V' is a clique,
and (ii) every two nodes in V' has their neighbors in G differ by at most O (|L*|) nodes. We call this problem
MinNeighbor-NearClique-CommonNeighborhood, or MinNNCC for short.

For a vertex s € V', define the s-source Min-Neighbor problem as finding arg mingcr/cys N(L'). Note
that it can be solved in one s-t vertex connectivity call: add a super node ¢ connecting to N(V') and call s-t

vertex connectivity. Given this, the algorithm for dealing with Case 2 contains two steps.
1. Sample |V’|/|L*| nodes uniformly at random so that one of them is in L*.

2. For every sample node, solve s-source Min-Neighbor on a sparsified graph (which we will define later)
with [V'] - |L*| edges.

The cumulative number of edges for calling s-t vertex connectivity is \V’|2, which is proportional to the
number of edges in G (since V' is a clique). Thus, the reduction preserves the total number of edges. Moreover,
if the work function W(m,n) for solving s-t connectivity is superadditive on m, then the work of solving
MinNNCC can be written as O(W (|V’| - |L*|,n)) - |[V'|/|L*| < O(W (V|- |L*|- ([V'|/|L*]),n)) = O(W (m,n)).

The remaining question is how to run s-source Min-Neighbor on a sparsified graph with |V'| - |L*| edges.
This is because we can delete all edges from V' — {s} to neighbors of s, and deleting them will not change
the set N(L') for any set L' 5 s. Recall that V' has neighborhood difference at most O (|L*|), and hence

u € V' can have at most O (|L*|) remaining edges outside N(s). See Figure D.1 for an illustration.

Figure D.1: All the dashed edges (edges from V' — {s} to neighbors of s) are deleted. For every L’ with
s € L', N(L') does not change.

Remark D.16. The proof of Claim D.42 and the idea of sparsifying the instance can be viewed as an
adaption from the proof in [Li+21], so we do not claim novelty here. Our novelty lies in (i) introducing

the graph decomposition for common-neighborhood clustering, and showing how it can be implemented in
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various models, (ii) circumvent the bottleneck of not preserving the number of vertices, as we will illustrate

in the following sections.

Building the Framework. To summarize, once we have a common-neighborhood cluster V', the
problem reduces to one of (i) finding a minimum isolating cut, or (ii) solving MinNNCC. If V' is not a
common-neighborhood cluster, the natural idea is to decompose it into common-neighborhood clusters, which

we call common-neighborhood clustering defined as follows.

Definition D.17 (Common-neighborhood clustering). Given G = (V, E) and V' C V, output a set of vertex
sets C such that

1. each vertex u € V' is contained it at most O (1) clusters in C,
2. for any C € C, C is a common-neighborhood cluster and C' C V',

3. L* C C for some C € C with probability at least 1/n"<1).

Our framework can be thus summarized as follows.

Step 1: Compute a common-neighborhood clustering denoted as C.

Step 2: For every C € C, solve minimum isolating cut and MinNNCC to get non-empty Le C C' minimizing
N(Lc).

Step 3: Output the minimum N(L¢) among all C € C.

D.2.2 A Decomposition Algorithm for Common-neighborhood Clustering

In this section, we show a PRAM algorithm for common-neighborhood clustering which can be implemented
in different models. One crucial property of L* that we state here is that L* has neighborhood difference at

most 2|L*|—we defer the formal proof of this statement to Lemma D.26.

A proof of existence. We first give a simple, but inefficient, algorithm that shows the existence of
common-neighborhood clustering. Define the neighborhood-difference graph G’ = (V’, E’) as follows: for
any pair of vertices (u,v) € V' x V', (u,v) € E' if and only if [Ng(u)ANg(v)| < 2|L*|.

We also need the notion of the sparse neighborhood cover that is studied in the literature [Awe+98]. We

define it as follows.

Definition D.18 (Sparse neighborhood cover (SNC)). Given an undirected graph G = (V, E), the sparse

neighborhood cover of G is a set of vertex sets C (called clusters) such that
1. (sparse) each vertex v € V is contained in at most O (1) clusters in C,
2. (low diameter) the diameter of G[C] for any C' C C is at most O(logn),

3. (cover) for every v € V, there exists a cluster C' C C such that Ng[v] C C.

It is also proved in [Awe+98] that SNC can be constructed efficiently. We claim that applying SNC on G’
gives us a common-neighborhood clustering. Let us verify each property of common-neighborhood clustering

one by one.

1. Each vertex u € V' is contained in at most O (1) clusters in C according to the (sparse) condition.

2. For any C € C and any u,v € C, there exists a path from u to v in G’ with length O(logn) according
to low diameter, denoted by (u,vi,ve,...,v). Notice that an edge (u,v1) € E' means we can delete
and add 2|L*| nodes from Ng(u) to get Ng(vi). We can repeat this argument along the path, which
shows that |Ng(u)ANg(v)| = O(|L*|log n). This proves that C' has neighborhood difference at most

O(|L*|logn), i.e., it is a common-neighborhood cluster.

3. L* has neighborhood difference at most 2|L*| according to Lemma D.26, L* must be a clique in G’
according to the definition of G’ (actually here we do not require G[L*] to be connected, this additional
property is to assist a faster algorithm which we will explain later). Thus, take an arbitrary v € L*,

and note L* C Ngr[v], which means L* is contained in some cluster due to property (cover).
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This completes the existential proof. However, construction G’ is not efficient and runs in O(n®) time in

a trivial way. O

Speeding up the construction of G’: approximating the neighborhood differences. One
reason for the slow computation of G’ is that in order to decide if an edge (u,v) exists in G’ or not, we need
to go over the neighbors of both u and v, which in the worst case use time n, resulting in a total time O(n®).
This is unavoidable if we want to know the exact size of |Ng(u)ANg(v)|. However, we will show that an
approximate size of |Ng(u)ANg(v)| suffices.

We can build G’ in the following way: (i) if (u,v) € E’, then |Ng(u)ANg(v)| < 3|L*|, (i) if (u,v) € F',
then |Ng(u)ANg(v)| > 2|L*]. Such G’ can be constructed by only knowing an approximate value of
|Nc(u)ANg(v)| for any u,v € V. One can verify that applying SNC on this G’ does not make too much
difference and can still give us a common-neighborhood clustering. Moreover, computing an approximate
value of | Ne(u)ANa(v)| only requires O (1) time by standard sampling and sketching techniques. This is
proved in Corollary D.30.

Assumption D.19. In the rest of this overview, we use apd(u,v) to denote a 1.1-approzimation value of
|Ng(u)ANg(v)|, which can be found using Corollary D.30.

This means that G’ can be constructed in time O (n2) However, this is still slow if our goal is 10) (m)
work. More severely, computing G’ is not a ‘localized’ procedure since it requires two very far away nodes to
decide whether they have an edge in G’ or not, posing a challenge for distributed computing. Thus, our

algorithm will not compute G’, or a SNC of G/, but instead involves a completely new idea.

A fast algorithm with large depth. Now we describe an algorithm that has a large depth but in
9] (m) work in PRAM. Given that L* has neighborhood difference at most 2|L*| and G[L*] is connected, if we
know a vertex u € L*, we can construct a common-neighborhood cluster C' with L* C C' in the following way:
build a BFS tree on G with root u, such that a vertex v is included in the BFS tree only if apd(u,v) < 3|L*|.
Let us denote the vertices in this BFS tree as B’ [3|L*|] (u). It can be equivalently defined as follows.

Definition D.20. Define B'[](u) as the largest possible set such that (i) G[B’[{](u)] is connected, (ii) for
any v € B'[{](u) we have apd(u,v) < £.

In this way, we can guarantee that the neighborhood difference of C' is at most O(|L*|), L* C C and the

construction time of C' is proportional to the number of adjacent edges of C.

Forgetting what L* is. In general, we do not know a vertex in L*. A natural idea is to sample vertices
with probability 1/|L*| and run the above algorithm for each sampled node and add all the resulting clusters
into C. In this way, with good probability one of the clusters in C will contain L*. However, it is easy to see
that the (sparse) property does not hold, i.e., each vertex could appear in as many as n/|L*| clusters (this
also results in a large work). The reason for the large overlap is that clusters can intersect with each other.
A naive way to reduce the overlap would be to delete every cluster that intersects with others. Unfortunately,
this does not work because the cluster that contains L* could be deleted by this procedure. Hence, we
)](u), such that (i) at least
one sampled vertex is in L*, and (ii) the cluster containing L* does not intersect other clusters. If these

set our goal as follows: sample some vertices u and build the cluster B'[O (|L*

conditions are satisfied, we can let C be all the clusters that do not intersect with others, and we will be
done. The work is also guaranteed to be 0 (m) since if two BFS trees meet together at one node, they can
stop growing and they are both excluded from being in C.

To achieve the aforementioned non-overlap requirement (ii), an ideal situation would be the following.
There are two vertex sets A, B with L* C A C B such that:

1. the size of B is roughly equal to the size of A,
2. B has neighborhood difference at most O (|L*|), and

3. Any vertex outside B has large neighborhood difference from the vertices in A (e.g., at least 10da

where the neighborhood difference of A is da).
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If we have such A, B, then we can sample with probability 1/|B| such that, with good probability, one of
the sampled nodes will be in A while all other sampled nodes are outside B. Now we can build B’[2da](u)
for each sampled node u and A will be contained in one of the clusters, and the cluster containing A will not
overlap with other clusters.

Now we discuss how to prove the existence of such A, B. For a vertex v € L*, L* C B'[3|L*|](v).
In what follows we assume v is an arbitrary vertex in L*. If we can find a parameter r > 2 such that
|B'[997|L*|](v)| < n°D|B'[r|L*|](v)| holds, then we can set A = B'[r|L*|](v) and B = B'[99r|L*|](v) and
all the three conditions for A and B hold. Our goal is to find the smallest such r starting from r = 2 and
increasing r to 99r iteratively. Notice that each repetition increases the size of B'[r|L*|](v) by a factor of
n°D but only increases r by a factor of 99, by setting the parameter correct we can make sure r = o} (1) in
the end. This proves the existence of A and B. As long as A, B exists, we can guess the size of B by powers
of 2, so that we can sample with probability 1/|B| as the algorithm suggests.

A side remark is that the algorithm only guarantees L* C C' € C with probability 1/n°®). This probability
can be boosted by repeating the algorithm n°® and add all the found clusters to C.

Reducing the depth by graph shrinking. Unfortunately, the above idea still requires doing BFS
with unbounded depth, which is not suitable for both parallel and distributed models. The main bottleneck
is about finding B'[{](u) for many different v and some parameter £. If B'[(](u) contains less than n°®)
nodes, then it can be done in noM depth since the BFS can include at most n°M nodes. Thus, let us assume
B'[¢](u) contains much more than n°® nodes.

The idea is to shrink the graph size by a factor of n° while not losing too much information about
B'[¢](u). We sample vertices with probability 1/n°") and denote the sampled vertex set as X. With good
probability we have (i) X N B'[¢](u) # 0, (ii) size of X decrease the size of V by a factor of 1/n°". We
decompose the graph by growing vertex disjoint BFS trees simultaneously from every vertex v € X, such
that a vertex w is included in the BFS tree of v only if apd(v,w) < 3¢. After that, we contract each BFS
tree and call them super nodes. The graph size decreases by a factor of 1/ oW, Moreover, all vertices in
B’[f](u) are preserved in some super nodes since X contains at least one node v € B’[{](u) and all nodes in
B’[{](u) are eligible to join the BFS tree of v.

We can repeat the above operation as long as the number of super nodes intersecting B'[¢](u) is at least
n°W: sample super nodes with probability l/n"(1> to make sure one sampled super node intersects B’'[¢](u);
from each super node v grows a BFS tree only including another supernode w such that there exist original
nodes v’ € v,w’ € w with apd(v, w) < 3¢; contract each BFS tree. Notice that the neighborhood difference
of each super node grows by a constant factor in each iteration.

°() then we can find all of

We repeat until the number of super nodes intersecting B’[¢](u) becomes n
them by a simple BFS of depth n°® . The only problem is that a super node might contain extra nodes
besides nodes in B’[f](u). This is fine due to the following reason: in each iteration the neighborhood
difference of each super node grows by a constant factor, while the number of nodes of the graph shrink by a
factor of 1/ noM: by setting the parameter correctly, the final neighborhood difference of each super node is
at most n°V¢. Thus, all the nodes in the super modes intersecting B’[{](u) are contained in B'[n°M¢](u).
This n°®) factor is not too large and a slight change in the algorithm can handle it.

The algorithm and analysis are described in details in Section D.4.

D.2.3 Distributed Algorithms

Recall the framework for our CONGEST algorithms: we first apply common-neighborhood cluster described
in Section D.2.2 so that we can assume V' is a common-neighborhood cluster as defined in Section D.2.1,
then we use the observations in Section D.2.1 to reduce the problem to (i) minimum isolating cut, and (ii)
MinNNCC. Both problems can be reduced to s-t vertex connectivity while preserving the total number of
edges m when doing the reduction, as explained in Section D.2.1.

Now, we describe the key obstacles to implementing distributed CONGEST and outline our solution to

overcome the technical obstacles.
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Bottlenecks of Proving Theorem D.2: Minimum Isolating Cut

The following isolating cuts lemma can almost handle our case.

Lemma D.21 (Lemma 4.2 of [Li+21]). Given a graph G = (V, E) and an independent set T C V of size at
least 2, there is an algorithm that outputs for each v € T a (v,T — {v})-min-separator C,. The algorithm
makes calls to s-t vertex mincut on graphs with O(m) total number of vertices and O(m) total number of

edges and takes O(m) additional time.

This version of the isolating cuts lemma works perfectly fine for sequential settings as they focus on
bounding the total number of edges. Their algorithm can also be easily parallelized. However, the number of
vertices can be as large as O(m) which is not suitable for distributed computing.

To handle this situation, we prove a more efficient version of the isolating cuts lemma that also guarantees

O(n) total number of vertices and O(m) total number of edges.

Lemma D.22. Given a graph G = (V, E) and an independent set T C V of size at least 2, there is an
algorithm that outputs for each v € T a (v, T — {v})-min-separator C,. The algorithm makes calls to s-t
vertex mincut on graphs with O(n) total number of vertices and O(m) total number of edges and takes O(m)

additional time.

To elaborate for minimum isolating cut, by following the proof of Lemma D.21 (formally described in
Lemma 4.2 of [Li+21]), we remove a set of vertices X from the graph so that each connected components C
of the remaining graph contains at most one terminal ¢ € T. For each connected component C with one
terminal ¢ € T inside, we try to find minger cc Ne(L'). Notice that this minimization problem only depends
on all the edges adjacent to C, which are non-overlapping for different C, so the total number of edges is
bounded by m. However, it depends on all vertices in Ng[C], which could intersect at lot for different C.

To obtain the improvement as in Lemma D.22, we briefly explain how to deal with this issue. For
every C where we wish to find minser/cc No(L'), we prove that it suffices to keep O (|C|) vertices in
N¢(C) and deleting the others, while preserving minger cc No(L'). This is done by finding a maximum
bipartite matching between C and Ng(C). After that, the total number of vertices is upper bounded by
Yo O(C|) = O(n). Given Lemma D.22, we can easily obtain PRAM and CONGEST algorithms where the

number of vertices involved in the isolating cuts lemma, is O(n). We refer to Section D.6 for details.

Bottlenecks of Proving Theorem D.2: Solving MinNNCC

It is easy to see that the algorithm described in Section D.2.1 for MinNNCC does not preserve the number
of edges. In fact, it contains |V’|/|L*| many instances, where each instance contains |V’| - |L*| edges and n
vertices.

Now we briefly explain how this is solved in CONGEST. We will use the fact that V' is a clique. For
each instance with |V’|/|L*|, we map those edges uniformly at random into the clique G[V'], and we solve
the instance by an oracle call to s-t vertex connectivity where communication happens only on the mapped
edges. Since there are in total at most O (|V’|2) edges, and G[V'] is a clique, in expectation each edge is

only included in O (1) many instances.

Random mapping of the communication inside the clique. Here we elaborate on the random
mapping procedure. Our solution is to offload the communication of each instance to the cliques by a simple
random load-balancing strategy.

Given each instance G, which is the sparsified graph with O (|[V’| - |L*]) edges as described in Section D.2.1,
we define a random (public) function fs : N(V') — V'’ that maps a node v € N(V’) to a random node in V.
For each u € N(V’), our goal is to have f(u) € V' simulate u (in other words, f(u) acts as a proxy for u),

i.e., f(u) acts as if it is node u. In order for f(u) to simulate u, f(u) must learn the following information:

e The algorithm description of node u for executing s-t vertex mincut algorithm in G’%. This can be

done by having u send its code to f(u).
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o f(u) learns every node N¢(u) N V’. This can be done by letting every neighbor v € Ng(u) N C send
its id to f(u).

In this case, f(u) can act as if it is node u. So, any communication between v € V' to u € N(V’) can be
moved to the same communication between v € V' and f(u) € V'. Therefore, the communication between
every edge (v,u) where v € C,u € N(V’) will map to a (v, f(u)) where u is a random node. Using the fact
of graph G’, that every node v € C' — {s} has at most O (|L*|) edges to N(V’), we conclude that every node
v € C — {s} in the instance G, communicates using random O (|L*|) edges adjacent to V.

In summary, fix a node v € V', and the algorithm will communicate from v to O(|L*|) random vertices
in V' for each instance G. Since every O(%) instance will use O(|L*|) random neighbors from v to in V,
and v has degree |V’| — 1 inside V', in expectation, the load of each edge in V' incident to v is O(1). This
means every edge e in V' will have O(1) number of instances G5 use e to communicate. We can now run all

instances with O(l) congestion. We present the full algorithm in Section D.7.

Remark D.23. If the cluster V' is not a clique, but close enough to a clique, then we simulate a clique
communication with O(logn) factor overhead in communication, before running the clique algorithm. We

formalize the algorithm in Section D.7.2.

D.2.4 Parallel Algorithm in Matrix Multiplication Work

Recall that in the last section, we explain how to solve minimum isolating cut and MinNNCC by reductions
to s-t vertex connectivity while preserving both the number of edges and vertices, in CONGEST model. For
the case of minimum isolating cut, one can easily check that the idea for preserving the number of vertices
described in the last section also works in the PRAM model, and thus we can solve s-t vertex connectivity
using a reduction to bipartite matching which can be solved in O(n®*) work.

We now focus on solving the case of MinNNCC. We will use the same local graph Gy/. Recall that the
algorithm that sparsifies Gy into G can result in O (m) = O(n?) vertices in total, which is not suitable for
our purpose.

In this section, we explain how to solve MinNNCC in matrix multiplication time by utilizing convez
embedding introduced in [LLW88]. The details can be found at Section D.8. Throughout this section, we
let ng = |[Ng[V']| + 1 be the number of vertices in G+. The goal is to solve MinNNCC in O(n§) work
(and polylog depth). For simplicity, we assume that |[N(V')| < |V’'|. Later we show how to remove this
assumption.

Let F be a finite field. For k > 0, the space F* is a k-dimensional linear space over F. Let X = {z1,...,2n}
be a finite set of points within F¥. The affine hull of X is defined as

k k
aff(X) = {chmlxl € X and Zci = 1}.

i=1 i=1

The rank of X, represented as rank(X), is one plus the dimension of aff(X). Specifically, if F = R, we refer
to the conver hull of X, denoted conv(X). For any sets V, W, any function f : V — W, and any subset
U CV, wedenote f(U) :={f(u): wueU}.

Definition D.24 (Convex X-embedding [LLW88]). For any X C V, a convex X-embedding of a graph
G = (V,E) is a function f : V — RXI=! such that for each v € V' \ X, f(v) € conv(f(Ng(v))).

We defer the details of construction to Section D.8. For now, let us assume that we are given Ng,, ()-
convex embedding f; in graph Gy such that for all z € V', ka,,, (s,t) = rank(f:(Ne,,, (2))). The task now
is to compute the rank of f:(Ng,, (z)), which can be done in O(ng) time. In total, it would take O(% -ng)
work to compute kg, (s,t) for all instances of s-source Min-Neighbor via this approach.

Here is the speedup we can exploit: Since V' has neighborhood difference at most O (|L*|), and
thus for any s,s’ € V', [N(s)AN(s")| < O (|L*]). Therefore, rank(f:(Ng,,, (s"))) can be obtained from
low-rank updates of rank(f;(Ng,, (s))) given we preprocess the matrix representing f:(Ng,, (s). Here,

low-rank updates correspond to changing O (|L*|) columns of the matrix representing ft(Ng,,, (s)) since
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IN(s)AN(s")| < O(IL7)).

In terms of low-rank updates, we can use a dynamic matriz data structure to support this operation (see
Lemma D.72 for the formal definition). Namely, we can preprocess the matrix M; representing fi(Ng,,, (s))
in O(ng) time so that given s’ € V', we can decide if rank(f:(Na,, (s"))) > k in T (|L*], no, | L*]) time
where T (n, k, ) be the number of field operations needed to multiply an n X k matrix with a k X r matrix
in O(log® n) depth.

V']
IL*]

To summarize, using the matrix data structure, the total work to compute xg,,, (s,t) for O(151) instances

of s-source Min-Neighbor is at most

~ w ~ V, * * ~ w A 7w
O(ni) +0 (:LD T (|L*], o, | L) < O() = O(IV'|*).

D.2.5 Communication Complexity

When implementing our framework in the communication model, common-neighborhood clustering (as
described in Section D.2.3) works well. The problem we face is solving MinNNCC: the best s-t vertex
connectivity algorithm [Bli422] takes n as the parameter, but in the worst case we need to run n sparse
instances, each with n vertices. One might hope that there is a way to solve this issue with an almost-perfect
reduction just like we did in CONGEST. However, we proved that this is not true by showing an Q(n'%)

lower bound.

An Q(n'®) lower bound. We will reduce the following problem to vertex connectivity. Alice and Bob
will get v/n instances of subset-tribes, each containing /n instances of subset problems with length v/n. The
inputs to Alice and Bob are denoted as Agi), Aéi), ey A% C [v/n] and B:Ei), Béi), - B% C[v/n] fromi=1
to ¢ = /n, where it is guaranteed that |A§.i)| = /n/2 for any i, j. They want to determine whether there
exists ¢ such that B]@ - Ay) for any j. This problem has randomized communication lower bound Q(n1'5)
(see Lemma D.85). Now we show how to reduce this problem to vertex connectivity.

We let G = (V1 U V2. UV 7 UU, E) where V; is a clique with y/n vertices, and U is a clique with
n vertices. We connect V; to U based on Agi)7 ...Jl% and By), ...,BE}Z? such that N(V;) has size n iff.
B](.i) - Ay) for any j, while making sure that any other cut has size at least n + 1. The way of connecting V;
to U is as follows: split U into y/n pieces Uy, ...U, /5, and connect the j-th vertex in V; (denoted by vj@) to
U; according to Bj(.i); connect the j-th vertex in V; to Uy for any k # j according to Afj). See Figure D.2 for

an illustration. The details of this construction and proofs are in Section D.9.2.

Figure D.2: Each ellipsoid (and the set U) represents a clique. Every node in V;
for i = 1 to v/n has edges to U as illustrated in the graph.
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A simple nearly tight upper bound. Now we describe a simple way to solve Min-Neighbor when V"’
is a common-neighborhood cluster in o (nl‘s) communication. We break it into two cases based on the size
of L*.

When |L*| > n®5, we can sample O (ﬁ) nodes and one of them will hit L*. Recall that if we know
a node in L*, we can find L* in one s-t vertex connectivity call. Thus, in this case, the communication
complexity os 0 (n1‘5).

If |L*] < n®®, for a common-neighborhood cluster V', we can recover all edges adjacent to V' by using
O(n'®) communications in the following way: choose an arbitrary vertex u € V', Alice and Bob learn the
set Ng(u) by O(n) communication, then for every v € V' — {u}, Alice and Bob can learn Ng(v) by O(n°?)

communication since |N(u) AN (v)| < n°5. Knowing all edges adjacent to V' suffices to solve MinNNCC.

Remark D.25. The algorithm for communication can be easily implemented in the streaming model.
Moreover, there is an even simpler communication and streaming protocol in O (n1‘5) total communication

that does not require common-neighborhood clustering. For completeness, we present it in Section D.9.

D.3 Preliminaries

D.3.1 Terminologies

Basic graph terminologies. An (undirected) graph is denoted by G = (V, E) where V is the vertex
(or node) set and E C {{x,y} | z,y € V,x # y} is the edge set'®. Following the convention, we abuse the
notations a bit and will also use (z,y) to denote an edge, which is a set {z,y}. =,y are the endpoints of the
edge (z,y). Ng(u) is the set of neighbors of u defined by {v € V' | {u,v} € E}. We omit G in the subscript if
G is clear from the context. We also define N[u] = N(u)U {u}. The degree of a vertex u is defined as | N (u)|.
The minimum degree of G is defined as min,cv |N(v)|. Define E(A, B) = {{z,y} € E |z € A,y € B}.

For a vertex set V', G[V'] is called the induced subgraph of G on V' defined by G[V'] = (V', {(u,v) €
E|u,veV'}).

Throughout the paper, we use n to denote |V| and m to denote |E|. We write 9] (f) = O(f - log®n) for
some constant ¢, and O H=r: n°M | Tt is important that n represents |V| here, which is roughly the input

size.

Set terminologies. We define [z] = {1,2,...,z}. For two sets A, B, we use A — B or A\B to denote
{a € A|a & B}. We define AAB as the symmetric difference (A — B) U (B — A). We say (A1,...,A;) is a
partition of A if U;e(;jAi = A and A; N A; = 0 for any i # j.

Vertex cut. A wverter cut (or simply cut in this paper) is a partition of V' denoted by (L, S, R) where
() L#O,R#0,E(L,R) =0 or (2) |S| > n — 1. The size of a vertex cut (L, S, R) is defined as |S|. The
minimum vertex cut refers to the vertex cut with the smallest size. For a vertex s € V, The minimum t-sink
vertex cut is defined as a vertex cut (L, S, R) with ¢ € R which minimizes |S]|.

We say a vertex cut (L, S, R) as a (u,v)-vertex cut if u € L,v € R. For two vertex sets A,B C V,
we say (L, S, R) is an (A, B)-vertex cut if A C L, B C R. In this case, we say S is a (u,v)-separator or
(A, B)-separator. S is called a separator (or a vertex cut) if S is a (u, v)-separator for some u,v € V. We use
ka(u,v) to denote the size of the smallest u, v-separator in G, and k(G) to denote the smallest separator in
G. When there are no (u,v)-separator or no separator in G, we define k¢ (u,v) or k(G) as n — 1. In this
case, we say any n — 1 nodes is a separator.

For a vertex set X C V, we say X has neighborhood difference d if for any u,v € X we have
|Nc(u)ANg(v)| < d. The following lemma is crucial to our algorithm.

Lemma D.26. Suppose (L, S, R) is a minimum vertex cut, then the neighborhood difference of L is at most
2|L).

10A]l graphs in this paper are simple, i.e., without multi-edges and self-loops, as written in the definition.
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Proof. Since S is the minimum vertex cut, we have |[Ng(u)| > |S| for any u € V, otherwise Ng(u) is a
smaller vertex cut. Moreover, for u,v € L, Ng(u) U Ng(v) C LU S, otherwise S is not a vertex cut. Thus,
|Na(u)ANG(v)| = 2|Na(u) U Ng(v)| — [Na(u)| — [Na(v)] < 2(]S| + [L]) — 2|S] = 2|L]. O

D.3.2 Computational Models

PRAM model. In PRAM model, we have a set of processors and a shared memory space. Each processor
can independently read and write on the shared memory space or do other unit operations. The input is
given initially on the shared memory space, and the processors are required to jointly compute a specific
problem given the input. The complexity is measured by work and depth, where work is measured by the
total amount of unit operations performed by all the processes, and depth is measured by the time consumed

before the output is generated.

CONGEST model. In the distributed CONGEST model, we have an initial graph G = (V, E) of n nodes
with diameter D where each node has a unique ID and unlimited computational power. Initially, each
node only knows its neighbors. The algorithm runs in synchronous rounds. For each round, each node can
exchange O(logn) bits of information to its neighbors. The goal is to design an algorithm that minimizes

the number of rounds needed to determine the output, for example, the vertex connectivity of G.

Two-party communication model. In the two-party communication model (or simply communication
model), the edge set E is arbitrarily partitioned into two sets E = E; U Ea where E1 N E; = (. Two players
Alice and Bob both know the vertex set V', and Alice knows the set F1, and Bob knows the set F2. Their
goal is to exchange as few bits as possible to find some intrinsic property of the graph G = (V, E).

Graph streaming model. In the graph streaming model (or simply streaming model), a graph
G = (V, E) is given to the algorithm as an arbitrarily ordered stream of edges. The algorithm has limited
space and can read this stream in sequential passes. The goal is to minimize both the space usage and the

number of passes. Semi-streaming refers to the case when the space is restricted to O (n).

Remark D.27 (public and private randomness). In the two-party communication model and CONGEST
model, public randomness refers to the case when every party (or node) can access the same random bits,
private randomness, in contrast, does not allow parties (or nodes) to share the randomness. According to
Newman’s Theorem [New91], to simulate public randomness using private randomness, parties only need to
share an additional O(logn) bits of message (which can be broadcasted in CONGEST model). Thus, in this
paper, we assume access to public randomness when devising algorithms in communication or CONGEST

model.

D.3.3 Problem Definitions

We define the problems considered in this paper as follows. We say a (randomized) algorithm solves a
problem if it outputs the correct answer with high probability (or simply w.h.p.), i.e., with probability at
least 1 — # for an arbitrarily large constant c¢. All algorithms in this paper are randomized except with

explicit clarification.
Vertex connectivity (VC). Given an undirected graph G = (V, E), output a minimum vertex cut.

Single sink unidrected vertex connectivity (SSVC). Given a undirected graph G = (V, E) and a

sink vertex t € V', output a minimum ¢-sink vertex cut.

s-t vertex connectivity (s-t VC). Given an undirected graph G = (V, E) and s,t € V, output a

minimum (s, t)-vertex cut.
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S,T-vertex connectivity (S-T VC). Given an undirected graph G = (V, E), and two vertex sets
A, B CV, compute the minimum (A, B)-vertex cut.

Subgraph problems in CONGEST. For subgraph S-T vertex connectivity (or other subgraph problems)
in CONGEST, we are given a network along with a subgraph H where every node knows its adjacent edges in

H, and we want to solve the problem on H while other edges of G are only used for communication purposes.

Bipartite maximum matching (BMM). Given a bipartite graph (4, B, E) (which is defined as
E C A x B where AU B is the vertex set), output the maximum matching (a matching is defined as a set of

edges with mutually disjoint endpoints).

Bipartite minimum vertex cover (BMC). Given a bipartite graph (4, B, E), output the minimum
vertex cover (a vertex cover is defined as a set of vertices such that every edge has at least one endpoint in
this set).

D.3.4 Sketching

We will use the standard linear sketching algorithms from [CF14].

Theorem D.28 (Section 3 in [CF'14]). For any numbers n and s, there is an algorithm that preprocesses
in O (s) work and O (1) depth and then, given any vector v € {—1,0,1}", return a sketch sks(v) € Z°©) in
0 (||11H§)” work and 5(1) depth and guarantees the following w.h.p. (as long as the number of recovery
operations is poly(n)).

o If|[v]3 < s, then we can recover v from sks(v) in O (s) time and O (1) depth. (More specifically, we

obtain all non-zero entries of v together with their indices).

o Otherwise, if ||v]|3 > s, then the algorithm returns L.

Moreover, the sketch is linear, i.e. sks(u + v) = sks(v) + sks(u) for any u,v € Z".

Remark D.29. The algorithm in [CF14] can be naturally implemented in the streaming model, in the sense
that v is given in a stream, where each time a non-zero entry of v is given, and the algorithm needs to
compute the sketching using 0 (s) space in total after all entries of v is revealed. An easy way to see this fact
is from the linearity of sketching: we can view v as a summation of vectors where each vector only contains
one non-zero entry, and once a non-zero entry is revealed, we calculate the corresponding sketching for this
vector and add it to the final sketching. This observation also implies the parallel complexity, where we can

compute the sketching for each entry separately, and in parallel add them together.
The following corollary is from Theorem D.28 combined with sampling.

Corollary D.30. For any number n, there is an algoritfim that preprocesses in 19) (n) time and then, given
any vector v € {—1,0,1}", return a sketch sk~(v) € ROM in 19) (Hv”%) time such that whp. (as long as
the number of recovery operations is poly(n)) we can recover an approzimate size of ||v]|3 (a value between
0.9|[v]|3 and 1.1||v||3) in 5(1) work. Moreover, the sketch is linear, i.e. skx(u +v) = ska(v) + skx(u) for
any u,v € R™.

Proof. For any i € [|logn|], we sample 2¢ coordinates denoted by I;. Given any vector v € R™, we write vr,
as the vector restricted to I;. For every i we use Theorem D.28 with n = |I;|, s = log® n to compute sk (vr,).
The sks(vr,;) for all ¢ comprises our skx(v).

Given sk~ (v), we look at the first ¢ such that when recovering from sk, (vr,) the algorithm returns a
value larger than 100logn and not L. Such an i must exist since we set s = log? n: when 4 is large enough
so that the expected values of I; hitting a non-zero entry of v is roughly 5001logn, according to the Chernoff
bound, it will return a value larger than 100 logn. Moreover, this value provides a good approximation of

|lv||3 according to Chernoff bound. O

1 Notice that ||v]|3 is basically the number of non-zero entries of v.
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When using Corollary D.30 and Theorem D.28, we sometimes will write sks(S) where S C V is a vertex
set instead of a vector in {0, 1}". In this case, we consider S as a vector in {0,1}" by treating each coordinate

of the vector as a vertex in V, and each coordinate is 1 if and only if the corresponding vertex is in S.

D.4 Parallel and Distributed Common-Neighborhood Clus-
tering

We first give some definitions of terminologies used in the algorithm. The algorithm will compute sk~ (N¢(u))
for any v € V in the beginning. During the algorithm, we say two nodes u,v € V are d-close if the
approximate size recovered from sk~ (Ng(u)) — skx(Ng(v)) (see Corollary D.30) is at most d. We say Y is

adjacent to X if Y N X = () and there is an edge connecting a vertex in Y and a vertex in X.

Algorithm 1: C <~ COMNEICLUSTERING(G, ¢)

Data: An undirected graph G = (V, E), an integer /.
Result: A set of clusters C C 2" satisfying Lemma D.31
1 C <« 0

2 Compute sketchings skx(
0.1

Ng(u)) for any u € V;

3 foreach ¢ =0,1,...,log" " n,j =0,1,...,logn do

4 Letszi\/@E,&w—Zj;
5 P+ {{u}|lueV}
6 Mark each vertex u € V' as center independently at random with probability 1/s;
7 foreach t; = 0,1, ..., logo'3 n do
8 P P;
9 Assign each center v € V a vertex set S, = C € P’ where u € C, delete C from P’;
10 foreach ¢t = 0,1, ..., 2le’’n do
11 foreach Center v € V and every C € P’ that is adjacent to S, do
12 L L Pick an arbitrary v € C, if u, v are 9% d-close, let S, < S, UC, P’ < P’ — C;
13 Add S, to C for any center u € V;
14 Mark each vertex set in P as center with probability 1/ glog”* s
15 Assign each center C' € P a vertex set S¢ = C and delete C from P;
16 For each center C' € P, pick an arbitrary node ¢ € C denoted by uc;
17 foreach ¢ = 0,1, ..., 2108”1 o
18 foreach Center C € V and every X € P that is adjacent to S¢ do
19 L L Pick an arbitrary v € X, if uc,v are 9% d-close, S¢ + Sc UX,P + P — X;
20 Set P + {Sc | C is a center};

21 return C

Lemma D.31 (common neighborhood clustering). There exists a randomized algorithm (Algorithm 1) that

given an undirected graph G and an integer €, return C satisfying the following properties
1. (sparse) for every v € V, v is included in alt most 9] (1) clusters in C,
2. (common neighborhood) any C € C has neighborhood difference £ - 210e”"n 4ith high probability,

3. (cover) for every L C 'V such that G[L] is connected and L has neighborhood difference ¢, we have
Pr[3C eC,L CC] > ﬁ

The algorithm can be implemented in O (m) work and O (1) depth in PRAM model, or O (\/ﬁ—i— D) rounds
in CONGEST model.

Proof of Lemma D.31 correctness. (Sparse) we need to following claim.

Claim D.32. Throughout the algorithm, P only contains disjoint vertex sets.
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Proof. P is generated in Algorithm 1, which contains S¢ for each center C, where S¢ is updated in Algorithm 1.
Notice that if X joins Sc, then it is deleted from the original P and cannot join other S¢, thus, as long as
the original P contains vertex disjoint sets, the new P also contains vertex disjoint sets. Initially 7P contains

all singleton vertices (see Algorithm 1), so the claim holds. O

C is only updated in Algorithm 1, where S, is generated in Algorithm 1. If C is included in S, then it is
deleted from P’. So S, are disjoint vertex sets for centers u € V as long as P’ contains vertex disjoint sets,
which is true from Claim D.32. Therefore, every execution of Algorithm 1 contributes at most 1 cluster for
each node v € V. There are O (1) loops of Algorithm 1, which proves the (sparse) property.

(Common neighborhood) We need the following lemma which bounds the neighborhood difference of

every set in P.

Lemma D.33. At line Algorithm 1, it always holds that for any C € P, C has neighborhood difference
9'1d/3 w.h.p.

Proof. We will prove it by induction. When ¢2 =0, P = {{u} | u € V} and the lemma trivially holds. P
will be changed at Algorithm 1 to the next iteration, thus, we only need to prove that for any center C, S¢
has neighborhood difference 9t1+1d/3, given that the neighborhood difference of P is bounded by 9*d/3.

Initially in Algorithm 1 we have the neighborhood difference of Sc¢ being at most 9°*d/3. Notice that
in Algorithm 1, we only add vertices in X to Sc if there is v € X and uc € C that are 9“*d-close. In other
words, for every u,v € Sc, their exists u1 (in the same X as u), and v1 (in the same X as v) such that both
w,u1 and v1,v has neighborhood symmetric difference at most 9°*d/3 by induction hypothesis, and w1, uc
and vy, uc has symmetric difference at most 1.1 - 9%1d w.h.p. according to the definition of 9% d-close. Thus,
we have

IN(u)AN(v)| <2-(9"d/3)+2-1.1-9"d <9""'q/3

This completes the induction step. O

Notice that C is only updated in Algorithm 1 where S, is updated in Algorithm 1, which initially contains
a vertex set in P and later will only includes vertex sets C' in P’ (also in P) such that there exists v € C
which is 92 d-close to u. Therefore, for any u,v € S,,, there exists u; (in the same C as u), v1 (in the same C
as v) such that both u,u1, vi,v has neighborhood symmetric difference at most 9°*d/3 by Lemma D.33, and
u1,u and vy, u has neighborhood symmetric difference at most 1.1 - 9%1d w.h.p. according to the definition of

91 d-close. Thus, we have
IN()AN(v)| < 2-(9%d/3) +2-1.1-9"d < 200" ™) . g = gloa” " ny

This completes the proof of property (common neighborhood).

(cover) let L C V be a set such that G[L] is connected and has neighborhood difference £. We will
prove that there exists C' € C such that L C C' with probability at least l/n"(l). For an integer d, define
B/(L) as the largest L' such that (i) for any u € L', there exists a v € L such that |[Ng(u)ANg(v)| < d,
(ii) G[L'] is connected. In other words, B'[d](L) can be found by doing BFS from L while only including
vertices that has neighborhood symmetric difference at most d. Let ¢ be the smallest natural number such
that 2'°” " . \B'[Qi\/@ﬁ/él](Lﬂ > |B’[2(i+1)\/@£/4](L)|. Notice that if the inequality does not hold, then
|B’[2(i+1)\/@£/4}(L)| ig 2loe”n multiplicative larger than \B'[2i\/m£/4}(L)|. Since the total number of
nodes is n, ¢ cannot be larger than log®! n. Thus, in Algorithm 1, there exists a loop such that

1. i satisfies 21°6°" " . |B/[2iVIegng /4] (L)| > |B'[20+V Ve /4)(L)], notice that B'[21V°6"¢/4](L) has

neighborhood difference at most d,

2. s is roughly equal to the size of B'[Q(”l)\/@ﬂ/él](L) (with multiplicative error 2), this is because we

set s = 27 where j is ranging from 0 to logn.

We will prove that in this loop, we will add a C' to C such that L C C with probability at least 1/n°(1).
Let us write A = B'[Qi\/@ﬁ/ﬂ(L) and B = B'[2<i+1)\/@€/4](L). It is clear that |B| < s < 2|B| and
218"’ n 14| > |B.
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According to the two properties, at Algorithm 1, the following two events happen simultaneously with
probability at least 1/n°) (i) there is exactly one center inside B'[2i\/@€/4}(L), (ii) every node in
B’[2<i+1)\/m£/4](L) — B'[Qimé/él](L) is not a center. In what follows we will assume the two events.

We first show that if P do not split A too much and covers A, then we can add a C with L C C
at Algorithm 1.

Lemma D.34. If [{C € P|CNA#D} < 292”1 4nd A C UcepC, let u be the only center inside A, then
A C Sy at Algorithm 1.

Proof. Let C € P be a set with C N A # 0. We first show that C' can never be included in S, for v # u. If
on the contrary there is a center v # u such that C joins S, at Algorithm 1, we will prove a contradiction.
We first prove that for any w € S, w and v are 9°2d/3 + 9'1d close. This is because w € C' € P for some
C’ which has neighborhood difference 9°*d/3 according to Lemma D.33, and there exists w’ € C’ which is
91 d-close to v according to Algorithm 1. Since C N A # (}, let a € C N A be an arbitrary vertex. Now we
have every vertex in S, is 2(9°2d/3 + 9" d)-close to a. Moreover, G[S,] is connected because at Algorithm 1
S, only includes connected subgraphs that is adjacent to it. Remember the definition A = B’[Q"\/loginﬁ /4](L),
which implies that any node in S, is (2(9t1 d/3+9"d) + 2i\/@€/4)-close to a vertex in L. Notice that

t1 < log®3n and d = 2°V'°8"/4, so (2(9t1d/3 +9%1d) + 2V 1‘)g"€/4) < 20+DVIesny /4 which contradicts

the fact that v ¢ B = B'[20+DVeeng /4)(L).

Now we show that C' can be added to S, at Algorithm 1 as long as C is adjacent to the current S,,. Let
v € C be an arbitrary vertex, let a € C' N A, according to Lemma D.33, a and v are 9°*d/3-close. According
to the definition of A, @ and u are (2 . 2im€/4 + 6) -close. Thus v and u are 9" d-close.

Since we have A C UcepC and G[A] is connected, every time Algorithm 1 is executed, if A Z S, yet,
since u € Sy, S, must be adjacent to at least one C' € P with C N A # (), and it is added to S,. After

glog”“ n rounds, we have A C S,,. O

It remains to prove that at some point we will have [{C € P | CNA #£ (0} < 2108”1 and A C UgerC.
Let us inspect how P changes.
Initially P = {{u} | v € V'} and it holds that A C UcepC. If |A] < 21°2°“ " then we are done. Otherwise,

we can use the following lemma.

Lemma D.35. If [{C € P | CNA # 0} > 212”1 4nd A C UcepC, then at Algorithm 1, we have
A CUcepC w.h.p.

Proof. For any C € P with C' N A # (), we will prove that there exists a center C’ € P such that C is added
to S¢r at Algorithm 1. Combined with the fact that A C UcepC initially, the lemma is proved.

Let (Co, C1, ..., Chi00.9 ) be a sequence of different vertex sets in P such that Co = C' and for any i > 0,
C; is adjacent to C;—1 and C; N A # (). Since |{C € P | CN A # 0} > 21°2° " such a sequence must exists.
At Algorithm 1, we mark each element in {C € P | C N A # (0} as center independently with probability
1/210g0'8 " thus, w.h.p. there exists ¢ such that C; is marked as center. Let I be the smallest index such
that Cy is inside some S¢- for some center C’. We will prove that I decreases by at least 1 at each iteration
of Algorithm 1 in the next paragraph. If this is true, I will be decreased to 0 in the end and the lemma is
proven.

Since Cr—1 is adjacent to Cr, suppose C; C S¢- for some center C’, we only need to prove that when
we pick an arbitrary v € Cr—1, ucs (which is an arbitrary vertex in C') and v are 9**d-close. Notice that
both Cr—; and C’ intersect A by at least one vertex, let the vertices be a, b separately. v, a are 9°1d/3-close,
b, uc: are 9"1d/3-close according to Lemma D.33; a, b are d-close according to the definition of A. Thus, as
long as t1 > 0, uer and v are 9'1d-close. For the case of t; = 0, every vertex set of P only contain 1 vertex
which means v, a and b, ucs are identical, so v, ucs are d-close. Thus, Cr—; will be added to some S¢/, which

means [ is decreased by at least 1. O

We also need the following lemma which makes sure |[{C € P | C N A # (0}] > 295" " Wil not always
stay large.
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Claim D.36. At the last loop of Algorithm 1, P becomes empty w.h.p.

Proof. In Algorithm 1, each element becomes a center with probability 1/ glog”*® " which is the only way
that element can contribute to one element to P in the next loop according to Algorithm 1. Thus, we can
think of it as each element “surviving” at each loop with probability 1/ glog” " " and after log®3 n loops it

vanishes w.h.p. O

Now start with a P with A C UcepC, either we already have |[{C € P | CNA # 0} < 2°2°* which
according to Lemma D.34 we are done; or we have [{C € P | CNA # (0} > 2102 ?n which according
to Lemma D.35, we still have A C UcepC in the next iteration and we can repeat this argument. According
to Claim D.36, there must exists a point when this argument ends, which gives us [{C € P |CNA # 0} <
21°5”" " and A C UcerC. O

Now we talk about the parallel and distributed implementation of Algorithm 1. Most of the steps can be

trivially implemented.

Lemma D.37. Algorithm 1 can be implemented in PRAM in O (m) work and O (1) depth, and in CONGEST
in O (\/ﬁ + D) rounds.

Proof of PRAM. Computing sketchings uses 0 (m) work and 0 (1) depths according to Theorem D.28. The
loop for i, j, t1 only contributes 0 (1) to work and depth, so let us focus on one loop fixing i, j, t1. Generating
P and marking centers can be trivially implemented. The non-trivial part is the loop for t2, we implement it
by contracting each vertex set in P, and running a BFS like procedure with root on every center, where
the BFS only includes a vertex set C' if it satisfies the condition in Algorithm 1. BFS trees have depth
bound 21°g0'9", each check for whether or not to include a vertex set into the BFS tree can be done in
19) (1) work according to Theorem D.28; when different BFS trees meet together, the shared node joins a
BFS tree arbitrarily, this does not affect the analysis, and makes sure that the total work is 9] (m) and
the total depth is O (1). After finding S, for each center u € V, we again mark centers in P, and try to
implement Algorithm 1. This step is also done by contracting each vertex set in P and start BFS from every
center which uses Algorithm 1 to check whether or not to include a vertex set into a BFS tree. The total
work is O (m) and the total depth is O (1). O

Proof of CONGEST. For any u € V, we use shared randomness (see Remark D.27) to locally compute
sk~(Ng(u)) based on the information Ng(u) which is known by w initially. The loop for i,7,¢1 only
contributes O (1) to rounds, so let us focus on one loop fixing i, j, t1.

P is maintained as follows: each vertex set in P gets a unique ID which is known by every node in
that vertex set. Initially, P = {{u} | v € V}, and the ID is the ID for the specific node. Each vertex
becomes a center independently, which can be done without communication. The non-trivial part is
implementing Algorithm 1, which requires a center node u to first find out S, (which is connected in G), and
look at all C' € P that are adjacent to S, then verifies whether or not to add them to S,. We achieve this
by well-known techniques for CONGEST: if a vertex set contains at most /n vertices, we use broadcasting
inside this vertex set to spread and gather information in /n rounds; otherwise we use the whole network to
do this in D rounds. As long as all the vertex sets are disjoint, the total dilation is O(D + y/n) and congest
is O(y/n) since there can be at most /n sets with more than y/n nodes. We maintain the size of S, to
determine which strategy to use. Now for each center u, it broadcast to all nodes in S, about sk~ (Ng(u)),
and for every C' € P’, it chooses a representative node vc and let all nodes in C know sk~ (Ng(ve)). If
there is an edge (v1,v2) where v1 € S, and vo € C' € P (certifying that C is adjacent to S,), then vy and va
can communicate and decide if C' should be added to S, or not. After that, for each C € P’, it chooses an
arbitrary Sy to join if there are many (this can be decided by broadcasting inside C), i.e., they mark their ID
to be identical to the ID for S,,. This is repeated glog”? n times, which in total contributes to O (\/ﬁ + D)
rounds. Another non-trivial part is Algorithm 1, which is handled identically as Algorithm 1.

O
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Remark D.38. The implementation in CONGEST can be viewed as O (1) rounds in minor-aggregation
model (see [Roz+22b]). For any network, one round of minor-aggregation can be simulated by O(y/n + D)
rounds in CONGEST, which implies our Lemma D.37. For a more efficient network like a planner graph, it
can be simulated faster (6 (D) rounds). It is a convenient framework for recent works of universal optimality
(defined for weighted graphs). However, we are working on unweighted graphs and it is not clear if maximum

bipartite matching exists a universally optimal algorithm or not, we do not explore the definition here.

D.5 A Schematic Reduction for Vertex Connectivity

In this section, we show a general framework for solving SSVC, which can be implemented in different models,
and prove its correctness. It essentially uses common-neighborhood clustering to reduce the problem to
solving solating cuts and solving min-neighbor in a near-cligue common-neighborhood graph, which we define

as follows. For convenience, we write the second problem MinNNCC.

Definition D.39 (Isolating Cuts Problem). In the isolating cuts problem, we are given an undirected graph
G = (V,E), vertex sets C,T C V where T' C C is an independent set inside C, and the goal is to solve the

following minimization problem.

IanHcl' [INa(L)| st. |[LNT|=1 and Neg(L)NT = 0.

The algorithm returns a minimizer L* along with its neighbors’ size |[Na(L¥)|.

Definition D.40 (Minimum Neighbor in a Near-Clique Cluster (MinNNCC)). In this problem, we are given
an undirected graph G = (V, E), a vertex set C C V where Ng[C] # V, and an integer ¢. The goal is to find
a non-empty vertex set L C C minimizing |N¢(L)| and also return |[Ng(L)|. The inputs have the following
guarantees:

1. (correct estimate). There exists L C C' which is a minimizer of miny/cc.r/2p |[Na(L')| such that
|L] < ¢ <2|LJ.

2. (near clique). For any u € C,

|C — No(u)| <25 ., (D.1)
3. (common neighborhood). the cluster C has neighborhood difference 9log” " n _p That is, for all u,v € C,
| N (u) ANG(v)] < 277" ¢ (D.2)

If the input guarantees are unsatisfied, the algorithm returns an arbitrary L C C and |Ng(L)|.

D.5.1 The Reduction

Let us denote the algorithm solving isolating cuts by ISOLATINGCUTS(G,C,T) and the algorithm solving
MinNNCC by MinNNCC(G, C, ¢).

The Schematic Algorithm. The framework for solving SSVC is presented in Algorithm 2.

The following lemma shows the correctness of Algorithm 2 based on the correctness of ISOLATINGCUTS
and MinNNCC.

Lemma D.41 (Correctness of the framework). Given that ISOLATINGCUTS and MinNNCC correctly output
according to Definition D.39 and Definition D.40, Algorithm 2 returns a valid vertex cut, which is a minimum

t-sink vertex cut with probability at least l/n"(l).
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Algorithm 2: S +SSVC(G, t)

Data: An undirected graph G = (V, E), a vertex t.
Result: A minimum ¢-sink vertex cut (L, S, R).

1 foreach i =0,1,...,logn do
2 0 2%

3 C +COMNEICLUSTERING (G, 2/);

4 Let C <+ C — N¢|t] for every C € C;
5 foreach C' € C do
6

7

8

9

Let T include each node in C' independently at random with probability m;

Let G’ be a subgraph of G only containing edges adjacent to C|
L¢ca, sc1 < IsoLAaTINGCUTS(G/, C, T);
LC72, SC,2 %MinNNCC(G/, C, E),

10 | Return Ng(Lg,;) where sc; is minimized among all C' € C and i € {1,2};

Proof. Let (L, S, R) be one of the minimum ¢-sink vertex cut such that G[L] is connected (if it is not, take
one connected component of G[L] as L which will not increase the cut size). There must exists a loop
such that |L| < ¢ < 2|L|. Notice that Ng(Lc,) is always a valid ¢-sink vertex cut for any C and ¢ since
L¢,i CV — Ng|t], so we only need to prove that in that loop, either Ng(Lc,1) or Ng(Lc,2) is a minimum
t-sink vertex cut for some C € C.

According to Lemma D.26 and Lemma D.31, with probability at least 1/n°®) there exists C € C such
that L C C in Algorithm 2. Let us focus on such C.

We will prove that there are only two possible cases for C. Let d = ¢ - glog” " n
Claim D.42. If C has neighborhood difference d and L C C, then either |N(L)NC| < 2d, or |C — N[L]| < 3d.

Proof. Let us assume |[N(L) N C| > 2d and we will prove |C — N[L]| < 3d.

For an arbitrary € L, we have N(z)N(C'—N[L]) = . Since every node v € C satisfies |N(z) AN (v)| < d,
we have |[N(v) N (C — N[L])| < d. Thus, the total number of edges from C' N N(L) to C — N[L] is at most
|[CNN(L)|-d.

Moreover, for an arbitrary x € L, we have |N(z)| > |[N(L)| (|N(L)| is minimum) and N(z) C LU N(L),
which implies [(LUN(L)) — N(z)| < |L| < £. This gives |[N(L) — N(z)| < £. Thus, every node v € C satisfies
|N(L) — N(v)| £ £+ d, which implies |[N(v) "N N(L)NC| > |[N(L)NC|— (¢ +d) > |N(L)NC|/3. The last
inequality is due to |[N(L)NC| > 2d and d = £ - glea® T n, Therefore, the number of edges from C' — N[L] to
CNN(L) is at least |C — N[L]| - IN(L) N C|/3.

Combining the two inequalities from the last two paragraphs gives |C' — N[L]| < 3d. O

In the first case when |[N(L)NC| < 2d, Algorithm 2 will make |[TNL| =1 and |T'N.S| = 0 with probability
1 /no(l), to make sure T is an independent set we simply delete vertices in T' that is adjacent to another
vertex in T, which according to Definition D.39 makes N(L¢,1) a minimum ¢-sink cut; in the second case
when |C — N[L]| < 3d, according to Definition D.40 N(L¢,2) is a minimum ¢-sink cut. O

D.5.2 Implementation in CONGEST and PRAM models

As applications of the reduction, we present algorithms that solve ISOLATINGCUTS and MinNNCC in PRAM

and CONGEST models in Sections D.6 and D.7, which are summarized as in the following two lemmas.

Lemma D.43. Given a ISOLATINGCUTS instance (G, C,T) where the input graph has m edges and n vertices,
there is an algorithm solving it correctly with high probability in
1. PRAM model, the algorithm can be implemented to run in work O (W (m,|C|)) and depth 9] (D(m,|C))

where W (m,n) and D(m,n) are the work and depth of s-t vertex connectivity.

2. CONGEST model, the algorithm can be implemented to run in O(R(m,n, D)) rounds where R(m,n, D)

is the round complexity of subgraph S-T vertexr connectivity and D is the diameter of G; furthermore,



228

the algorithm only communicates via the set of edges that is incident to C'.

Lemma D.44. Given a MinNNCC instance (G, C,£) (Definition D.40), it can be solved with high probability

n
1. PRAM model in 5(W(m7 n)) work and O (D(m,n)) depth where W (m,n) and D(m,n) are the work
and depth of s-t vertex connectivity, satisfying that W(m,n) is superadditive on m (meaning W (m1 +

ma,n) > W(mi,n) + W(msz,n) for every my,ma,n),

2. CONGEST model in O(R(m,n,O(1)) rounds where R(m,n, D) is the round complezity of subgraph
S-T vertex connectivity; furthermore, the algorithm only communicates via the set of edges that is

incident to C.

To solve ISOLATINGCUTS and MinNNCC problems, in addition to sparsification techniques from [Li+21],
we introduce novel vertex sparsification lemmas that leverages the structure of the common-neighborhood
property. We discuss them in details in Section D.5.3.

With these two lemmas, we are ready to prove our main theorem about solving SSVC.

Lemma D.45. If, in PRAM model, the s-t vertex connectivity problem can be solved in W (m,n) work and
D(m,n) depth where W (m,n) is superadditive on m, then SSVC can be solved in W (m,n) - n°Y work and
D(m,n)-n°Y depth.

Proof. The correctness of Algorithm 2 is proved by Lemma D.41. Notice that to boost the correct probability
to w.h.p., we repeat the algorithm 10) (1) times and choose the smallest vertex cut as the output, which only
increases the work and depth by at most a o} (1) factor. Now we calculate the total work and depth for one
run of Algorithm 2.

There are O(logn) iterations of the outer loop of i. Common-neighborhood clustering uses O (m) work
and O (1) depth according to Lemma D.37. For every C € C, we solve the problems ISOLATINGCUTS and
MinNNCC simultaneously. Write Ec as the edge set of edges in G adjacent to C. Each one of them on C
cost work O (W (|Ec|,n)) and depth O (D(|Ec|,n)) according to Lemma D.43 and Lemma D.44. Notice
that each edge can be contained in at most 19} (1) different C according to Lemma D.31. Thus, the total
work is Y. O (W(|Ec|),n)) <O (W(Zcec |Ec|,n)) = O (W(m,n)) where the inequality is due to W is

superadditive on m, and the depth is O (D(m,n)) since they are run simultaneously. O

Lemma D.46. If, in CONGEST model, the subgraph S-T wvertexr connectivity problem can be solved in
R(m,n, D) rounds, then SSVC can be solved in R(m,n, D) -n°® depth.

Proof. The correctness of Algorithm 2 is proved by Lemma D.41. Notice that to boost the correct probability
to w.h.p., we repeat the algorithm 16) (1) times and choose the smallest vertex cut as the output (the size of
each vertex cut is also output according to Definitions D.39 and D.40), which only increases the work and
depth by at most a O (1) factor. Now we calculate the total rounds for one run of Algorithm 2.

There are O(logn) iterations of the outer loop of 7. For each iteration, common-neighborhood clustering
uses O (\/ﬁ + D) rounds according to Lemma D.37. For every C € C, we solve the problems MinNNCC
simultaneously. Notice that each edge can be adjacent to at most O (1) different C according to Lemma D.31.
Thus, each edge is involved in at most 5(1) different algorithms of ISOLATINGCUTS and MinNNCC, which
results in total congestion of O (R(m,n,0(1))) according to Lemma D.43 and Lemma D.44. So the total
number of rounds caused by MinNNCC is at most O (R(m,n,0(1))).

Now we explain how to implement ISOLATINGCUTS for every cluster C' € C by one call to Lemma D.43.
We first explain why we can not do similar things to MinNNCC: this is because the round complexity stated
in Lemma D.43 depends on the diameter of the subgraph G’ which only includes edges incident to C, and
the diameter could be much larger than the diameter of G. We solve this issue in the following way. For
each C € C, we first apply Lemma D.50 with G,C,T to get C' C Ng(C) and K so that it suffices to
run ISOLATINGCUTS on G'[C U C'] as they preserve all isolating cuts up to a fixed number K. We also
have |C’| = O (|C|) since |T| = O (|C|/¢) w.h.p. Then we construct a virtual graph with O (n) vertices in

the following way: the virtual graph contains |C| many disconnected connected components, where each
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component corresponds to a cluster C € C, which we call G¢, where G¢ contains the vertex set C' U C’ and
all edges adjacent to C' in G. Now we call ISOLATINGCUTS on this virtual graph with the input vertex C
defined in Definition D.39 set to be UcecC' and the input vertex set T set to be the union of sample T in
the algorithm. To summarize, we call ISOLATINGCUTS(Gir, UcecC,UcecTc) where T¢ is the sampled set
for C.

We first show how to use the original communication network to simulate the virtual graph: for each
vertex u € V', u will simulate all the nodes in the virtual graph which is a duplication of u. Consider an edge
adjacent to uw which is (u,v), we should prove that (u,v) is not duplicated too many times into the virtual
graph so that the congestion of simulating the virtual graph is bounded. To see this, notice that an edge
can be included in G¢ for a cluster C € C only if (u,v) is adjacent to C. This can happened at most 19) (1)
times according to Lemma D.31. Thus, we can simulate ISOLATINGCUTS algorithm on the virtual graph
using the original graph with a congestion increased by a factor of o (1). The total round complexity is
R(O (m),0 (n),0 (D) = O (R(m,n, D)).

Then, we show that ISOLATINGCUTS(G yir, UcecC,UcecTc) on the virtual graph gives the answer to
IsoLATINGCUTS(G’, C, T¢) for all independent instances on C'. Firstly, every minimum isolating cut Neg,,,. (L)
with |[LNUcecTc| = 1 cannot cross different connected components in G, because otherwise we can restrict
L into a single connected component, which cannot increase the value of Ng,,,.(L). Thus, the value returned
by ISOLATINGCUTS(Gyir, UcecC, UcecTc) is at least the size of IsoLATINGCUTS(G', C, T¢) for some C € C.
Moreover, every isolating cut Ng/(L) with L C C and |L NT¢| = 1 is definitely a valid isolating cut for Gyiy.
Thus, the value returned by ISOLATINGCUTS(Guyir, UcecC, UcecTc) is exactly what we want. O

D.5.3 Cluster Sparsification

A bipartite matching of a bipartite graph (A, B, E) (where A, B forms a partition of the vertex set and
E C A x B) is an edge set M such that any two edges do not share an endpoint. For convenience, we define
Ms={u|ueAIveB,(uv) € M}, and Mp similarly. By the definition, |[Ma| = |[Mp| = |M|. Define
M(u) = v where u € Ma,v € B, (u,v) € M, and M(U) = {M(u) | u € U} where U C M4. Similarly, we
can define M ' (v) =w and M~ (U) = {M~'(v) |v € U} for v € Mp and U C Mp. A vertex cover of this
bipartite graph is a set of vertices C C A U B such that every edge in E is adjacent to at least one vertex in

C.

Lemma D.47. Let G = (V,E) be an undirected graph and s,t € V. Let Z = Ng(s) N Na(t), and
H:=G—Z. Then, kg(s,t) = ku(s,t) +|Z|. Furthermore, If S is an (s, t)-min-separator in H, then Z U S

is an (s, t)-min-separator in G.

Proof. This follows because every vertex v € Ng(s) N Ng(t) belongs to every (s,t)-separator in G. O

Lemma D.48. Given a bipartite graph G = (A, B, E) where |A| < |B|, there is an O(m)-work O(logn)-depth
algorithm that outputs a vertex set D C B of size O(|A|logn) such that there is a mazimum matching M
where Mg C D.

Proof. This set can be computed by O(logn) computations of maximal bipartite matching, see Appendix B
of [Ass+22]. O

Lemma D.49 (Cluster Boundary Sparsification Lemma (Singleton Version)). Let G = (V, E) be an undirected
graph and s,t € V satisfying Na[s] N Ng[t] = 0. Define B = Ng(t) and A =V — Ngl[t] and let M be a
mazimum matching of (A, B, Ec(A, B)). Define G = G[V — (B — Mg)| as the graph G after removing
neighbors of t that are unmatched by the mazimum matching M. Then, we have ka(s,t) = kg (s,t). In

particular, every minimum (s,t)-separator in G' is a minimum (s, t)-separator in G.

Proof. We first prove that ka(s,t) > kg (s,t). Let S be a minimum (s, t)-separator in G. So, every (s, t)-path
in G passes a vertex in S. Since G’ is a subgraph of G, every (s,t)-path in G’ is an (s,t)-path in G, and

thus it passes a vertex in S. Thus, ka(s,t) =|S| > kg (s, ).
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It remains to prove ka(s,t) < kgr(s,t). We argue that there is a maximum (s, t) vertex-disjoint paths
of size kg (s,t) in G'. There exists k = ke(s,t) internal vertex disjoint paths pi,...,ps in G. Let b; be the
vertex that p; intersect B the first time, and let B’ = {b; | i € [s]}. There exists a matching M’ of size
such that My = B’ (by matching b; to the previous node of b; on path p;). This means the set A" := M/,
contains all the previous nodes of b; on p;. To prove kg (s,t) < kg (s,t), it suffices to prove that there exists
a matching M" of size k such that M/ = A" and Mj; C Mg (in which case there exists k internal vertex
disjoint path connecting s,t in G”).

Now we show the existence of such a matching M. Let C be a minimum vertex cover of (A, B, Ec(A, B)).
By Ké&nig’s theorem, |C| = |[M|. Let C4 = C N A and Cg = C N B. By definitions, C4 C M4,Cs C Mp.
Each edge in M has exactly one endpoint in C4, or one endpoint in C'g (because every edge in M must have
one endpoint in C' while |C]| = |[M]) . Let C’y = CaN A’ and Cz = Cg N B’. We define M" in the following
way: for every u € C’, define M" (u) = M (u); for every u € A" — CYy, define M"'(u) = M’(u). We first prove
that Mp; C Mp. For any u € C, trivially we have M" (u) = M (u) € Mg. For any u € A’ — C4, since C is
a vertex cover and (u, M’(u)) is an edge where u & Ca, we have M'(u) € Cg C Mp. Thus, Mg C Mp. Now
we prove that M" is a valid matching, i.e., for any u € C’y,v € A’ — C’y, we need to prove M (u) # M'(v).
Since u € C, we have M (u) € Cp. Moreover, we have M’ (v) € Cg, thus, M (u) # M'(v). O

Lemma D.50 (Cluster Boundary Sparsification Lemma (Batched Version)). Given G = (V, E), C CV and
¢ satisfying the common-neighborhood property |Na(u)ANg(v)| = O (€) for every u,v € C, and in addition
given X C C with |X| = O (|C|/t). There exists PRAM and CONGEST algorithm that outputs C' C Ng(C)

and an integer K such that
1. |C'=0(c)),

2. for every x € X, define G' = G[CUC'], we have miny/co.zer [Na(L')| = ming couer |[No (L) + K
for a fized number K.

3. foreveryx € X, define G' = G[CUC'], we have mingsccizer,|n'nx|=1 [Na(L')| = minp ccver,jnxj=1 |No (L')|+
K for a fized number K.
The algorithm runs in O (m) work and 9] (1) depth in PRAM where m is the number of edges in G, and 9] (1)
rounds in CONGEST.

Proof. If X is empty, return C’ = (), and the lemma is vacuously true; so let us assume X is non-empty.

Notice that if the maximum degree of nodes in C' becomes much larger than O (|C|), then we can delete
all vertices in (Nzex N (z)) N Ng(C), which decrease the value of |[Ng(L')| by K = |(Neex Na(z)) N N (C)|
for every L’ satisfying x € L’ for some z € X. This set (Nzex Na(z)) N Ng(C) can be found in O(m) work
and O(1) depth in PRAM, and in 1 round in CONGEST, after deleting which can reduce the maximum degree
of nodes in C to O (|C|) because of the common-neighborhood property: in order for a vertex v € Ng(x)
to not be deleted, either v € C, or there exists ' € X such that v € Ng(z')ANg(z), which can happen at
most O (£) times for each z’. Thus, the degree is at most O (|C| 4 |X| - £) = O (|C|). In the following proof
we will assume the maximum degree of nodes in C' is at most O (|C]), so the total number of edges adjacent
to C'is O (IC1?).

We first show that for a specific z, in order for minz cc.per |[No(L')| = ming/cower |Ngs (L')] to be
true, it suffices to let C’ contain (i) Ng(z) N N (C), (ii) the (right) endpoints of the edges in an arbitrary
maximum bipartite matching between C' and Ng(C)— N¢(z). To see this, we need Lemma D.49, in which we
will set s = z, t be a new super node connecting to every vertex in N¢(C') and G be the graph after adding
the super node ¢t and deleting all common neighbors of s and t. It is easy to notice that by Lemma D.49,
preserving the vertices in an arbitrary maximum bipartite matching between C' and N¢(C) — Ng(z), along
with Ng(z) N Ng(C) suffices to preserve the value of miny/cco.pers [N(L)|.

Thus, the problem becomes finding C’ such that for every 2 € X, it preserves at least one maximum
bipartite matching between C' and Ng(C) — Ng(z), and C' D Ng(z) N Ne(C). Let H be the bipartite
subgraph of G only containing edges between C' and N¢(C). We will use the folklore vertex size reduction

for BMM, which can be found in Appendix B of [Ass+22]. A critical lemma can be summarized as follows.
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Lemma D.51 (Lemma 14 of [Ass+22]). For a bipartite graph G = (V, E), and a vertex cover V. CV (i.e.,
for every (u,v) € E, either u € Vorve ‘N/), let M be an arbitrary mazimal bipartite matching between V
and V —V and V(M) be the vertex set of its endpoints. If the maximum bipartite matching of G[V] has
size F' and the maximum bipartite matching of G has size F™, then the mazimum bipartite matching of
G[V UV(M)] has size at least 2(F* — F) + F.

Thus, for a specific x € X, it suffices to set C’ = () initially, then repeatedly finding an arbitrary
maximal bipartite matching between C' U C’ and Ng(C) — Ng(z) — C’, after which add the endpoints of the
maximal matching to C’. Notice that C is a vertex cover for H. According to Lemma D.51, after O(logn)
iterations, we are guaranteed that H[C U C'] contains the same size of maximum bipartite matching as
H[C U (Ng(C) — Ng(z))]. In the end we add Ng(x) N Ne(C) to C”.

However, we need to construct C’ for all € X, which will increase the size of C” to |X|-|C|, far from our
goal of O (|C|). To solve this, we let C' = Uyex (Na(2)NNe(C)). Notice that |C| = O (|X|- £+ |C|) = O (/C])
according to the common neighborhood property and the maximum degree bound. Then, we repeatedly find
an arbitrary maximal bipartite matching between C' and Ng(C') — C, add the endpoints to €' and repeat for
O(logn) times. A critical observation is that, in each iteration, the edges between C' and Ng(C) — C are the
same as edges between C'UC and (Ng(C) — Ng(z)) — (C — Ng(z)) for every x because Ng(z) N Ng(C) C C
and Ng(C) is an independent set in H. Thus, in the end H[C U (C — Ng(z))] contains the same size of
maximum bipartite matching as H[C' U (Ng(C) — Ng(x))], according to Lemma D.51. In the end we set
¢’ = C which certainly contains Ng(z) N Na(C) for every = € X, so C' preserves mingscc.per |Nor (L')]
for every x € X. Since there are O(logn) iterations where each maximal bipartite matching has size at most
|C|, we have |C’| = O (|C|). The algorithm can be implemented in 9] (m) work and 9] (1) depth because
maximal bipartite matching can be solved in 0 (m) work and 19} (1) depth. Moreover, in CONGEST, maximal
bipartite matching can be solved in O (1) rounds.

In order to also make sure ming cc.zer’,|/nx|=1 |Na(L')| = ming/cower jrnx)=1 |Ner (L) |+ K, we the
same algorithm while setting C' +— C'— X. In this way, one maximum matching between C' — X and Ng(C) —
Ng(z) is preserved for every z € X. According to Lemma D.49, the value of minr/cciver,|p'nx|=1 |Na(L')]
is preserved for every = € X.

O

D.6 Isolating Cuts Lemma for Parallel and Distributed Algo-
rithms (Proof of Lemma D.43)

In this section we will focus on proving the following lemma.

Lemma D.52 (Parallel and Distributed Isolating Cuts Lemma). Given a graph G = (V,E) and an
independent set T C V of size at least 2, there is an algorithm that outputs for each v € T a (v, T — {v})-
min-separator Cy. The (sequential) algorithm makes calls to s-t vertex mincut on graphs with O(n) total

number of vertices and O(m) total number of edges and takes O(m) additional time.

e In the PRAM model, the algorithm can be implemented to run in work 5(W(m, n)) and depth
19} (D(m,n)) where W(m,n) and D(m,n) are the work and depth of s-t vertex connectivity.

o In the distributed CONGEST model, the algorithm can be implemented to run in O(R(m,n, D)) rounds
where R(m,n, D) is the round complezity of subgraph S-T vertex connectivity and D is the diameter of

G.

We first show that Lemma D.43 directly follows from Lemma D.52.

Proof of Lemma D.52. Given a graph G, a vertex set C' and a vertex set T', we first use Lemma D.50 to
construct C' C N¢[C] such that G[C U C'] preserves the minimum isolating cut. Write G’ = G[C U C"].
Then for each v € Ng/(C), we add a new node v’ and connect v’ to v by an edge, add v’ to T, let the

resulting terminal set be T”. In the distributed network, v’ is simulated by v. Now we run the algorithm
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described in Lemma D.52 on G’ with T”. It is easy to see that this solves Lemma D.43. Moreover, G’ only
has O (C) many vertices according to Lemma D.50. Thus, the work and depth for PRAM are W (m, |C|) and
D(m, |C|). 0

We prove the parallel version of the isolating cut lemma [Li+21]. Previously, the isolating cut
lemma [Li+21] can only guarantee O(m) total number of vertices which is suboptimal for parallel im-
plementation. Before we prove Lemma D.52, we first review an algorithm for the isolating cut lemma [Li+421]

and then we state the refinement.

Algorithm [Li+21] The inputs consist of the input graph G = (V, E) and an independent set T C V of
size at least 2.
1. Encode each t € T as a binary string of length [log, |T'|]. For each ¢ < [log, |T'|], define A; := {t €
T: i*"bit of t = 0} and B; :=T — A; Compute F; := (A;, B;)-vertex mincut.
2. For each s € T, compute a connected component containing s, denoted by Us, in G — UZ F;.
3. For each s € T, define G, as G[Ng[U,]] followed by (1) adding an additional vertex ¢ and all edges
from ¢ to Ng(Us), and (2) remove all edges inside N¢(Us). Then, compute a minimum (s, t)-separator
denoted by Cs in G%.

We summarize the correctness into the following lemma.
Lemma D.53 ([Li+21]). For each s € T, Cs is an (s,T — {s})-min-separator in G.

This construction yields O(m) total number of vertices because the boundary of U, for all s € T' can be

large.

Refinement. Our refinement is at step 3: before computing the minimum (s, t)-separator in G, we
further sparsify G, while preserving the minimum (s, t)-separator, so that the total number of vertices is

O(|Us)).

Lemma D.54 (Cluster Sparsification). Let G be given as an input, and denote Zs := N (s) N Ner (t)
as the common neighbors between s and t in G. There is an O(volg(Us))-time algorithm that returns
a vertex set D C Ng(Us) — Zs satisfying the following property: Let G be the graph G’ after removing
ZsU (N (Us) — D).

o kg (s,t) =kgy(s,t) +1Zs|,

o If W is an (s,t)-min-separator in G, then W U Z, is an (s,t)-min-separator in G, and

o [V(GY)| = O(|Us|logn).

In the PRAM model, G can be constructed in O(volg(Us))-work and O(1)-depth.

Proof. We are given the graph G, and the goal is to compute a graph G with the properties described in
the statement. We describe the construction of G in two steps.
(R1) Let Z := Ng/ (s) N N (t) from GY.
(R2) Remove all vertices in Ng(Us) — (Z U D) where D is computed from the following.
(a) Define the bipartite graph (A4, B, E’) where A := U,, B := Ng(Us) — Z and E' = E¢(A, B).

(b) If |A] < |B|, apply Lemma D.48 on the bipartite graph (A, B, E’) to obtain the vertex set D C B.
Otherwise, D = Ng(Us) — Z.

Analysis In terms of work, it takes O(m) work to construct the bipartite graph instance (4, B, E’). In
step (R2), we compute the set D in O(m) work and O(logn) depth Lemma D.49. All these steps can be
implemented in O(1) depth. We now argue the size. In step (R2), if |A| > | B|, then we are done. Otherwise,
the set D has size O(|A|logn) by Lemma D.48. Therefore, |V(GY)| < |Us| + 2|D| = O(|Us|logn). For
correctness, the fact that kg (s,t) = rkgr (s,t) + |Z] follows from Lemmas D.47 to D.49. O

Therefore, Lemma D.52 can be shown as follows. We apply the same algorithm in the first two steps,

but we slightly modify Step 3 as follows. In Step 3, for each s € T, we replace the graph G% with G
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produced by Lemma D.52, and return Zs U C, where Z; is the common neighbors between s and t as stated
in Lemma D.54, and C, is a minimum (s, t)-separator C} on G. The total number of edges over all s € T is

O(m) as before because we only remove edges from G’. Now, the total number of vertices is

Y V(G <0 [Ulogn) < O(n).

seT seT

It is easy to see that we can implement in the PRAM model in total O(m) work and O(1) depth outside
of the calls to s-t vertex mincut. Note that (A;, B;)-vertex mincut can be reduced to s-t vertex mincut by

contracting A; into s and B; into t.

Implementation in distributed CONGEST setting. The algorithm is similar to PRAM except
that contracting a vertex set in Step 3 is a global operation. To deal with this issue, we modify G, into a
cut-equivalent graph by adding new terminal sets along N (Us). For any vertex sets A, B C V, kg(A, B) is

the size of an (A, B)-vertex mincut.

Lemma D.55. Given G, define Hs as follows. First, remove t from GY. Then, for each vertex u € N(Us),
add a new vertex y along with an edge (u,y). Denote Y as the set of new vertices. Then, every (s,t)-cut in

G is an (s,Y)-cut in Hy and vice ver sa. In particular, kg (s,t) = km,(s,Y).

Proof. If S is an (s, t)-separator in G%, then denote a vertex cut (L, S, R) in G where s € L,t € R. Since
Ngr (t) € SUR, every vertex in Y in H, does not have an edge to L. Therefore, (L, S, (RUY) — {t}) is a
vertex cut in H,. If S is an (s,Y)-separator in H,, then the same separator must be an (s, t)-separator in
G’ by contracting all Y into t. O

Note that the set Y can be simulated inside the incident vertices. Now, we can state the cluster

sparsification lemma for the distributed version as follows. The proof is similar to Lemma D.54.

Lemma D.56. Given H,, denote Zs := Nu,(s) NN, (Y) as the common neighbors between s and Y. There
is an O(1)-round algorithm that returns a vertex set D C Ng(Us) — Zs satisfying the following property.
Define H} as the graph H after removing Zs U (Ng(Us) — D) and isolated vertices in Y, and denote Y' to
be the remaining nodes in' Y. Then, ku (s,Y) = Ky (s,Y') +|Z|. If W is an (s,Y")-mincut in Hy, then
WU Z is an (s,Y)-mincut in Hs. Furthermore, |V (H})| = O(|Us]).

Finally, observe that each graph H. alone can have a larger diameter than the original graph. To
handle this case, instead of running each graph separately, we will combine all H, instances and compute
(s,Y)-mincut over all s € T and over all the union of H;. Running on all instances the combined graph will

preserve the diameter. We are ready to state the distributed algorithm in CONGEST model.

Algorithm (CONGEST). The inputs consist of graph G = (V, E), an independent set T C V of size at
least 2.

1. Encode each t € T as a binary string of length [log, |T|]. For each i < [log, |T|], define A; := {t €
T: i*"bit of t = 0} and B; :=T — A;. Compute F; := (A;, B;)-vertex mincut.

2. For each s € T, compute a connected component containing s, denoted by Us, in G — UZ F;.

3. For each s € T, construct Hs and then compute H. using Lemma D.56. Let Zs; be the common
neighbors in the lemma.

4. Compute an (s, Y"')-min-separator W in H} for all s € T on the union of H} overall s € T.

5. For each s € T, by Lemma D.56, Z; U W is an (s, Y)-mincut in Hs.

Running Time. The first two steps can be implemented in O(R(m,n, D) -log|T'|) rounds (Lemma D.88).
Step 3 can be done in 0(1) rounds by Lemma D.56. For each s € T, let ms and ns be the number of edges
and number of vertices of H.. We can run Step 4 all in parallel on the union of H. as a single graph, which
can be done in O(R(}_ . ms, Y cpns, D)) = O(R(m,n, D)) rounds.
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Correctness. Steps 1 and 2 are identical to the sequential algorithm. We now focus on Step 3. Fix a
vertex s € T. We prove that the algorithm returns an (s, t)-min-separator in G%. By Lemma D.107, an
(s, Y)-min-separator in Hy is also a (s, t)-min-separator in G,. By Lemma D.56, an (s, Y"')-min-separator in

H} is also an (s,Y)-min-separator in Hs, and we are done.

D.7 Parallel and Distributed Algorithms for MinNNCC (Proof
of Lemma D.44)

D.7.1 PRAM Algorithm

This section proves part 1 of Lemma D.44. We are given the MinNNCC instance (G, C,¥) (Definition D.40).
The PRAM algorithm goes as follows. We first sample O (|C|/£) random vertices in C, denoted by X. Given
X, C and ¢, we apply the batched version of the cluster boundary sparsification lemma (Lemma D.50) to
replace the boundary N (C) to C’ where |C’| = O (|C’|) without changing the minimizer. For each z € X,

we compute (z,t)-min separator in the cluster after sparsification using similar reduction rules in [Li+21].

Algorithm. The inputs consist of (G, C, ).
1. As preprocessing, we first apply Theorem D.28 to compute sk, (N (u)) for every u € C where z =
22" " np — O (o).
2. Let X be a set of O (|C|/¢) random vertices sampled in C.
3. Given G, C, ¢, X, apply the batched version of the cluster boundary sparsification lemma (Lemma D.50)
to obtain C' C N¢(C) and an integer K.
4. For each x € X, construct the following graph H, = (V4, E;) where

Ve :=C U CLU{t},

E, = U Ec(v,Vy — (Na(z)NC)) U{(v,t): v € Ci}, and
vel

Cl = C' — Z, where Z, := Ng(z)NnC".

5. Let ¥ := arg mingecx {n’Hz (z,t) + | Z| + K}

6. Let (L, S, R) be a vertex mincut in H, such that z* € L and t € R.
7. Return L and |S|.

Before we present the analysis, we establish the following sparsification lemma at Step 4.

Lemma D.57. Let C' C Ng(C) be the sparsified boundary of C' defined in Step 3. For each v € X where X
is defined in Step 2, the graph Hy defined in Step 4 can be constructed in 10) (IC| - €) work and polylog depth
and H, satisfies the following properties:

1. For every vertex v € C,degy_(v, Ve — (Ng(z) N C)) < 0(21°g0'7" -0)

2. ku, (%, t) +|Zz| > ming co.rr20 |[Na(L')].

3. If v € L*, then ku, (z,t) + | Zz| = ming/co.rr 20 |[Na(L')].

Proof. We focus on the fast construction of H;. By the preprocessing step, we have an access to the oracle
that can list all the elements in the symmetric difference N(s)AN(s') for any pair (s, s') up to O (£) elements
in O (£) time. By the property of C’, |[Ng, (C)| < O(|C|). Hence, the set Z, can be computed quickly. For
each vertex v € C' — {z}, we list all the neighbors of v that are not the neighbors of z in O (¢) work using
the oracle, and we can do it all in parallel. Given the batch version of the cluster boundary sparsification

lemma, the correctness proof is similar to [Li+21]. O

We are ready to analyze the algorithm.
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Analysis. Since we sample O (|C|/¢) many vertices X, there is # € X such that z € L* with high
probability. Therefore, the correctness follows from Lemma D.57. For the running time, the algorithm is
easily parallelizable. We bound the total work needed to complete this operation. The sketching can be done

in almost linear work Theorem D.28. By Lemma D.57, the total work is

> ow(cl,|ch) <O (W(CP,|C)) <O (W(m,n)).

rzeX

D.7.2 CONGEST Algorithm

In this section, we prove part 2 of Lemma D.44. We are given the MinNNCC instance (G, C, £) (Definition D.40).

High-level algorithm. At high level, we sample ©(|C|/¢) many vertices in C'. With high probability,
there is anode € L C C. Fix . We construct a graph H, such that the minimizer of miny/cc.r 29 |[Na(L')|
can computed by calling maximum bipartite matching in H,. However, this may cause too much congestion
when we run all instances of H, for all x € X. To reduce congestion, we map its communication of A on H;
to a random graph H, so that the congestion due to running A is load-balanced in that with high probability,
the maximum overlap (in terms of the number of instances on a pair (u,v) € C x C) of H,, instances overall
x € X is at most 5(1)

Step 1. Graph Sparsification. Given z € C, we construct a graph H, as in the following lemma.

Lemma D.58. Given x € C, we construct graph Hy = (Vg, Eg) in O(1) rounds where

V, :=CUC, UYz, and
E, = | ] Ea(v, Vi — (Na(2) N C) U My,
vel
M, := the perfect matching between C., and Yy
Cy := Ng(C) — Z, where Z, := Ng(x) N Ng(O).

The graph H, satisfies the following properties:
1. For every vertezx v € C,degy_(v,Ve — (Ng(z)NC)) < O(210g0’7” -4)
2. k&, (,Ys) +[Zs| > mingrcorrzo NG (L)].
3. If x € L*, then ku, (z,Ys) + | Zz| = minpco.rr 29 | Na(L')].

The proof is based on the reduction rules in [Li+21]. For completeness, we prove Lemma D.58 in
Section D.12.

Step 2. Mapping the communication. We would like to run A on H,. There are two issues. First,
the graph H, is a subgraph of G so the diameter can be large. Second, the same edge in H, can be used for
multiple instances of x € X. To deal with the first issue, we reduce the diameter of H, by adding a star to
H,.

Definition D.59 (H}). We define H; = (V(H,) U {s*}, E(H,) U E*) where we add (s*,v) edge to E* for
all v € V(Hy).

Observe that the diameter of H; is O(1), and adding a star to H, does not change the minimizer of
ming co.r20 [Na(L')|. We assume s* exists for now; we describe how to simulate the star node s* later,
which can be done efficiently since C' is nearly a clique.

To deal with the second issue, we simulate an algorithm A on Hj by mapping the communication of A

to a random graph.

Definition D.60 (Mapping the communication of A on H*). Let f, : C UC, U {s*} — C be a function.
Given H; = (CUC, U{s*}, E, U E*), define the graph H, := (C, E.) where (u,v) € E; U E* if and only if
(fo(w), fe (V) (u,v) € Er (with possibly parallel edges, and self-loop). We say that the communication of A
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on H} is mapped to H., via f. if every node v € C knows the neighbor sets of its preimage, i.e., v knows
N, (w) for all w € f~'(v).

If we can set up such a mapping of the communication, then the algorithm A on Hj can be simulated

entirely on HJ,.

Lemma D.61 (Simulation). If the communication of A on Hj is mapped to H, via f, then there is an
algorithm A" running on H,, such that every round the message exchange (u,v) in H} by A is equivalent to

ezchanging the same message between (fu(u), f2(V)) (w0 tn Hy, by A’

Furthermore, if f, is a random function, then H. is a random graph, and thus running multiple instances

of A on H; (using many z’s) can be better load-balanced by simulating on multiple instances of H.

Lemma D.62. Given x € C and the description of algorithm A running on H, we can map the communi-
cation of A to the graph H, (Definition D.60) via a random function f. where, in H,,, every vertex v € C

has 6(&) random neighbors. The mapping can be constructed using O(1) rounds of communication in H,,.

We prove Lemmas D.61 and D.62 in Section D.7.2.

Step 3. Virtual Clique in C. Notice that the algorithm A’ assumes the communication on every
edge inside H),, which may not exist in the original network G,. To run A’ on H,, we can simulate clique

communication inside C'.

Definition D.63. An t-virtual clique network in C' C V of a graph G = (V, E) is a protocol that simulates
the clique communication in C in that any message exchange between u,v € C' U {s*} can be done by at

most ¢ rounds in G.

Lemma D.64. Given a cluster C CV in a graph G = (V, E), we can construct a t-virtual clique network V
in O(1) rounds. With high probability, t < O(logn).

We prove Lemma D.64 in Section D.7.2.
We are now ready to state the main CONGEST algorithm.

Algorithm (CONGEST). The input is a graph G = (V, E) along with a cluster C C V and an estimate
£

1. Let V be the virtual clique network on C constructed from Lemma D.64.
2. Sample 100 - % -logn random vertices in C' into X.
3. For each x € X,

(a) Construct a graph H, using Lemma D.58. Let A be the algorithm that computes minimum
(z,Ys)-separator in H.

(b) Apply Lemma D.62 to map the communication of A to H, via f,. Let A’ be the algorithm
running on H,, obtained from Lemma D.61.

(¢) Run A’ on H, using the virtual clique network V

(d) Obtain the output of A on H} from the output of A" in H, using f..

4. Return the smallest cut and its size found so far.

Analysis. In step 2, there exists € X such that z € L with high probability since £ = ©(|L|). Therefore,
Lemma D.58 implies that a minimum (z, Yy)-separator of H, plus Z,, and thus we obtain the minimizer
of minyscc.rr20 |[Na(L')| at the end of step 4. In terms of round complexity, observe that the bottleneck
is to run A’ running on a H., as described in Lemma D.62. Fix a vertex v € C, we show in expectation
there are at most O(logn) instances of A’ on every edge from v to C. This follows because there are O(%)
independent instances of A’ running on v where each instance corresponds to random 5(@) edges inside C.

o~

Therefore, in expectation, each edge has O(1) congestion due to running A’.
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Mapping the Communication

In this section, we prove Lemmas D.61 and D.62. We start with the proof of Lemma D.62. The goal is to

map the communication of A on H to H, using a function f, defined as follows.

Definition D.65. Given z € C, we define f, : C U Cy U {s*} — C where

folw) = {v if ve Nglz]NC,

a random node in C'  otherwise.

Note that f, is a public random function. So every node can access f,. To establish a mapping
(Definition D.60), we describe an algorithm to broadcast neighborhoods.

Algorithm. For all u € CUC; — (Ng[z] N C), every node v € N (u) sends its id and u to f(u) so that
f(u) receives (v,u) to learn that v is a neighbor of u.

Complexity. It is convenient to fix a node v and describe the set of vertices to which v sends its id.
By design, every v sends its id to the image f(w) of every node w € N(v) — (Ng[z] N C) where f(w) is a
random node in C. The distribution can be described as a random graph where every node u € C — {z} has
|N(v) — Ng[z]] < O(flogn) random neighbors in C. The inequality follows from Lemma D.58.

Therefore, Lemma D.62 follows from f,; and this algorithm. We next prove Lemma D.61. After the

mapping above, we have established the following property.
Property 1: For all w € C, and for all w € f; ' (u), u learned the set of Nz, (w) of w.

Property 1 means that for every u € CUC, U {s*} in H, f.(u) can act as a surrogate of u since f,(u)
knows all the neighbors of . That is, we can simulate any algorithm running on H; = (CUC,LU{s*}, E;UE™)
by running on another network H,, := (C, E;) where an edge (u,v) € E, if and only if (fo(u), f2(v)) () € Ex
to E, where we allow parallel edges and self-loops indexed by the pair (u,v) in H,.

We are ready to prove Lemma D.61.

Proof of Lemma D.61. Given A, we define another algorithm A" that simulates the execution of A as follows:

¢ For each round in A,

— if u sends/receives a message m to v in A then f;(u) sends/receives the message m to f.(v) in
A’ using the edge (fz(u), Jz(0)) (u,0)-

Note that every node v knows its preimage fz *(v) since f, is a public (random) function.

Virtual Clique Network

We prove Lemma D.64 in this section. We start with basic facts about C being a near-clique. For all u € C,
let NN¢(u) := C — N¢[u] be the non-neighbors of u in C.

We assume that
O] > 100 25" " .. (D.3)

Otherwise, we sample n°Y) nodes inside C and run bipartite matching trivially on each of them and we are

done.

Claim D.66. For all u € C,
[Ne(u) N C| = QNNe (). (D.4)
For all u,v € C,

|Na(u) N Ne(v) 0 C| > Q(C)). (D.5)



238

Proof. We prove Equation (D.4).

(D.1) 1og0-8 (D.3) loe0-8 (D.1)
INa(u)NC| =|C| = [NNe(u)| —1 > |C|—£-2°¢"" 1 > 99.2°" " /1 >" Q(INNe(u)|).

We prove Equation (D.5).

(D.1) log0-8 (D.3)
INo(u) N No() N C| > |C| = INNe(u)| = [INNo@)| =1 > [C]—2-2°" 7. 01" ().

Preprocessing. For each u,v € C such that u and v are non-neighbors in G, u and v agree on a random
node 7y, from the common neighbors in C, i.e., (Ng(u) N Ng(v)) N C. This step can be implemented as

follows.

e For all u € C, and for all v € C — N¢[u] where u < v (the id of u is less than the id of v),
1. u sends a message requesting to connect to v to ©(logn) random neighbors N¢(u) N C.
2. An intermediate node w € Ng(u), upon receiving the request from u, sends to v if v € Ng(w)NC.

3. If node v receives the request of w from the intermediate nodes, then v selects one node w

arbitrarily and replies to w so w sends the confirmation back to u

Correctness. It is enough to prove that the preprocessing is successful; that is for every pair of non-
neighbors u,v in C, v and v agree on the node ru ., € Ng(u) N Ng(v) N C as an intermediate node. By
design, this happens if and only if, during the preprocessing, one of u’s messages requesting to v was sent

to Ng(u) N Ng(v) N C. Fix a node u € C, the probability that a random message its request is sent to

(D.5)
Ng(u) N Neg(v)NCis w > Q(1). Therefore, after O(logn) trials and by the union bounds,

the setup is successful with high probability.

Clique Simulation. We simulate a message from u to v in clique for all u,v € C as follows. If there is
an edge (u,v), then we send the same message directly. Otherwise, u sends the message to ry,, for which

ryu,» forwards to v. This step can be implemented in CONGEST easily.

Complexity of the Simulation. We prove that each clique round can be implemented in O(logn)
rounds of clique simulation. For each u,v where u < v and v € Ng(u)NC, we define a 2-path (a path of length
2), denoted by Py, 1= (U, 7u,0,v). Let P :={Py: u <v,v & Na(u) N C}. For any edge e € Eq(C,C), the
congestion, denoted by c(e), is the number of paths P, that contains e € Eg(C,C). We show that the
maximum congestion max. c(e) over all edges is O(logn) with high probability.

Fix an edge e = (z,y) € Eg(C,C). If a 2-path P contains e, then e is either the first or the second edge
of P. Let I'i(z,y) := {w € C — N¢[z]: AP0 = (2,720, w) € P,Tzw = y} be the set of all 2-paths in P
that contains (x,y) as the first edge. Similarly let I'2(z, y) be the set of all 2-paths in P that contains (z,y)
as the second edge. By definitions, c(e) = |I'1(z,y)| + |T2(z, y)|-

Next, we show that |T'1(z,y)| < O(logn) and |T2(z,y)| < O(logn) with high probability. We focus
on bounding the size of I'1(z,y). By definition of I'i(z,y), (z,y) belongs to the first edge of a path
P, = (z,72,w,w) € P if w is a non-neighbor of x where x and w agree on r, ., = y as an intermediate
node. Thus, |I'1(z,y)| is the number of non-neighbors w of z whose intermediate node is selected to be y.

Let I[rz,w = y] be an indicator random variable. We have

D@yl = > Ilrew =1

wEN N (x)

For all non-neighbors w € NN(x), since 4 is a random node in Ng(z) N Ng(w) N C, the probability
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that 7. =y is

0 if y ¢ Ne(w)NC,
]P)(’I"I’w = y) = { ) .
TN@NN(@)NC| otherwise
< 1
~ IN(@)NN(w)nC|
1
<O(——).
- (\N(x)ﬂC|)

The last inequality follows since

D.5

(D.5)
IN@) A N@w) N C| > QC]) > QN(z) N C)).
Therefore, in expectation,

E[Mi(@y)ll= > Plrew=1]

weNN¢ (x)
1
< |NNe(z)|- O(W)
(D.4)
o(1).

Similarly, we can also prove that E[|T'2(z, y)|] < O(1). By Chernoff bound, we conclude that c(z,y) < O(log n)
with high probability.

Round Complexity. The round complexity for the preprocesing is O(logn) factor larger than one

iteration of clique simulation.

D.8 Parallel Implementation in Matrix Multiplication Work

In this section, we prove the main lemma for solving SSVC in PRAM model in matrix multiplication work

and subpolynomial depth.
Lemma D.67. There is a randomized PRAM algorithm that solves SSVC in n*t°® work and n°M) depth.
Lemma D.67 can be proved by the following two implementations of ISOLATINGCUTS and MinNNCC.

Lemma D.68. There is a randomized PRAM algorithm that solves an MinNNCC instance (G, C,£) (Defini-
tion D.40) in O(|C|*) work and O(1) depth.

Lemma D.69. There is a randomized PRAM algorithm that solves an ISOLATINGCUTS instance (G,C,T)
(Definition D.39) in O(|C|*) work and O(1) depth.

Proof. We use the algorithm [Lov79] that solves maximum bipartite matching in matrix multiplication time
and work. We can turn that algorithm into an s-t vertex connectivity algorithm by using Lemma D.88 (it
reduces s-t vertex connectivity to minimum vertex cover, which can be found by first finding a maximum
bipartite matching, then run reachability). Now s-t vertex connectivity can be solved in 0 (n*) work and

O (1) depth; we can plug it in Lemma D.43 to finish the proof. O
We prove Lemma D.68 in Section D.8.1. We are now ready to prove Lemma D.67.

Proof of Lemma D.67. We use Algorithm 2. The correctness is implied by Lemma D.41. So, we only need
to calculate the complexity. We run the algorithm 0 (1) times to boost the probability of succeeding and
take the minimum cut as output.

There are logn outer loops. Inside each loop, for each C, the work for running ISOLATINGCUTS and
MinNNCC is |C|* and the depth is 9] (1). We run the algorithm for all C' € C simultaneously so the depth



240

does not change. The total work is O (Zcec |C\“’) = 5(n“) because ) . |C| = 5(n) according to
Lemma D.31. O

D.8.1 Proof of Lemma D.68

This section is devoted to proving Lemma D.68. Recall the notations introduced in Section D.5. We are
given the MinNNCC instance (G, C, ¢) (Definition D.40). In this section, we describe a sequential algorithm
for simplicity, but these algorithms can be easily parallelized. We denote T (n, k, ) as the number of field

operations needed to multiply an n x k matrix with a k X r matrix.

Lemma D.70 ([Chr+20]).
Tam(n, k,7) = O(Tvm(k, n, 7)) = O(Thm(n, 1, k).

Matrix Data Structures. We will use the matrix data structure such that the rank(M) can be

maintained quickly under low-rank updates.

Definition D.71. Let n,a be natural numbers where a < n. A matrix V € R"*® is a selector matriz if V is

a binary matrix, every column has exactly one 1’s and every row has at most one 1’s.

Selector matrices can be used to construct a larger matrix. To illustrate, let

Uj1 Uk1

Uj2 Uk2
u; = ) and up =

Ujn Ukn

where u; will define the values in the j-th column and ux will define the values in the k-th column. and

0 0
vi= |1 and vip= |1
_0_ _0_

where the 1 in v; is in the j-th position and the 1 in v is in the k-th position.

Define a selector matrix V = |:Vj vk} . Also, define U = |:Uj uk} . We obtain a larger matrix by

, T 0 -+ wjp -+ upa --- 0

uv :[uj uk] | = 1. . . .
Vi

0 - Uy - U - O

We will represent column updates of M of the form M + UVT where V is a selector matrix.

Lemma D.72. There is a data structure M that supports the following operations.
o M.CONSTRUCT(M, k) where M € R™*™: Preprocess and construct the data structure using M and
integer k < n in O(n*) time. With high probability, M correctly operates ISRANKGTK defined net.

o MUISRANKGTK(U,V) where U,V € R"*% a < n, and V is a selector matriz: decide if rank(M +
UVT) >k in O(Tvm(n, a,a)) time.

We will use low-rank update techniques as in [BNS19; San07], but their proofs are described using

sequential updates. For our purpose, we prove the batch version and perform the updates in one shot.

Proof. We explain the construction first.
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M.CONSTRUCT (M, k). We are given M € R™*™ and an integer k < n for preprocessing. The data

structure constructs the following matrix:

M X 0
f(M)y=1|Y o0 I (D.6)
0 I I@

where 19 is an n-by-n binary matrix whose first ¢ diagonal entries are 1, X and Y are independent and
uniformly random matrices where each entry is randomly chosen from some field extension of size Q(n?).
Sankowski ([San07], Lemma 4.1, Theorem 4.1) showed that the matrix f(M) is full rank w.h.p. if and only if
rank(M) > n —q.

By setting ¢ = n — k, we can decide if f(M) has rank > k by checking if f(M) is full rank, which can be
checked by computing its determinant. We fix ¢ = n — k from now on.

In preparation for the query operation where we will be given two matrices U,V € R™**. We can decide
if rank(f(M + UV ")) > k by computing the determinant of f(M 4+ UV ). That is,

Lemma D.73. Given U,V € R™*® where a < n, rank(f(M + UV ")) > k if and only if f(M +UV") is
full rank with high probability.

We also precompute det(f(M)) and f(M)™! in O(n¥) time. For simplicity, we assume that f(M) is

invertible. This assumption can be removed; see Theorem C.10 of [San07].

M ISRANKGTK(U, V). We are given where U,V € R"*% k,a < n, and V is a selector matrix. By
Lemma D.73, it is enough to compute the determinant det(f(M + UV ")). To do so, we use the matrix

determinant lemma.

Lemma D.74 (Matrix Determinant Lemma). Let A € R"*™ be an invertible matriz and U,V € R™*°.
det(A+UVT) =det(A)det(I + V' AT'U). (D.7)
Let Uy be a matrix and VO—r be a selector matrix such that
FIM)+ UV = f(M+UVT). (D.8)
Therefore, we can compute det(f(M + UV ")) as follows.

det(F(M +UVT)) “Z deg(F(M) + UoVy")
V=D det(£(M) det(l + Vi (F(M)) ™ Vi),
Since we precomputed det(f(M)) during the preprocessing, it remains to compute
det(I + Vo' (£(M))™"Uo),
which can be computed in time

O(n-a+ Twm(a,n,a) +a”) = O(Tum(a,n,a)).

Indeed, we break down the computation as follows.

1. Compute Qo := Vy' f(M)~! in O(n - @) time. Since Vj is a selector matrix, the matrix Vo' f(M)~' can
be obtained by reading corresponding rows f(M)~! selected by the 1’s entries in Vo' in O(n - a) time.
The matrix (f(M))™" was stored at the preprocessing step.

2. Compute Q1 := QoUp in O(Tum(a,n,a)) time.

3. Compute Q2 := I, + @1 in O(a2) time.

4. Compute det(Q2) = det(I, + Vo' (F(M)) " Up) in O(a®) time.
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This concludes the query operation in O(Twwm(a, n,a)) time. O

Convex Embedding. Let F be a finite field. For k > 0, the space F* is a k-dimensional linear space
over F. Let X = {z1,...,2,} be a finite set of points within F*. The affine hull of X is defined as

k k
aff(X) = {Zczxzxz € X and ZQ = 1}.

i=1 i=1

The rank of X, represented as rank(X), is one plus the dimension of aff(X). Specifically, if F = R, we refer
to the convex hull of X, denoted conv(X). For any sets V, W, any function f : V — W, and any subset
U CV, wedenote f(U) :={f(u): wue U}.

Definition D.75 (Convex X-embedding [LLW88]). For any X C V, a convex X-embedding of a graph
G = (V,E) is a function f: V — RI¥I=! such that for each v € V'\ X, f(v) € conv(f(Ng(v))).

For efficient construction, [LLW88; CR94] define convex-embedding over finite field F. In particular, they
construct the convex X-embedding over the field of integers modulo a prime p, Z, by fixing a random prime
number p € [n®,n%], and choosing a random nonzero coefficient function ¢ : E — (Z, \ {0}) on edges. This

construction yields a function f:V — (ZLXl*l) called random modular X -embedding.

Lemma D.76 (Theorem 4.13 of [LLWS8S]). Let t be a fized node in a graph G = (V, E). A random modular
N(t)-embedding f can be constructed in O(n®) time. With high probability, for every node s € V — N|[r], we
have ka(s,t) = rank(f(N(s))).

Using matrix data structure (Lemma D.72), we can construct a fast connectivity data structure as follows.

Lemma D.77. Let t be a fized node in a graph G = (V, E). Suppose we have an oracle that can list all the

elements in the symmetric difference N(s)AN(s') for any pair (s,s') up to a elements in O(a) time.

o A random modular N(t)-embedding f can be constructed in O(n®) time.

o With additional O(n*) preprocessing time on another fized node s € V — N[t] and parameter k, we
have the following with high probability: for all s € V — N[t], we can decide if ka(s',t) > k in
O(Tvm(n, a,a)) time where a = |N(s)AN(s")|.

Proof. Let f be a random modular Ng (t)-embedding f, which can be constructed in O(n*) using Lemma D.76.
We can represent f(V) as a matrix My :=[... f(v)...] where each column corresponds to a vector f(v). For
all U C 'V, we denote My as a submatrix of My when we restrict the columns of My to those in f(U).
We will use the matrix data structure M in Lemma D.72. We first use M := My () where z is a fixed
node and k is a parameter for the construction of M in O(n*) time. Next, we are given query s’ € V — N[t],
where |[N(s)AN(s')| = a’ < a. Let W = N(s), and so we can write Mw := M + UV” where U € R¥*’
corresponds to the column differences in the embedding, and V € RF*%’ is a selector matrix. Therefore, we
can check if rank(Mw) > k by calling M.ISRANKGTK(U,V), which can be done in O(Tuwm(k, a,a)) time
by Lemma D.72. O

We are ready to present the PRAM algorithm and prove Lemma D.68.

PRAM Algorithm. We are given G = (V,E), C C V and £ as the inputs to MinNNCC satisfying the

guarantees described in Definition D.40.

1. Use Theorem D.28 to compute sk, (N (u)) for every u € C where z = glea’*ny

2. Let X be a set of O (|C|/¢) random vertices sampled in C.

3. Apply Lemma D.50 using G, C, ¢ and X as parameters to obtain C' C N¢(C). Let K be the fixed
number in the lemma statement.

4. Let G' = G[Cu ).

5. Let G” be G’ after adding a sink ¢ and the set of edges from t to every node in C".
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6. Binary search on k until we obtain ¥ = mingex kg (x,t) on the following problem: decide if
mingex kg (x,t) > k.
(a) Given the guess value k, apply Lemma D.77 using ¢ as the fixed node, and the sketching sk, as
an oracle that can list Ng(s)ANg(s') for any pair (s,s’) up to O (£) elements in O (¢) work.

i. Construct a random modular N¢ (t)-embedding f. Let s € C be the other fixed node and
use parameter k for the preprocessing.
ii. For all z € X, decide if kg (z,t) > k using Lemma D.77.

7. returns the corresponding minimum cut.

Correctness. Let L* be the minimizer of miny cc.r/2p |Na(L')|. By Lemma D.50, we know that
G" have the same minimizer as in G for all z € X. That is, for all z € X, miny/cozer [No(L')| =
ming cower |Nar (L) + K. Since we sample O (|C|/¢) random vertices into X, there is # € L* with high
probability. Therefore, by the correctness of Lemma D.77, we also obtain the correct minimizer with high

probability.

Complexity. The preprocessing steps and sparsification can be done in O (m) work. The main bottleneck

is to binary search on k in step 6. In this step, the running time follows from Lemma D.77. That is,

A w A c A A w
o(C|*)+0 (|£> -O(Tmm(n, £, £)) = O (IC)*) .
The first term on LHS follows from the preprocessing time since [V (G")| = O(|C|) by Lemma D.50. The

second term on LHS follows from |X]| calls of k¢(s’,s) > k queries of Lemma D.77.

D.9 Communication and Streaming

D.9.1 A Simple Communication and Streaming algorithm

In this section, we will provide a simple communication algorithm for SSVC, and its direct implementation in

streaming model, i.e., the following two theorems.
Lemma D.78. There is a randomized communication protocol solving SSVC in o (n1‘5).

Lemma D.79. If there is a randomized semi-streaming algorithm solving Bipartite Maximum Matching
(BMM) in P(n) passes, then there is a randomized streaming algorithm solving SSVC in 19) (n1'5) space and
O(P(n)) passes.

We first give a schematic algorithm as described in Algorithm 3, and we will show its correctness, and
how to implement it in the communication and streaming setting. According to Remark D.27, we assume
public randomness.

The following lemma shows the correctness of Algorithm 3.
Lemma D.80. At the end of Algorithm 3, S* is the minimum t-sink vertex cut in G.

Proof. Suppose (L, S, R) is a minimum ¢-sink vertex cut, suppose |L| > /n/3, then w.h.p. PN L # 0,
thus, S* has size at most |S| according to Algorithm 3. In order to prove |S*| = |S|, we first need to prove
Ky > ka(u,t) for any u. Let us first prove some helpful claims.

For any arbitrary u € L, let us consider the loop for u in Algorithm 3.

Claim D.81. W.h.p., for any vi,va € V such that vi € V' (vi,v2) € E,(v1,v2) € E' (which we say
(v1,v2) is missing) iff. one of the following events happen: (i) for any v € V', we have (v,v2) € E, (i)
(u,v2) € E,v1 # u.
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Algorithm 3: Schematic Algorithm for SSVC

Data: An undirected graph G = (V, F) and a vertex t € V.
Result: A minimum ¢-sink vertex cut (L, S, R).
1 Let s = [{/n] in Theorem D.28, calculate sk, = sks(Ng(v)) for any v € V;
2 Let A=V — Ng(t);
// Suppose (L,S,R) is a minimum {-sink vertex cut.
// Phase 1: |L|>/n/3
Sample [100y/nlogn]| nodes P C A uniformly at random // w.h.p. PNL#
S*«V;
foreach v € P do
Find the minimum (v, t) vertex cut in G denoted by Sy;
Let S* =8, if |S,| < |5™];
// Phase 2: |L|</n/3
8 foreach u € A do
9 Maintain a virtual graph G’ = (V, E’) and a set V' C A. Initially E' = 0, V' = 0;
10 foreach v € A do

N4 o s oW

11 Let X = Ng(u) — Ng(v) and Y = Ng(v) — Ng(u), which is calculated by the
recovery algorithm of Theorem D.28;

12 if the recovery algorithm does not return 1 then

13 Add v to V/;

14 Add (u,z) to E' for any x € X;

15 Add (v,z) to E’ for any = € Y;

16 Among all L with u € L C V’, find one with the smallest | Ng/(L)| denoted as Ly;
17 | ky < |No (Ly)| + |Na(u)| — |[Nar(w)|// w.h.p.  ky = |Ng(Ly)|

18 If there exists u such that x, < |S*|, let S* = Ng(L,) where &, is the smallest;
19 return S*

Proof. “<” Algorithm 3 only add edges to = where u,v € V' differs by the neighborhood relationship to x,
so (i) implies (v1,v2) is missing; if v1 # u, then (v1,v2) will only be added to E’ when (u,v2) € E, so (i)
implies (v1,v2) is missing. “=". If both (i),(ii) do not happen, then either (i) v1 = u, there exists v € V'
such that (v,v2) € E, then v is in the difference between A, Ay, so (u,v2) is not missing, or (ii) v1 # u,

then (u,v2) € E, so v is in the difference between Ay, Ay, , (u,v2) is not missing. O
Claim D.82. W.h.p., for any L C V', Ng(L) — Ng/(L) = Ng(u) — Ngr (u).

Proof. Notice that for any uw € L C V', a vertex v € Ng(L) — Ng/(L) iff. Vw € V', (w,v) € E. Proof: “=",

“«<”. it implies (w, v) is missing for

if v € Ng(L) — Ngs(L), then (u,v) is missing, which means (i) happens.
any w € V',

Based on the claim above, we prove Ng(L) — Ng/(L) = Ng(u) — Ng/(u) as follows. “C” if w €
Ng(L) — Ng: (L), then Vw € V', (w,v) € E, so w € Ng(u), and w € Ng/(u) (otherwise w € Ng/ (L), which
leads to w € Ng(L)—Ngr(L)). “D” if w € Ng(L)— Ngs(L), then there exists v € V' — L such that (v,w) € E,
then (u,w) is not missing and w € Ng(u) — Ng/(u). So we have |[Ng(L)| = |Ng/(Lu)| + dega(u) — deggr (u).
C, correctly computes the size of Ng(Ly,).

O

Now we are ready to prove that for any u € A we have ky, > kg (u,t). ku = Ng/(Lu) + Na(u) — Ngr(u) =
N¢g(Lu) according to Claim D.82, thus, Ky > ka(u,t).
Now suppose |L| < y/n/3. We have |S*| > |S] according to the fact that k., > ka(u,t) for any u. Suppose
u € L. Consider the loop for u in Algorithm 3. According to Lemma D.26 and the fact that V' includes
all nodes v with |Ng(u)ANg(v)| < [v/n] w.h.p., we have L C V'. Since Ng/(L,) and Ng(L,) differs by a
fixed value according to Claim D.82, k, < |[Ng(L)|. Thus, |S*| =S|
O

Now we prove the complexity and our main lemmas of this section.
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Proof of Lemma D.79. The correctness is implied by Lemma D.80. Now we show the complexity.

Before Phase 1. V can be sampled without accessing the stream. The sketches can be computed in
19) (n\/ﬁ) space and 1 pass according to Remark D.29. A can be computed with O(n) space and 1 pass.

Phase 1. P is sampled without accessing the stream. We simulate the (S, T')-vertex connectivity algorithm
on the stream for any u € P. We do all of them in parallel, using O (n|P|) space and P(n) passes. Remember

that O (n|P|) = O (ny/n).

Phase 2. All calculations of Phase 2 are done without accessing the stream, and they will use 0 (an)
space since the number of edges added to G’ for each loop in Algorithm 3 is at most /n.
In summary, we use O (n1‘5) space and O(P(n)) passes.

O

Proof of Lemma D.78. We use the folklore simulation of a streaming algorithm using a communication
protocol. Alice and Bob simulate the streaming algorithm in the previous proof on the data stream where
the stream first goes through all of Alice’s edges, and then Bob’s edges. The memory space of the streaming
algorithm (which is o <n1'5) is sent to Bob, and Bob continues simulating the streaming algorithm).

We can simulate the algorithm before Phase 1 and Phase 2 using the technique above, which requires

~ 5 . .
O (nl"’) communication. O

D.9.2 Lower Bounds

In this section, we will prove a communication lower bound for VC.

Lemma D.83. In the two-party communication model, any randomized algorithm solving VC needs Q(n1'5)

bits of communication.
It directly implies a streaming lower bound by standard reduction from communication to streaming.

Corollary D.84. In the graph streaming model, any randomized algorithm solving VC in P(n) pass needs
Q(n*®/P(n)) space.

Proof. As in the last section, we try to simulate any streaming algorithm in the following way: the stream
first goes through all of Alice’s edges, and then Bob’s edges. The memory space of the streaming algorithm
is sent to Bob after Alice’s edges are all presented, and Bob continues simulating the streaming algorithm.
Thus, solving VC in P(n) pass needs o(n'®*/P(n)) space implies a communication algorithm with o(n'-®)
communication.

O

The following communication problem is where we will reduce VC from. For convenience, suppose y/n is

an even integer.

v/n-OR /n-AND subset problem. Alice is given \/n batches, the i-th batch contains /n sets
Ag”, Ag“, ety A% C [v/n], each with size exactly v/n/2. Bob is given /n batches, the i-th batch contains
\/n sets Bii), Bg”, ey B% C [v/n]. Their goal is to determine whether there exists ¢ € [y/n] such that for
any j € [vn], B" € A"

The following lemma shows the randomized communication complexity of the problem above.

Lemma D.85. There exists k = ©(y/n) such that any randomized protocol solving \/n-OR /n-AND k-subset

. 5 . .
problem requires Q(n'-®) communication.

Proof. We will reduce the following problem to /n-OR /n-AND k-subset. Alice is given /n sets
X1,..., X m € [n/2], Bob is given Y1, ..., Y 57 C [n/2], and they want to determine whether or not there exists
i such that X; N'Y; # . This problem has Q(n'-%) lower bound [JKS03; T1J13]. Now we construct a /n-OR
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/n-AND k-subset instance as follows. Firstly, define X, = [n/2] — X;. Then, we split X into v/n blocks and
fit each block into [/n/2], i.e., define the j-th block X;i) ={k|ke[vn/2,[H—-1)(v/n/2)+ke€ X} Wedo
the same thing to Y;, let Y}(i) ={k|ke[vn/2],(j —1)(v/n/2) + k € Y;} Define A§i> = X;i) U{vn/2+k|
1<k <+/m/2— X[} Similarly, define BY = v U{y/n/2+k |1 <k < n/2—|X"]}. Roughly
speaking, we do padding to make sure |[A"| = \/n/2, while make sure Yj(i) C XJ(.” iff. B](.i) C Agi). Notice
that “Y, " € X" for all 57 iff. “¥; C X{” iff. “X; NYi = 0", Thus, the \/n-OR /n-AND subset problem on
A§i), B](-i) output “yes” iff. the OR of set-disjointness problem on X;,Y; outputs “yes”.

O

Now we are ready to prove the lower bound for VC.

Proof. Given a v/n-OR y/n-AND subset instance A;-i), Bj@ for 4, j € [\/n], define graph G = (V, E) as follows.
We will assume /n > 10.

V=UU (Uic;ym V")
U=A{u{" |i,j € [Vnl}
VO = {of | j € [Val}
E =FEcigue WEv UEA U Ep
Ecique = {(u,v) | u,v € U,u # v}

Bv = |J {v) | uveViuv}
i€[v/n]

Ea= |J | U {0, uf”) |xevnlz#jyeAl}

ielval \jelval
Be= |J | U {@Pu?)yeBP}
ielval \Jelval

We first prove that if there exists ¢ € [y/n] such that for any j € [/n], BJ(.” C Ay), then there exists a
vertex cut of size n/2. We claim that N(V;) is the vertex cut that we want. Firstly, notice that V; N N(V;) =
for any j # 4, so N(V;) is a valid vertex cut. Further, according to Ea, Ep and the fact that BJ(-i) - A;i) for
any i, we know N(V;) = {u$" | z € [n],y € AP}, Thus, |N(V;)| = Zze[\/ﬁ] |AY)| = n/2 (remember that
AL = vn/2).

Now we prove that if for any i € [\/n], there exists j € [\/n], B(2 z A(Z) then any vertex cut has size at
least n/2 4+ 1. Taking any two vertices u,v € V', we will prove that there are at least n/2 4 1 internal vertex
disjoint paths connecting v and v. If w,v € V; for some ¢ or u,v € U, then there is an edge between u, v.

Thus, we only need to consider the following two cases.

Case 1. Ifu €V, for some i and v € U. We will first construct n/2 + 1 paths pY, <Py j241 such that i)
they start with vertex u, (ii) they are vertex disjoint except the starting vertex u. Suppose j € [/n] satisfies
B](-i) 4 Agi). Suppose u = U(.f) for some j'. The paths contain three types

1. Type 1: length 1 paths from u to every vertex in {u(x> | x € [/nl,z # 5,y € A;i)}. There are
(v/n/2) - (/n — 1) many type 1 paths.

2. Type 2: pick arbitrary /n/2 vertices in V; not identical to v; and v; (remember that /n > 10 and
|Vi] = v/n), denoted as P. Notice that every vertex in P has edges to any node in {u(] ) |y € Ag.f)}
according to the definition of E4. We one-to-one match these nodes to {uy |y € AJ.,>}. Each type
two path is (u,v, m(v)) where v € P and m(v) is the matched node. There are \/n/2 type 2 paths.

3. Type 3: Let z € B(Z)\A(l) such z must exist since BJ(.” z A;i). The type 3 path is (u, v, u).
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There are in total n/2 + 1 paths, and one can verify that they are vertex disjoint except u. Now since
U is a clique, we can find n/2 + 1 internal vertex disjoint path from u to v by connecting the n/2 + 1 end
points of the n/2 + 1 paths to v.

Case 2. Ifu € V; and v € V; for some i # j. According to case 1, both u and v has paths pY, ooy P jat1
with end point set P, C U and p7, .,.,pr/Q_H with end point set P, C U. For each w € Py N P>, we connect
the two paths p;’, pj that both take w as end point, which leads to a path connecting u and v. For the rest
path, we match them one-by-one arbitrarily and connect p;’, pj by connecting their end point by an edge

(remember that U is a clique). Thus, we get n/2 + 1 internal vertex disjoint path from u to v.

Conclusion. The graph G can be constructed with O(logn) communication: Eciique, Ev, Ea is known
by Alice and Ep is known by Bob. The value answer to VC solves the /n-OR {/n-AND subset problem.
According to Lemma D.85, VC has lower bound Q(n'?).

O

D.10 Reductions Between Problems and Proofs of Main The-
orems

For convenience, all the functions appearing in this section (for example, W (m,n) in Lemma D.88), we

assume they are smooth, in the sense that W (Km, Kn) = poly(K) - W(m,n).

From (S, T)-vertex connectivity to BMC. We describe the reduction from the (S, T') vertex connec-
tivity problem to BMC (bipartite minimum vertex cover) using the construction from [Sch03](Section 16.7c),
see also [Bli+22; Bra+20a].

Definition D.86 (Construction). Let G = (V, E) be a graph with two vertex sets A, B C V. We construct
the bipartite matching instance as follows. We may assume that A N B = (). We define the bipartite graph
H = (V',V" E') as follows. For each v € V — A, we add a new vertex v’ to V', and for each v € V — B we
add a new vertex v” to V. We define E’ as the set of pairs (u’,v”) with u € V — A,v € V — B with the
property that (u,v) € E or u = v. We define the capacity of each v’ € V' to be oo if v € B, and 1 otherwise.

Similarly, we define the capacity of each v" € V" to be oo if v € A and 1 otherwise.

We can extract a min (A, B)-separator in G from the minimum vertex cover of H as follows. For any
U CV,wedenote U ={v' |veU},and U’ = {v" |veU}.

Lemma D.87 ([Sch03](Section 16.7¢)). Let U CV — B,W C V — A be such that D = U UW is a minimum
vertex cover in H. Then, the set C = (UNA)U{UNW)U (W NB) is a min (A, B)-separator in G.

Observe that the biparite graph H in Definition D.86 has 2n — |A| — |B| = O(n) vertices. Also, the
construction above contains some nodes with oo capacity. We can reduce to unit capacity WLOG as follows.
First, we replace oo with n. For each node with capacity n, we simulate it to behave as if it is a duplicate of
n unit-capacity nodes. With appropriate implementation, we apply vertex reduction algorithm in Appendix
B of [Ass+22] to reduce to O(n) nodes while preserving the maximum matching. Roughly speaking, the
vertex reduction algorithm greedily finds O(logn) maximal matchings and preserves only the nodes in all
these maximal matchings. Finding a maximal matching in a node-capacity graph can be done efficiently.

In conclusion, we have the following.

Lemma D.88. If the BMC problem with n vertices, m vertices and diameter D can be solved in
e (PRAM) W (m,n) work and D(m,n) depth,
(CONGEST) T'(m,n, D) rounds,

e (Communication) f(n) bits of communication,

(Streaming) s(n) space, p(n) passes,
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then (S, T)-vertex connectivity problem can be solved in
o (PRAM) O(W (m,n)) work and O(D(m,n)) depth,
e (CONGEST) O(T'(m,n, D)) rounds,
o (Communication) O(f(n)) bits of communication,

o (Streaming) O(s(n)) space, O(p(n)) passes,

From (global) vertex connectivity to single sink vertex connectivity.

Lemma D.89 (Global to Single Source). Suppose there exist algorithms solving SSVC with the following

complexities in different models.

1. T(m,n) work and D(m,n) depth in the PRAM model.
2. R(m,n, D) rounds in CONGEST model.
3. C(n) communication bits in the two-party communication model,

4. S(n) space and P(n) passes in the streaming model,
Then there exist algorithms solving VC in

1. 6(T(m7 n)) work and 5(D(m7 n)) depth in the PRAM model.
2. O (R(m,n, D)) rounds in CONGEST model.
N(C(n)) communication bits in the two-party communication model,

3. O
4. O (S(n)) space and 9} (P(n)) passes in the streaming model,

Proof. The general idea is to first compute the minimum degree §, then sample z = 10nlogn/(n — §) nodes
S1,..., 8z, and denote B; =V — Ng[s]. Now construct a graph G' = (V', E’) where

V/ = {S} @] V, @] (Uze[z]Bz)
here V' = {v' | v € V} is a copy of V, and s is a new node.
E ={(s,v') v € V'}uU (Uie[z]{(v,u) | u,v € B, (u,v) € EYU{(w,v) |v € V', v e B (v,u) € E})

Now we query the SSVC on G’ and source s.

To prove the correctness, suppose (L, S, R) is a minimum vertex cut of G. We first prove G’ has a cut
separating s to another node with size |S|. We have § > |S|, otherwise, the neighborhoods of the minimum
degree node should be a smaller cut. Thus, |L| + |R| =n — |S| > n — §. By sampling z = 10nlogn/(n — 9)
nodes, one of them (suppose it is s;) will be in R w.h.p. since |R| > |L|. Thus, (SNB;)U{u' |u e SNN(S))}
is a cut in G’ which has size |S|. Now we prove than kg (s,t) > |S]| for any t € V'. If t € N|[s], then
ke (s,t) = |V'| — 1. Otherwise, t € B; for some i. If there exists |S| internal vertex disjoint path in G from ¢
to s, then the |S| paths corresponds to |S| internal vertex disjoint path in G’ from s to ¢.

To recover the cut for G from the cut for G’, notice that the cut (L, S, R) in G’ with s € R has the
property that L C B; if L is connected. Thus, S corresponds to a cut in G’.

The size of V' is at most (n+ 1) + (n — §) - 10nlogn/(n — &) < n'.

Now we prove the complexities in different models by showing how to implement the aforementioned

algorithm.

PRAM. If | S| < 0.1n, the reduction is trivial since O(logn) sampled nodes suffice to hit a node in R. Thus,
we assume |S| > 0.1n, in which case we have m = Q(n?). The minimum degree can be computed in O(m)
time. Sampling can be done in O(n) time. Construct the graph G’ cost 0 (n2) time. The total work is
O (T(m,n)). The depth is constant plus the oracle depth.

CONGEST. The implementation for CONGEST is a bit different since we cannot explicitly construct G'.
Instead, after sample z sinks s1, ..., s, we run SSVC on the subgraphs Hi, ..., H, defined as H; containing

all edges adjacent to V' — Ng[s;] plus edges from Ng(s;) to s;, with the sinks si,...,s.. Notice that H;
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has the same diameter as the original graph since we are only ignoring edges between N(s;), which has
mutual distances at most 2. We run all the algorithm on H; simultaneously, which causes dilation at most
R(n, D). Now we bound the congestion, i.e., given an arbitrary edge (u,v), we will bound the number of
H; that includes (u,v). Specifically, we are going to bound the number of H; including (u, v) through (i)
(u,v) is an edge adjacent to s;, this can happen at most O(logn) times w.h.p., (ii) (u,v) is an edge adjacent
to V — NgJsi], in other words s; is not a neighborhood of w or is not a neighborhood of v, according to
Chernoff bound, both event can happen for at most O(logn) times since u has degree at least § and we
sample s; uniformly at random where each node get sampled with probability 10logn/(n — §). Thus, the
total congestion is O (R(m,n, D)).

Communication. The minimum degree can be computed in O (n) communication by computing | Ng(v)|
in O (1) communication. Sampling can be done by Alice and then the results are sent to Bob. The vertex set
B; is known to both Alice and Bob in O (n — §) communication by using Theorem D.28 on V and Ng|s],
which in total cost O (n) communication. Now edges in G’ are split into two parts for Alice and Bob, and

they can simulate the SSVC algorithm on G’ in C'(n’) communication.

Streaming. The minimum degree can be computed in one pass and 19) (n) space. Sampling can be done
without accessing the graph. The vertex sets B; can be computed in one pass and O (n) space (for all 7)
by Theorem D.28. The we can simulate the stream for G’ by using the stream for G, in S(n') space and
P(n') passes.

O

From s-t vertex connectivity to (global) vertex connectivity.

Lemma D.90 (s-t vertex connectivity to (global) vertex connectivity). Suppose there exist algorithms solving

VC with the following complezities in different models.
1. T(n) work and D(n) depth in PRAM model.
2. C(n) communication bits in the two-party communication model,
3. S(n) space and P(n) passes in the streaming model,
Then there exist algorithms solving s-t VC in
1. O(C(n)) communication bits in the two-party communication model,
2. O(S(n)) space and O(P(n)) passes in the streaming model,
3. O(T(n)) work and O(D(n)) depth in PRAM model.

Proof. By Lemma D.88, we only need to reduce BMC (bipartite minimum vertex cover) to VC.

Given a bipartite graph G = (A, B, E) where E C A X B, we construct a graph G’ = (AUB, EUE4UE3R)
where E4 = {(u,v) | u,v € A} and Ep = {(u,v) | u,v € B, i.e., we build a clique on both A and B. We run
VC on G’, which gives us a minimum vertex cut S. We return (i) S in the case that |S| < min(|A[, |B]), (ii)
the smaller one among A, B in the case that |S| > min(|A][, |B|).

We first show that every vertex cut in G’ must be a vertex cover on G. Suppose (L, S, R) is a vertex cut
in G’, since there are no edges between L and R, it cannot happen that both LN A and RN A are non-empty.
W.o.l.g., assume L N A is non-empty. If L N B is non-empty as well, then R cannot contain any node in A
or B, which is a contradiction to the fact that R cannot be empty. Thus, RN A = (), so we have L C A.
Similarly, we have R C B. For every edge in G, it is either adjacent to S, or both of its endpoints are inside
A (or inside B). But edges in G’ that are totally inside A or B are not edges in G, thus, S is a vertex cover
for G.

Then we show that if there is a vertex cover C in G which satisfies that |C| < min(|A], |B|), then C' must
be a vertex cut for G'. W.o.l.g., assume |A| < |B|. We have that |C| < |A|. Les L=A— C and R= B —C.
We claim that (L,V — C, R) is a vertex cut. It is clear that L,V — C, R form a partition of AU B. Moreover,
if there exists an edge between L and R, then this edge is not covered by C in G, which is a contradiction.

Thus, there are no edges between L and R.
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Given the last two paragraphs, suppose S™* is the returned set by our reduction algorithm, then either (i)
the minimum vertex cover of G is less than min(|Al, |B|), in which case there exists a veretx cut in G’ with
the same size of the minimum vertex cover, so S* cannot be larger, and cannot be smaller since it is a vertex
cover itself, or (ii) the minimum vertex cover of G is min(|A|, |B|), then we returned the correct thing.

O
Now we are ready to prove the main theorems.

Proof of Theorem D.1. Given an s-t vertex connectivity algorithm, we can solve SSVC according to Lemma D.45,

then we can solve VC using Lemma D.89. O

Proof of Theorem D.2. Given an S-T vertex connectivity algorithm, we first convert it into a subgraph S-T
vertex connectivity algorithm by the same reduction described in Section D.11. Then we can solve SSVC

according to Lemma D.46, then we can solve VC using Lemma D.89.
O

Proof of Theorem D.j. We plug in Theorem D.1 with the work and depth for s-t vertex connectivity. The
latter one can be derived from the maximum bipartite matching algorithm of Theorem D.92. To convert
maximum bipartite matching algorithm to s-t vertex connectivity algorithm, we first convert it into bipartite
minium vertex cover algorithm by running a reachability on the residual graph to find the minium vertex

cover, then use Lemma D.88. O

Proof of Theorem D.5. We plug in Theorem D.2 with the round complexity for S-T vertex connectivity.

The round complexity of S-T vertex connectivity can be derived from Theorem D.93 combined with

Lemma D.88. O
Proof of Theorem D.6. We plug in Lemma D.89 with Lemma D.67. O
Proof of Theorem D.3. We combine Lemma D.78 with Lemma D.89, and Lemma D.83. O
Proof of Theorem D.9. We combine Lemma D.79 with Lemma D.89. O
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D.11 Bipartite Matching in CONGEST and PRAM

D.11.1 Parallel BMM

The following theorem is the state-of-the-art for parallel bipartite maximum matching.

Theorem D.91 ([Bra+25]). In PRAM model, bipartite mazimum matching can be solved in O(m + n'-®)
work and O(nl/Q) depth, with high probability.

However, we cannot plug Theorem D.91 to Theorem D.1 since the work function is not a super additive
function on m. Instead, if we want the work to be super-additive in m, the following theorem from [LS14] is
the state-of-the-art.

Theorem D.92 ([L.S14]). In PRAM model, bipartite mazimum matching can be solved in O(mn°®) work
and O(nl/Q) depth, with high probability.
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D.11.2 A CONGEST Algorithm

In this section, we will prove the following two theorems. Notice that Theorem D.94 is subsumed by

Theorem D.92; but we put it here as an alternative algorithm.

Theorem D.93. In CONGEST model, mazimum bipartite matching can be solved in O(ngMDl/2 +n'/2D +
n7/10+0(1)D7/10) rounds, with high probability. In particular, when D = O(n3/7_‘) for some constant € > 0,

this is sublinear in n.

0.54€

Theorem D.94. In PRAM model, bipartite maximum matching can be solved in O(mn ) work and

oM=< depth for every e € [0,0.25], with high probability.

The main observation is that a semi-streaming (1 — €)-approximation algorithm of [Ass+22] almost
straightforwardly can be implemented in the CONGEST and PRAM models in roughly % rounds/depth. Then,
after computing a (1 — ¢) maximum bipartite matching, we combine with known reachability algorithms
[CF23; JLS19] in CONGEST and PRAM to find the remaining en many augmenting paths one at a time.
Hence, this section does not contain much technical novelty, but rather show how known algorithms can
almost straightforwardly be generalized to other models and combined in order to show not yet document
results for CONGEST (Theorem D.93) and PRAM (Theorem D.92).

Related Work: Bipartite Matching in CONGEST and PRAM. While bipartite matching has
been extensively studied in many models, the exact version seems to resist sublinear (i.e. sublinear when
D = n'"° for constant § > 0) algorithms in the CONGEST model. The work of [AKO18] observed that
a simple extension of the Hopcroft-Karp algorithm can solve bipartite matching in O(M™log M™*) round
in CONGEST, where M™ is the size of the maximum matching (i.e., in general their algorithm runs in
O(nlogn) rounds). The work of [For+21] takes a different approach based on Laplacian solves, and show
how unit-capacitated maximum flow (and hence the special case of bipartite matching) can be solved in
O(m®* ™°W (pY/2pY/*4 4 D)) rounds in CONGEST. This, to our knowledge, was the only known sublinear
algorithm in CONGEST, although only in sparse graphs m = O(n) and when D = n?"~% for some constant
& > 0. We note that the running time of our Theorem D.93 is an improvement for any regime of m and D.
We also note that [Vos23] generalized the min-cost max-flow approach of [LS14] in Theorem D.92 to also
work in the CONGEST model, handling each of the n'/? rounds of solving a laplacian system in O(y/n + D)
rounds in CONGEST (thus their total number of rounds is not sublinear in n).

There has also been a lot of work on bipartite maximum matching algorithms in the PRAM model, or
the more general min-cost max-flow problems (see, e.g., [LS14; Bra+25]). It is known that the problem is in
randomized NC (i.e., polylog depth and polynomial work) due to a reduction to computing matrix inverse
[Lov79; KUW86; MVV87; GP88]. Another sequence of work focuses on sublinear deterministic algorithms
[Gol+92; GPV93].

There are also many PRAM, CONGEST, and streaming algorithms for (1 — €)-approximating maximum
bipartite matching, see e.g., [Coh95; ALT21; Ass+22; Egg+12; AKO18; LPP15], however most of these have
depth/round/pass complexity at least 6% A crucial property of [Ass+22] is that it’s running time only depends
on a single factor of %, which is crucial to allow the exact algorithm to have sublinear depth/round/pass

when combined with fast reachability algorithms in the different models.

Semi-Streaming to Other Models. The semi-streaming algorithm of [Ass+22] will, when implemented
in CONGEST and PRAM, imply the below lemmas for approximating bipartite matching. Since, to our

knowledge, this connection has not been observed before, we sketch the proof in Section D.11.3.

Lemma D.95. In CONGEST model, there is an algorithm that computes a (1 — €)-approzimate fractional

matching to the maximum bipartite matching problem in O(%) round.

Lemma D.96. In PRAM model, there is an algorithm that computes a (1 — €)-approzimate fractional

matching for the mazximum bipartite matching problem in O(%) depth and O(%) work.
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Remark D.97. For the CONGEST algorithm, the %-dependency in Lemma D.95 is tight for low-diameter
graphs where D = O(log(n)), as shown by a corresponding lower-bound in [AKO18]. Since there are several
algorithms with O(e%) complexity without dependency on D, e.g., [AKO18; ALT21; LPP15], a natural
question that remains open is if there is a O(%)—round CONGEST algorithm for (1 — €)-approximate bipartite

matching.

Before proving these lemmas, we show how they imply Theorem D.93 and Theorem D.92, by combining
with known techiniques. Our plan is to first round the (1 — €)-approximate fractional matching to integral,
and then find the remaining augmenting paths one-by-one using state of the art reachability algorithms in

the two models.

The CONGEST Model. In the CONGEST model, [AKO18] showed how to almost losslessly round a

fractional matching to an integral one. In particular, they showed the following theorem.

Theorem D.98 ([AKOI18)). Let G = (V, E) be a bipartite graph with maximum degree A, y € RF be a

2 *
fractional matching of G, and € > 0 be a parameter. There is a deterministic O (M)-tim@

CONGEST algorithm that computes a matching M of G such that |M| > (1 — €)||y||:-

Theorem D.98 together with Lemma D.95 implies that we can find, in O(%) rounds, an integral matching
M that is at most en far away from maximum. We will find the remaining < en augmenting paths one by
one, by using the current fastest directed reachability algorithm in CONGEST. Indeed, note that given an
integral matching M on a bipartite graph G = (L U R, E), one can put directions on the edges as follows:
e € E is oriented from R to L if e € M, and otherwise oriented from L to R. Now, increasing the size of
the matching M by one is equivalent to finding any directed path from an unmatched vertex in L to an
unmatched vertex in R—such a path is called an augmenting path.

We use the single source shortest path algorithm of [CF23], setting all edge-weights to 1.

Theorem D.99 (Distributed Reachability [CF23]). There is a distributed algorithm that, given an n-node
directed graph with positive integer edge weights of undirected hop-diameter D, solves the single-source-
shortest-paths problem with O(n1/2 + D+ n2/5+°(1)D2/5) rounds of communication in the CONGEST model,
with high probability.

We need to run the reachability algorithm at most en times. Hence, for solving exact bipartite matching,

the total round complexity becomes:

O (B +en-(n*+ D+ n2/5+0<1)D2/5)>
€

pl/2
13/4n1/2p1/2 1, 7/10 p1/5

By setting € .= to balance out the terms, the final time complexity is

O (n3/4D1/2 +nV2D 4+ n7/10+o(1)D7/10) .

This proves Theorem D.93.

The PRAM Model. Our strategy in the PRAM model is similar. First we round the fractional matching

to an integral one using the following PRAM rounding lemma.

Theorem D.100 ([Gol+92]). Let G = (V, E) be a bipartite graph, y € RF be a fractional matching of G.
There is a deterministic O(log?(n))-depth, O(mlog?® n)-work PRAM algorithm that computes a matching M
of G such that |M| > [||y]|1 ]-

Lemma D.96 and Theorem D.100 together thus implies a O(%) depth and O(%) work find an integral
matching M that is at most en far away from maximum. Again, we will find the remaining < en augmenting

paths one by one, by using a known reachability algorithm.
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Theorem D.101 (Parallel Reachability [JLS19]). There is a parallel algorithm that, given an n-node, m-edge
directed graph, solves the single-source reachability problem with work O(m) and depth n*/?t°M) with, high
probability in n.

Although in [JLS19] they only solve the decision version and not how to recover the path. However this
has been observed (see comment below [Ass+22; Proposition 4]) that the algoritm can actually recover the
path too.

We need to run the reachability algorithm at most en times. The total complexity becomes:
~ (1 1/240(1) ~/m
Ol-4+en-n )| depth, and O|— +en-m) work.
€ €
By setting € := n~*/27% for any § € [0,0.25], we get:
) (nHo(l)*é) depth, and ) (m . n1/2+6) work.

This proves Theorem D.93, since n < 2m after removing possibly isolated vertices.

D.11.3 Generalizing a Semi-Streaming Algorithm

We now show how to generalize the semi-streaming algorithm of [Ass+22] to work in the CONGEST and
PRAM settings in order to prove Lemmas D.95 and D.96. We note that the algorithm of [Ass+22] is based
on [Shel7], but where [Ass+22] shows that this algorithm can be implemented in low space. We note that for
our purposes in CONGEST and PRAM, the algorithm of [Shel7] would directly work as these models do not
care about the space complexity. However, we choose to work with [Ass+22] as it it more straightforward to
see how it can be implemeted in our models. This section will skip over most of the proofs and intuition,
as they can be found in [Ass+22], and instead focus on simply arguing why the exact algorithm used by
[Ass+22] also works in CONGEST and PRAM.

The algorithm of [Ass+22] works by formulating the maximum bipartite matching problem as a £;-
regression problem and then solving it using a %-round optimization method for box-simplex games.

Let A™ := {x € R™ : ||z||; = 1} be the m-dimensional simplex. In particular, consider the following
box-simplex optimization problem, for some n X m matrix A, and vectors ¢ € R™ and b € R".

min max y A'z4c z—by, (D.9)
TEAM ye[-1,1]n

which is equivalent to the following ¢;-regression problem:
min ¢’z + HAT:U—bH . (D.10)
zEA™ 1

We restate [Ass+22, Algorithm 3] here as Algorithm 4, which, according to [Ass+22, Proposition 1]
outputs z that is a e-approximate minimizer to the box-simplex game in (D.9).

The plan is as follows:

e Show how to set up bipartite matching problem as a box-simplex game in (D.9), by choosing appropriate
A b, c as in [Ass+22, Section 4].

e Show how Algorithm 4 (and a simple post-processing step Algorithm 5) can be implemented in both
CONGEST and PRAM efficiently, for the parameters given by the bipartite matching problem.

Setting up Bipartite Matching as a Box-Simplex Game. Let G = (V, E) be a bipartite graph
we wish to solve bipartite matching in. Let M™ be the size of the maximum matching. We follow [Ass+22,
Section 4] to set it up as a box-simplex game, see their article for more details and discussion.

Let M € Z be a 2-approximation of the size of the maximum matching, i.e., it satisfies M < M* < 2M.
There are multiple ways to obain this in our models: for example we can guess M = 2° for every i = 0. .. llogn],

and run the algorithm for all guesses and output the best achieved matching. Alternatively, we can find a
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Algorithm 4: LowSpaceACMirrorProx(A, b, c,e)  [Ass+22]
1 Input: A €RTS™, ceR™ beR", 0<e <A
2 Output: {U£}0§t<T C R™, {u2}0§t<T C R™, {/\2}0§t<T C R, {y£}0§t<T C R"™ so that for

S oyhi=a S exp(Av; + |Alu; +Xe)
0<i<T oz lexp(Av; + [Afui + Moy

the pair (z,y) is an e-approximate saddle point to (D.9)
3 T« O(1Al=logm) "pe o O (log M4l
4 t(—O )\0<—0 Uo(—on,u()(_on,yOHOn
5 while t < T do
6 (U(0)7 ,U/(O)’ )‘(0)7 ZU(O)) — (Ut7 Ug, )‘t7 yt)

y 1(p AT _exp(Avi+[Alui+Aic) T exp(Avi+|A|lui+Aic)
7 300 - A gt A har;) — 2diag () [Al e A AT e T,

7
8 for 0 <k < K do
9 o(F D) *10HA14H (%yt 10 ”A” v )

10 ulF D) _10||ix” (—(y'9)? (y(k)) —10[| A, u®)
= A ¢ — o (5 = 10| Al A©)
k1 T exp(Au(k+1)+\A|u("+1>+)\(’“+1)c)

12 d( ) < 2‘A| ||exp(AU(k+1)_HA|u(k+1)+)\(k+1)0)||1
13 B y D med(—1,1, _dojiil)) entrywise
14 (U;tvu;’ ;7y£) A (U(K)7U(K)7>\(K),y(K))
15 (U(O)a u(o)v )\(O)a y(O)) — (Ut7 Ut , At7 yt)

y 13 _ AT _exp(Av;+|Aluj+Aic) . . T exp(Avi+|Alus+Aic)
16 v = 3 (b ||exp(AU;+|A‘u;+)\;c)||1) 2dlag (yt) |A| exp(Avi+|Alus+r: ),

17 for 0 <k < K do

18 WD) oy (ot~ 1014 v)

| o O O 104l )
20 AFD ¢ 10HAH ( —10 ||AH )

S ek ||eTifﬁffﬁ)ﬁﬁiﬁii?&ffiﬁ)||1

22 B yFHD  med(—1,1, —d(ziil)) entrywise

23 | (Vi1 g, At Yen) = (009, wlF) A 4K

24 %tetJrl

maximal matching (hence a 2-approximation) in O(1) rounds in CONGEST,"? or in O(1) depth and O(m)
work in PRAM, by using Luby’s folklore (randomized) maximal independent set algorithm (applied to the
line graph of G).

Let B be the m x n adjacency matrix of G. Let B be the (m 4 1) X (n + 2) matrix obtained by adding
with one extra row (a fake edge), and two extra columns (two fake vertices), all filled with zeroes, to B. Let
dvom € {0,13"12 be 1 everywhere except 0 in the indices corresponding to the two fake vertices.

Now consider the following ¢;-regression problem:

zergiyl}ﬂ HATZE — le , where A = Mé, b= %dMCM. (D.11)

Use Algorithm 4 to solve it up to ©(eM) additive accuracy to obtain a solution z. Set & := 2Mx g, where

rg is  but we dropped the coordinate of the fake edge. Now Z will almost be an approximate maximum

fractional matching, however it is not necessarily feasible. See [Ass+22, Section 4.1] for an argument
why [|Z[|, — Overflow(z) > (1 — ¢)M", where Overflow(z) = }_ _, max (0, (Zu:(u ek xuv) — 1) =

121n the CONGEST model, we would need an additional O(D) rounds to calculate the size of this maximal matching
and broadcast it to every vertex, however this is dominated by the running time O(%) we are aiming to prove.
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H (BTx - d)+ H is the sum of overflow at each vertex.
So, like in [Ass+22], we need a simple post-processing step where we remove the overflow of Z to make it
into a feasible matching without removing too much. We restate a simplified version of [Ass+22, Algorithm 4]

below as Algorithm 5.

Algorithm 5: RemoveOverflow(z, G) [Ass+22]

1 Input: Bipartite graph G = (V, E) with incidence matrix B, = € Rgo

2 Output: 7 € Rgo with # < z entrywise, B'% < 1, and |||, > ||z, — H(BTJ: —d)
[Ass+22; Lemma 5))

3d*+ B'x

4 f+ (d*—1)4

5 Te ¢ Te (1 — max (5—%,5—%)) for all e = (a,b) € E with 2z, > 0

6 return

+H1 (see

In particular, we get a fractional matching z* := RemoveOverflow(Z, G) of size ||z*| > (1 — €) M.

Implementations in CONGEST and PRAM. What remains is to argue that Algorithms 4 and 5 can
be implemented efficiently in CONGEST and PRAM.

Algorithm 5 can easily be implemented in O(1) rounds in CONGEST, as all it does is compute the
overflow at each vertex, and then decrease the value of the fractional matching on an edge (u,v) based on
the overflow at its endpoints. Similarly, it can be computed in O(1) depth and O(m) work in PRAM.

Algorithm 4 is a bit more complicated. It runs in T' = O(”A”“#) phases, which is O(%) as A = B so
|5

‘ = O(M) by construction, and we solve it up to error € := eM (note the different epsilons). Similarly,
o0

note that K = O(log %) = O(logn). Hence, each line in the algorithm is run at most O(L) times.

We will show that each statement inside the loops in Algorithm 4 can be implemented in O(D) rounds
in CONGEST, or O(1) depth and O(m) work in PRAM.

The algorithm keeps tracks of many variables on supported on vertices. It also computes intermediary

values on the edges as expressions like:

exp(Av; + |Alut + Aic)
llexp(Av; + |Alu; + Aol

Computing matrix products Av or ATv for some vector v can be done efficiently'® in parallel and locally,
as A is essentially the incidence matrix (the additional fake vertices and edges have corresponding zero-
rows/columns, and hence can also be handled very efficiently). Similarly computing and multiplying by a
diagonal matrix diag (() y:) is efficient to do locally and in parallel. All the entrywise computations (like
exp(v), or computing the entrywise median) is also efficiently locally /parallel computable.

The normilization, i.e., computing |[v]|, (as in ||exp(Av; + |AJu; + Aic)||;) is a bit more tricky for the
CONGEST algorithm. It essentially boils down to computing the sum of values stored at each vertex, and
requires O(D) rounds to aggregate and sum up the value, and then broadcast it to all vertices. In PRAM,

this normalization step is still easy to do in O(m) work and O(1) depth.

Remark D.102. We note that this is the main bottleneck in the implementation of the CONGEST algorithm,
and why it depends on D. An interesting open question is if there is an alternative (1 — ¢)-approximation
algorithm in CONGEST that only needs O(%) rounds, i.e., without dependency on D.

We conclude that, even though Algorithm 4 might look initially intimidating, and it’s analysis is non-trivial
(see [Ass+22]), it is straightforward to see how it can be implemented efficiently in CONGEST and PRAM

models when A is (almost) the incidence matrix of a graph. In particular, it can be implemented in O(D/e)

130ne potential worry is numerical stability, as it might require many bits to represent the numbers. However, the
algorithm is numerically stable, so values much smaller than the largest values can safely be rounded; see the comment
in [Ass+22] about numerical stability.
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rounds in CONGEST, or O(%) depth and O(%) work in PRAM to compute (together with Algorithm 5) an

(1 — ¢)-approximate fractional matching. This proves Lemmas D.95 and D.96.

D.11.4 Solving Bipartite Matching on a Subgraph in CONGEST

In our reductions, we need to solve bipartite matching on a bipartite subgraph H of the original (not-
necessarily bipartite) graph G. In most models of computation, we can just focus on solving bipartite
matching on H directly, however, in the CONGEST model the diameter of H might be much larger than the
diameter of G, and we are in fact allowed to use edges of G \ H for the purpose of communication. While
most algorithms can easily be adapted to solve bipartite matching on a subgraph, we can in fact show a

perfect reduction irregardless of the underlying algorithm.

Lemma D.103. Suppose there is a R(n,m, D) round CONGEST algorithm for solving mazimum bipartite
matching on n-vertex, m-edge, D-diameter bipartite graphs Gyyp. Then there is a R(O(n),O(m),O(D))
round CONGEST algorithm that on n-vertex, m-edge, D-diameter (not-necessarily bipartite) graph G, solves

mazimum bipartite matching on a given bipartite subgraph H (of potentially much larger diameter).

’

Proof Sketch. For each vertex v € V, make 5 copies of it: v, (@ 4(@) ®) v®). Let (A, B) be the vertex
bi-partition of V induced by the bipartite subgraph H. Add the following edges:

o) for all (u,v) € E(H)
o) for all (u,v) € E(G)
v(b/)) forallveV
o)

)

@Y for all v € A

(’U(H> ®)) for all v € B
Let this graph be called G’. That is G'[V)] is H, and G'[V{» U V®)] is the binary lift of G. Tt is easy to
verify that the graph is bipartite, by construction. Moreover, the diameter of any connected component'?
of G’ is at most O(D). This is since, if G is not bipartite, let g be its shortest odd-cycle and note that
lg| < 2D + 1, which means that any vertex v on this cycle will have v(®) and v® at most distance 2D + 1
from each other in G”.

Any maximum matching My of H can be extended to a matching Mg of G', of size |Mg:| = |[Mu|+ 2n,
by adding all the (v®, v(“l)) and (v(b), v(b/)) edges. For the other direction, suppose that Mg is a maximum

(@) and v® must be matched (else an edge (v(¥, v(“l)) can be

matching of G'. We know that all vertices v
added to the matching). We can without loss of generality change the matching edge of v(® to be matched
to v(@) (and similar for (v(b),v(b/))). Then let My = Mg \ (Uvev{(v(“),v(“/)), (wv®, v(b/))}), and note that
My is a matching on H of size |[Mg/| — 2n.

Thus, solving the matching problem on G’ and on H is essentially equivalent. The CONGEST algorithm
running on G will simulate the bipartite matching CONGEST algorithm running on each connected component

of G, where each node v simulates the work of all its copies. O

D.12 Graph Sparsification

We fix source z € C' throughout this section.

For all node u € C, we denote pc(u) := mingcouer |[Na(L)|.

Definition D.104 (G.). Given a source z € C where C C V in a graph G = (V, E), we define the local
graph G as the induced graph G[N¢[C]] after adding a sink ¢t and the set of edges (v, t) for all v € Ng(C).

141f G is connected, G’ will have two connected components if and only if G is bipartite, and else it will have one
connected component.
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Lemma D.105. If (L, S, R) is a minimum (z,t)-separator in G5 where x € L,t € R, then L is a minimizer

of pe(x) = ming/corzer |Na(L')| and vice versa. In particular, ke, (z,t) = pc(z).

Proof. First, we prove that kg, (z,t) > pc(z). Let (L, S, R) be an (z,t)-min-separator in G, where z €
L,t € R. We claim that L C C. Suppose L contains a vertex v € N(C). This means Ng, (L) contains ¢, and
thus ¢t € R, a contradiction. Observe that N(L) = S because since (L, S, R) is a minimum (z, t)-separator.
Since x € L C C and N(L) = S, we have

ke, (¢,t) = |S| = |Ng, (L)| = [Na(L)| > min_|Ng(L)| = pc(z).
L'CClzel’

Next, we prove uc(z) > kg, (z,t). Let L* be a minimizer of miny ccorzers [No(L')]. Observe that
Na(L*) C Ng[C]. We now prove that Ng(L") is an (x,t)-separator in G,. Since Ng (L") is a separator in
G and N¢[L*] C N¢[C], it is enough to prove that the set of edges from ¢ to every vertex in N (C') will not
destroy this cut. Indeed, since L™ C C, the new edges will not incident to L*. Therefore, Ng(L*) = Ng, (L")

is an (x,t)-separator in G5. So,
pe(x) = [Na(L)| = [Na, (L7)| = ke, (2, t).
This concludes the proof. O

We cannot yet implement G, in a distributed network because connecting s to every node in Ng(C) is a
global operation. Instead, we simulate s by adding a perfect matching from each node in Ng(C) to a new

node (so we can remove s).

Definition D.106 (G7,). Given G,, define G, as follows. First, remove ¢ from G%. Then, for each vertex

u € Ng(C), add a new vertex y along with an edge (u,y). Denote Y as the set of new vertices.

Lemma D.107. Every (s,t)-cut in G, is an (s,Y)-cut in G}, and vice ver sa. In particular, kg, (s,t) =
kg (s,Y).

Proof. 1f S is an (s, t)-separator in G, then denote a vertex cut (L, S, R) in G where s € L,t € R. Since
Ngr (t) € SUR, every vertex in Y in G does not have an edge to L. Therefore, (L, S, (RUY) — {t}) is a
vertex cut in G. If S is an (s, Y)-separator in G, then the same separator must be an (s, t)-separator in
G’ by contracting all Y into t. O

Corollary D.108. If (L, S, R) is a minimum (z,Y)-separator in G where x € L,Y C R, then L is a

minimizer of mingcorwers [Na(L')|. In particular, kg (x,Y) = minpcerzers [Na(L')].

Definition D.109 (Sparsification). Give G, define H, after the following reductions.

1. Remove Z := Ng(x) N Ng(t) from G.
2. Remove every edge (u,v) € Eg(Ng(z), Na(z)) U Eg(Ng(t), Na(t)).

Lemma D.110. kg, (z,t) = kg (x,t) + |Z|. Furthermore, If S is an (s,t)-min-separator in H, then ZU S

is an (s, t)-min-separator in G.

Proof. The first step follows because every vertex v € Ng(z) N N¢(t) belongs to every (z,t)-separator in G.

The second step also follows from the same reduction rules in [Li+21]. O
Finally, we define the graph H, as follows.

Definition D.111 (H;). Give ﬁz, define H, as follows. First, remove ¢t from H,. Then, for each vertex

u € Ng(C), add a new vertex y along with an edge (u,y). Denote Y as the set of new vertices.

Lemma D.112. Every (s,t)-cut in G is an (s,Y)-cut in G}, and vice ver sa. In particular, kg, (s,t) =
kg (5,Y).

Proof. The proof is similar to Lemma D.107. O
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We are ready to prove Lemma D.58.

Proof of Lemma D.58. Given x € C, we construct H, as defined in Definition D.111. We can verify that this
construction in Definition D.109 can be done in O(1) rounds. We can compute Z in two rounds. First, s and
t broadcast its id along its neighbors, and in the second round, if a node receives both s and ¢ then it belongs
to Z. Every node v € N¢(C) — Z can simulate another node in Y in the matching by itself. Removing every
edge (u,v) € Eqg(Ng(z), Na(z)) U Eq(Ne(C), Ne(C)) can be done in O(1) rounds.

We verify each of the following properties. First we show that for every vertex v € C,degy_(v, Ve —
(Ne(z)NC)) < O(210g0'7 "™.£). This follows from Equation (D.2) and the fact that the common neighbors Z were
removed. Next, ku, (¢,Yz) + | Zz| > ming/cc.rr20 |[Na(L')|. the fact that if © € L, then kp, (z,Ys) + | Z2| =
mingco.r2p |Na(L')|, can be derived from from Lemmas D.47 and D.112 and Corollary D.108. O
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Abstract

We give a deterministic algorithm for computing a global minimum vertex cut in a vertez-weighted
graph n vertices and m edges in 6(mn) time.! This breaks the long-standing ﬁ(n4)—time barrier in
dense graphs, achievable by trivially computing all-pairs maximum flows. Up to subpolynomial
factors, we match the fastest randomized O(mn)-time algorithm by [HRG00], and affirmatively
answer the question by [Gab06] whether deterministic O(mn)-time algorithms exist even for
unweighted graphs. Our algorithm works in directed graphs, too.

In unweighted undirected graphs, we present a faster deterministic 5(mm)-time algorithm where
Kk < n is the size of the global minimum vertex cut. For a moderate value of k, this strictly improves
upon all previous deterministic algorithms in unweighted graphs with running time 6(m(n + k?))
[EveT5], 5(m(n + ky/n)) [Gab06], and 6(m20(”2)) [SY22]. Recently, a linear-time algorithm has
been shown by [Kor24] for small x

Our approach applies the common-neighborhood clustering, recently introduced by [Bli+25],
in novel ways, e.g., on top of weighted graphs and on top of vertex-expander decomposition. We
also exploit pseudorandom objects often used in computational complexity communities, including
crossing families based on dispersers from [WZ99; TUZ01] and selectors based on linear lossless
condensers [GUV09; Chell]. To our knowledge, this is the first application of selectors in graph

algorithms.

1We use O(-) and O (-) to hide poly log(n) and n°(1) factors, respectively.
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E.1 Introduction

In the (global) minimum vertez cut problem, given an n-vertex, m-edge graph G = (V, E) with vertex weights
w:V —={1,...,W}, we must find a vertex set S C V with minimum total weight w(S) := ZuES w(u) whose
removal disconnects G. The weight w(S) is called the weighted vertez connectivity of G. In the unweighted
case, we must find S with minimum size |S| whose removal disconnects G, and the size |S] is called the
unweighted vertex connectivity of G.

In this paper, we study fast algorithms for computing minimum vertex cuts, a topic that algorithm
designers have extensively studied for over half a century [Kle69]. Before we survey its development below,
observe that we can straightforwardly find a minimum vertex cut by solving (s,¢)-maximum flow between all
pairs of vertices. This algorithm requires (g) maxflow calls, which takes 5(114) time by [Bra+23]. We will

refer to this time bound as a baseline.”

Early Development Within the Baseline. Since the 60s, there has been an active line of work
on fast unweighted vertex connectivity [Kle69; Pod73; ET75; Eve75; Galg80; EH84; Mat87]. All of these
algorithms are deterministic. The fastest among them [Eve75; Gal80] make O(n + x?) maxflow calls, where
k denotes the vertex connectivity. However, when x = Q(n), they still require Q(n?) maxflow calls, which is

as slow as the straightforward algorithm.

Beating the Baseline via Randomization. In the 80s, Becker et al. [Bec+82] were the first to
surpass the baseline for unweighted vertex connectivity. Their randomized algorithm makes O(n) maxflow
calls, which takes O(mn'®) = O(n3®) time using the available flow algorithm. Then, Linial, Lovész, and
Wigderson [LLW88] discovered a connection between vertex connectivity and rubber band networks, leading
to a randomized algorithm with O(n® 4 nk*) = O(n*7) time.?

Later in the 90s, Henzinger, Rao, and Gabow [HRGO00] surpassed the baseline in the weighted case. Their
randomized algorithm in weighted graphs takes O(mn) = O(n®) time, improving upon [LLWSS]. Also, they
showed a deterministic algorithm in weighted graphs with O(m?) time. This bound, however, still does not

beat the baseline on dense graphs.

Beating the Baseline Deterministically: Unweighted Case. The first and only deterministic
algorithm that surpassed the baseline was discovered by Gabow [Gab06]. He introduced a novel use of
Ramanujan expanders and developed an algorithm for unweighted graphs that makes O(n + k1/n) maxflow
calls, which takes 6(m(n + ky/n)) = 6(mn1'5) time [Bra+23].*

Gabow also posed an open problem: whether there exists a O(mn)-time deterministic algorithm for

unweighted graphs. There has been no progress toward answering this question until now.

Near-Optimal Time via Randomization. Around 2020, there was again significant progress in
randomized algorithms. For unweighted graphs, a O(m&?)-time algorithm was developed [NSY19a; For+20]
using novel local cut algorithms. Later, through a new kernelization technique, Li et al. [Li+21] showed how
to compute unweighted vertex connectivity using polylogarithmic maxflow calls, leading to an almost-optimal
6(m) time. Additionally, [CQ21] presented a randomized algorithm for (1 4 €)-approximate weighted vertex

connectivity using polylogarithmic maxflow calls via the minimum isolating cut technique [LP20; AKT21].

The Current State. So far, progress on deterministic algorithms has been much slower, and to advance

any further, we need to answer one of the long-standing open problems listed below:
1. Can we beat Gabow’s 5(mn1‘5)—time algorithm for unweighted vertex connectivity?

2. Can we even beat the O(n*)-time baseline for weighted vertex connectivity?

2We use this bound solely for comparison purposes and do not apply it unfairly, Specifically, we do not claim an
algorithm is slower than the baseline, while it can actually surpass the baseline using faster maximum flow algorithms.

3w is the matrix multiplication exponent.

4The time bound stated in [Gab06] was O(min{n% 7% k'5}km + mn) = O(n>73) because he utilized the flow
algorithms available at that time. In Section E.6, we give a new analysis of his running time in terms of maxflow calls.
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In contrast, for randomized algorithms, there is a 5(m)-time unweighted algorithm [Li+21] and a O(mn)-time

weighted algorithm [HRGO00]. Can we narrow this randomized-deterministic gap?

Randomized vs. Deterministic Gaps. In the area of graph algorithms, closing the gaps between
deterministic and randomized algorithms has been a fruitful research program. In the closely related problem
of minimum edge cut, significant efforts [KT15; HRW17; Sar21; LP20; Li21; Hen+24] to match Karger’s
O(m)-time algorithm [Kar00] with deterministic algorithms have generated several influential techniques,
including the minimum isolating cut [LP20; AKT21; Abb+22], new applications of local flow techniques [KT15;
HRW17; SW19; For+20; Cha+21], strong decomposition [KT15; Hen+24], and expander decomposition
[Sar21; Li21]. Other related examples include deterministic algorithms for expander decomposition and
their numerous applications [Chu+20; LS21; Gor+21] and deterministic min-cost flow algorithms [Bra+23;
Che+24; Van+24].

Directed Case. The minimum vertex cut problem can be generalized to directed graphs in both weighted
and unweighted cases. The goal here is to find the smallest vertex set S such that G\ S is not strongly
connected. Since Gabow’s algorithm and the straightforward algorithm work on directed graphs with the
same guarantee, the two questions above also capture the state of the art for deterministic algorithms in

directed graphs.®

E.1.1 Our Results

We give a strong affirmative answer to both questions simultaneously, even for directed graphs.

Theorem E.1. There is a deterministic algorithm that, given a directed graph with n vertices, m edges, and

vertex weights in {1,..., W}, outputs a minimum vertezx cut in 5(mn log* W) time.

Thus, up to subpolynomial factors, Theorem E.1 resolved the open problem posed by Gabow whether a
O(mn)-time deterministic algorithm exists for even unweighted graphs. Compared with the state of the art
in weighted graphs, it matches the fastest randomized O(mn)-time algorithm [HRG00] and improves upon
the deterministic O(m?)-time algorithm [HRGOO].

Furthermore, we present an even faster algorithm for undirected unweighted graphs.

Theorem E.2. There is a deterministic algorithm that, given an undirected unweighted graph with n vertices,

m edges, and verter connectivity k < n, outputs a minimum verter cut in O(mk) time.

This algorithm is strictly faster than all known deterministic algorithms for unweighted vertex connectivity
for moderate x, including the 6(m20(”2))-time algorithm by Saranurak and Yingchareonthawornchai [SY22],
Even’s algorithm [Eve75], which requires O(n + x?) max-flow calls, and Gabow’s algorithm [Cab06], which
requires O(n+k+/n) max-flow calls. Recently, Korhonen [Kor24] has shown an O(m-no(”r“) )-time determinsitic

algorithm, which is linear when & is small.

Deterministic Barrier to o(mn) Time. When & = Q(n), Theorems E.1 and E.2 take Q(mn) time.
This suggest a natural question: Can we strictly beat the O(mn) bound deterministically? Below, we
highlight that the bottleneck is essentially captured by the hardness of this question.®

Let G = (V, E) be an undirected unweighted graph. We say that (L, S, R) is a vertex cut if there is no
edge between L and R. Our question is how to solve the problem even if all minimum cuts are “perfectly

balanced.”

Question E.3. Suppose that all minimum vertez cuts (L, S, R) of a graph G are such that |L|,|S|, |R| = Q(n).

Compute the vertex connectivity of G in o(mn) time.

5The state of the art for randomized algorithms on directed graphs is slightly different. The almost-linear time
unweighted algorithm by [Li+21] also works in directed graphs but has a slower running time of 6(n2) instead of
6(m) The (1 + €)-approximation weighted 5(m)—time algorithm by [CQ21] does not work in directed graphs; however,
[Cen-+22] works in O(n2) time.

6The only other bottleneck is a technicality related to deterministic sparse recovery, which seems solvable.
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With randomization, this question is easily solvable in 5(m) time by random sampling.” Indeed, the
9) (m)-time algorithm [Li+21] highly exploits this. It is striking that none of the deterministic techniques can

yield a o(mn)-time algorithm; we leave this as a challenging open problem.

Historical Note. The preliminary version of this paper [NSY23] only solves undirected unweighted

deterministic vertex connectivity in O(m#?) time.

E.1.2 Ouwur Tools

Next, we highlight the four technical tools that we developed and may be useful for future applications. The
first two are employed for both Theorems E.1 and E.2, while the last two are used only in Theorem E.2. To

introduce the techniques in an intuitive way, we focus on unweighted undirected graphs in this section.

Crossing Family.

At a high level, a crossing family P is a family of pairs of elements such that, for every two sufficiently large
sets L and R, there must exist a “crossing” pair (z,y) € P where x € L and y € R.
Below, we provide a formal definition of our crossing family, where L and R can belong to two different

universes A and B, respectively.

Definition E.4 (Asymmetric crossing family). Given two sets A, B and two integers £,r where £ < |A],
r < |BJ|, and £ < r, an (A, B,{,r)-crossing family P is a subset of A X B such that, for any L C A and
R C B with sizes at least £ and r, respectively, we have P N (L x R) # (). The degree of an element z € A in
Pis {y € B| (z,y) € P}|.

Our algorithm in weighted graphs relies crucially on the asymmetric crossing family. We show a

construction with the following guarantee.

Theorem E.5. There exists a deterministic algorithm that, given two sets A, B and two integers {,r with

L <|A|, r <|B|, and £ <, outputs an (A, B, £, r)-crossing family in O(|A| -max{1, ‘Bl[r}) time such that

the degree of every element in A is at most O(max{1, ‘B‘T_r})

This family immediately implies the symmetric version of a crossing family that appears more applicable

for finding a minimum vertex cut.

Corollary E.6 (Symmetric crossing family). There exists a deterministic algorithm that, given an integer
n and a parameter a > 1, outputs P of size O (an), a subset of [n] x [n] in time 0 (an), such that for any
partition (L, S, R) of [n] that satisfies |R| > |L| > |S|/a, we have PN (L x R) # 0. Moreover, for each
z € [n], the out-degree of = in P, i.e., |{y | (z,y) € P}|, is at most O ().

We will also refer to the above P as a (n, a)-crossing family.

Use Case. To see why Corollary E.6 is useful, consider the graph from Question E.3. There must be
a pair from the (n = |V|],a = Q(1))-crossing family P from Corollary E.6 that crosses a minimum vertex
cut (L, S, R). Therefore, if we solve the (z,y)-maximum flow for each (z,y) € P, we will find the minimum

vertex cut using O(n) max flow calls instead of trivially using (;) max flow calls.

Our Construction: Dispersers. Both Theorem E.5 and Corollary E.6 are proved in Section E.5.1
using dispersers [WZ99; TUZ01], which are well-known objects for constructing randomness extractors. To

our knowledge, this is the first direct application of dispersers in fast graph algorithms.

“Sample O(logn) pairs of vertices. With high probability, one of the pairs (a,b) is such that a € L and b € R for
some minimum vertex cut (L, S, R). Assuming this, the (a,b)-maximum flow must reveal a minimum vertex cut.
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Previous Construction: Ramanujan Expanders. Gabow [Gab06] implicitly showed that the
edges of Ramanujan expanders can be used to construct a crossing family in the setting of Corollary E.6
that consists of O(n®/(|L||R|)) pairs (see Lemma E.75).

Our crossing family from Corollary E.6 subsumes this bound and strictly improves upon it, particularly
when |L| =~ |S| < n. In this situation, the family size from Corollary E.6 would be O(n), while Gabow’s

family size would be O(n?/|L|). This improvement is crucial for our purposes.

Common Neighborhood Clustering

Crossing families are useful when there exists a minimum vertex cut (L, S, R) where |L| = Q(|S]). To address
the opposite case where |L| = o(|S]), we exploit the concept of common neighborhood clustering, introduced

recently in [Bli425]. Below, N¢(u) denotes the neighbors of u in G.

Lemma E.7 (Common-Neighborhood Clustering). For any graph G = (V, E) and parameter £, there exists
a collection of clusters Vi,...,V, CV with the following properties. For any minimum vertex cut (L, S, R)
where |L| < ¢,

1. L CV; for some cluster V;,

2. for every cluster Vi and for every u,v € V;, the symmetric difference

|Ne(u)ANg(v)| = O(flogn), and
3. every vertex belongs to at most O(logn) clusters.

Use Case. Lemma E.7 is surprisingly useful in many ways. The intuition is as follows. First, we know
that the minimum vertex cut (L, S, R) is “captured” by some cluster V; because, by Item 1, both L and
S are contained in N¢[V;] :== N¢g(V;) UV, for some V;. Second, the structure of inside each cluster V; can
greatly speed up the flow computation. Roughly speaking, suppose we want to compute a (s, t)-minimum
vertex cut where s,t € V;, by using the existing idea from [Li+21; Bli+25], we are able to delete all edges®
from a node u € V; to a node in N(s), without changing the (s,t)-minimum vertex cut. But after deletion,
by Item 2, there are only O(£logn) edges left adjacent to every vertex except s,t. Thus, this clustering is
very effective in the case when £ is small, e.g., when |L| < |S].

Lastly, even if we try to work on each cluster separately, the total work is small because the total number

of edges of the graph induced by N¢[Vi] overall clusters V; is at most O(m) by Item 3.

Previous Usage: Randomized, Unweighted, Undirected. Common-neighborhood clustering
in [Bli+25] was used in randomized reductions from global to (s,¢)-minimum vertex cuts in parallel and
distributed models. However, their algorithms are randomized and work only for unweighted undirected

graphs.

Our Usage: Deterministic, Weighted, Directed. To prove Theorem E.1, we extend the reach of
this technique much further into the deterministic setting, and also to directed and weighted graphs. See
Section E.3 for details on how we combine both crossing families and common-neighborhood clustering to

work in weighted directed graphs.

Terminal Reduction

The next tool is specific to unweighted undirected graphs. It handles the case when |L| = €(]S|), where
(L, S, R) is a minimum vertex cut. Below, we say that a terminal set T C V is a-balanced if there is a
minimum vertex cut (L, S, R) such that [TNL| > «|S|, and |T N R| > «|S].

8We are omitting details here. The correct operation is to first make each undirected as two bi-direction directed
edges, then delete every directed edge from u to N(s), then make every remaining directed edge as undirected.
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Lemma E.8 (Terminal Reduction (Simplified version of Lemma E.25)). There is a deterministic algorithm
that, given an n-vertex m-edge undirected graph G = (V, E) along with a 2V'°8"-balanced terminal set T C V,

returns a new terminal set T' C 'V of size at most 0.9|T| and a separator S* such that either

o T’ is 0.1-balanced, or
L] |S*| = KRG-

The algorithm runs in 6(mn) time.

Use Case. Let us see why Lemma E.8 is useful. Initially, set T <~ V. If T is not 0.1-balanced, then
|L| < 0.1]S|, which corresponds to the “unbalanced” case that can be handled using common neighborhood
clustering. Next, as long as T is 2\/@-balanced, a call to Lemma E.8 will either reduce the size of T or
yield a minimum vertex cut S*. After at most O(logn) rounds, we will either obtain a minimum vertex cut
or a terminal set 7" that is not 2\/@—balanced but is 0.1-balanced. This is precisely when our last tool,

called a selector, becomes useful, as we will explain last.

Our Proof: New Use of Common-Neighborhood Clustering. The proof of Lemma E.8 turns
out to be the most technical part of the paper. Surprisingly, the key ingredient is again common-neighborhood
clustering, but we apply it on top of vertex-expander decompositions. This gives a completely novel use of

the technique. See Section E.4.1 for details.

Previous Terminal Reductions. Theorem 3.3 in [SY22] gives a 5(m2o(”2))—time algorithm for
performing vertex reduction. It serves the same purpose as Lemma E.8, but instead reduces the total graph
size rather than the number of terminal vertices. However, the 205" _factor seems very challenging to
improve to poly(k), as doing so would imply a breakthrough for vertex sparsifiers.

The similar terminal reduction for minimum edge cuts [LP20] (Section 4.2) is much simpler to obtain.
Ultimately, the underlying reason is that vertex mincuts can separate a graph into many connected components,

while edge mincuts always separate a graph into two components.

Selectors

The final tool for our 6(m/¢)—time algorithm for unweighted undirected graphs is a pseudorandom object
called selectors. Intuitively, a selector is a family S of subsets that, given any two disjoint sets L and S

where |L| > €|S], there must exist a set U € S that “hits L once” and “misses S

Definition E.9 ((n, k, €)-selector). For every positive integers n, k with k < n and parameters ¢ € [0, 1], an
(n, k, €)-selector S is a family of subsets of [n] such that, for every two disjoint subsets L and S of [n] with
sizes satisfying ek < |L| < k and |S| < k, there exists a set U € S such that [UNL|=1and [UNS|=0.

We prove the following theorem about selectors in Section E.5.2.

Theorem E.10. For any integer n and parameter ¢ > l/n"(l), there ezists k > n'~°®) depending on € such
that, given any k < k, we can compute a (n, k,e)-selector S of size at most |S| = 6(k) in O (n) time, and

every set U € S has size at least 2.

Use Case. Following the discussion below Lemma E.8, the remaining case to handle is when the terminal
set Ty is not 2\/@—balanced but is 0.1-balanced. That is, there is a minimum vertex cut (L, S, R) where
0.1|S| < |To N L] < 2VE7|S| = O (k).

Construct a (n = |Tol,k = |To N L|,e = 0.1/2\/@)—selector F on Tp. By Theorem E.10, |F| <
O (|To N L)), and for some U € F, a minimum vertex cut (L, S, R) must isolate U, meaning that [LNU| = 1,
|[SNU| =0, and [RNU| > 0 because |U| > 2. Thus, for each U € F, we compute minimum isolating vertex
cuts of U in O(log |U|) maxflow calls by [Li+21].? This must reveal the minimum vertex cut. The total
running time is 6(m) |F] < O (mk).

9The minimum isolating cuts algorithm of [Li+21] only works on undirected graphs.
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Our Construction: Linear Lossless Condensers. It is crucial that our selector has size |S| = 5(k)
so that our final running time is O (mk). Selectors of this size exist in the literature [CGR02; Ind02; CKO03],
but they do not explicitly guarantee that each set U € S has size |U| > 2.°

To address this issue, we construct the selectors ourselves. To ensure that |U| > 2, we use a lossless
condenser from [GUV09] that is also linear, as constructed by [Chell]. Given the right object, the construction

is straightforward.

Related Pseudorandom Objects. Hit-and-miss families from [KP21] or splitters (e.g., [LP20] and
many results in the FPT literature) have been used in other graph algorithms and can be used to construct
selectors.'’ Unfortunately, both objects are too strong and would imply a selector of size Q(k?) [KP21],

resulting in a final running time of Q(mk?), which is too slow.

E.2 Preliminaries

We use polylog(f) to denote log®(f) for some constant c. We use 9} (f) to hide poly-logarithmic factors and
O (f) to hide sub-polynomial factors, i.e., 19) (f) = f - polylog(f) for some constant ¢ and O (f) = f - foU).

For a set A, we use 2 to denote the power set of A, i.e., each element in 24 is a subset of A. For two
sets A, B, we use AAB = (A — B)U (B — A) to denote the symmetric difference between A and B.

Directed weighted graph. A directed weighted graphs is denoted by G = (V, E,w) where V is the
vertex set, E C V x V is the edges set and w : V — N7 assigns a positive integer weight to each vertex. We
always use n = |V|,m = |E| to denote the number of nodes and edges. We use W to denote the maximum
weighted, i.e., W = max,cy w(v). We use G¥ to denote the reversed graph (V, B = {(v,u) | (u,v) € E},w).

For u € V, we use N&“'(u) = {v € V| (u,v) € E} to denote the out-neighborhood set of u. For simplicity,
we also use Ng(u) to denote N&**(u). We write Ng[u] = Ng(u) U {u}. For a vertex set A C V, we use
G[A] = (A, {(u,v) € E | u,v € A}) to denote the induced subgraph on A. We write w(A) =" _ w(v). We
use Ng(A) = (UveaNe(u)) — A to denote the neighborhood set of A. We write Ng[A] = Ng(A) U A. For
two vertex sets A, B C V, we use E—G>(A, B) to denote the set of edges from A to B, and E(A7 B) to denote

the edges from B to A. When the context is clear, GG is omitted in the subscript.

Undirected unweighted graphs. Let G = (V, E) be an undirected unweighted graph. Let A, B C V.
We use E(A, B) to denote the set of edges (u,v) where u € A,v € B. We use Ng(u) to denote the
neighborhood set of v in G, and Ng[u] = Ng(u) U {u}. We use Ng(A) = (UueaN(u)) — A to denote the
neighborhoods of A and Ng[A] = Ng(A) — A. The minimum degree d¢ = minyev |Na(u)|.

Vertex cut. A vertex cut is a tri-partition of the graph (L, S, R)'? with the guarantee that there are no
edges from L to R. We call S a separator. The weight of a vertex cut (L, S, R) is w(S), and the size of the
vertex cut is |S|. A vertex cut or separator is minimum if its weight is minimum (or the size is minimum if

the graph is unweighted).

(s,t)-vertex cut. A vertex cut (L, S, R) is a (s, t)-vertex cut for two vertices s,t € V if s € L,t € R. We
call S as a (s,t)-separator. We use ka(s,t) to denote the weight of the minimum weight (s, t)-vertex cut
(or the size if the graph is unweighted). When the context is clear, we omit G in the subscript. By folklore

reduction, we can find a minimum (s, ¢)-separator by one call to max flow.

Lemma E.11 ([Bra+23]). There is a deterministic algorithm finding a minimum (s,t)-separator in O (m) -

log W time.

10Definition E.9 generalizes the selector defined in [CGR02; Ind02], which takes e = 1/2. A different notation for
the (n, k, r)-selector defined in [CKO05] implies our (n, k, ¢)-selector above when r = (1 — ¢)k.

At a high level, a hit-and-miss family is the same as a selector but does not require that |L| > |S|. A splitter is
even stronger; it further guarantees that, for every x € L, there exists a set U such that UNL = {z} and UN S = 0.

12Which means LUSU R =V and L, S, R are mutually disjoint.
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E.3 An O (mn)-Time Algorithm for Weighted Directed Graphs

Suppose (L, S, R) is one of the minimum vertex cuts. We will assume w(L) < w(R) by working on both G
and the reversed graph GT. Let X be a sufficiently large constant throughout this section. In Sections E.3.2
and E.3.3, we will show how to handle the case when w(R) > Aw(L) logn and w(R) < Aw(L) log n, separately.

Lemma E.12 (Lopsided Case). There is a deterministic algorithm that given a directed weighted graph
G = (V, E,w), outputs a vertex cut in 6) (mn) -log® W time. Furthermore, if one of the minimum vertex cut
(L, S,R) in G satisfies w(R) > Aw(L) logn, then the output is a minimum vertex cut of G.

Lemma E.13 (Symmetric Case). There is a deterministic algorithm that given a directed weighted graph
G = (V,E,w), outputs a vertez cut (L, S, R) in o} (mn) -log* W time. Furthermore, if one of the minimum
vertez cut (L, S, R) in G satisfies w(L) < w(R) < Aw(L)logn, then the output is a minimum vertez cut of
G.

The above two lemmas immediately imply Theorem E.1. We give the overview for proving both lemmas

next.

E.3.1 Overview

Fix a vertex mincut (L, S, R) in the input weighted directed graph G. We can assume we know the weights
w(L),w(S), and w(R) up to a factor of 2 by guessing. Assume also that w(L) < w(R). Otherwise, the
argument is symmetric.

We improve upon the straightforward algorithm that computes (s, t)-maximum flow overall (g) all pairs

(s,t) using the following strategy:

1. Compute an (s,t)-maximum flow only for pairs (s,t) from the certain crossing family P, and

2. Before computing (s,t)-maximum flow, “compress” the graph to reduce the amortized size of the

maxflow instances. More precisely, each edge appears in at most O(n) maxflow instances.

We emphasize that our goal is to bound the amortized size of maxflow instances instead of the worst-case

size as done in prior work [Li+21]. This is a key difference between our approach and the one of [Li+21].

Graph Compression. First, we show how to compress maxflow instances and obtain a 6(mn)—time

algorithm given the following crossing family P such that

1. There exists (s,t) € P with s € L and ¢t € R, and

2. The degree of u in P defined as degp(u) := [{v | (u,v) € P}|) is at most 5(n -w(u)/w(R)).
For each (s,t) € P, we will compress the graph without changing the (s,t)-vertex mincut by deleting the
edges between vertices in N2“/(s) as also done in [Li+21]. This is safe because any (s,t)-vertex maxflow
never need to use edges between vertices in Ng**(s).

Now, we argue that, for each edge (u,v), the total number of maxflow instances that (u,v) is not deleted is
19) (n). Consider the maxflow instance for (s,t) € P, if (u,v) is not deleted, this means that either u ¢ N&**(s)
or v ¢ N&'(s). That is, either s ¢ N2 (u) or s ¢ N&*(v). It remains to show that the number of pairs
(s,t) € P where s € N2 (u) or s € N&'(v) is at most 9] (n).

Indeed, according to the degree bound of P, the total number of such s,t pair is at most

S ameo(n B )
P - : '

. . w(R)
aG(VfNén(u))U(Vng‘(v))

Note that N&'(u), N&'(v) are vertex cuts and so w(N& (u)), w(NZ (v)) > w(S). Hence,

> w(a) <2 (w(V) —w(S)) =2 - (w(L) + w(R)) < 4w(R).

aG(VngL(u))U(VngL(U))
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where the last inequality is by the assumption w(L) < w(R). Combining the two inequalities above, we
conclude that the total number of (s,t) € P where s ¢ N&'(u) or s ¢ N&'(v) is

= n.4w(R) —Bn

a€(V-NZ (u))u(V-NZ (v))

Crossing Family Construction. Now, we construct the desired crossing family P.

Suppose for a moment that we are in the unweighted case. If we apply Corollary E.6, we would get
the family P such that there exists (s,t) € P with s € L, t € R and (ii) the degree of u in P is at most
5(&) = 5(|S\/|L|) By weight bucketing and using the fact that |S| < n, a natural generalization of
Corollary E.6 to the weighted case will give us the similar family P where the degree of u in P is at most
O(n- w(u)/w(L)).

In the symmetric setting of Lemma E.13, i.e., w(R) = ) (w(L)), then the degree bound of u in P becomes
9] (n-w(u)/w(R)), exactly the property that we want.

Thus, the hard case is in the lopsided setting of Lemma E.12 where possibly w(L) < w(R). We sketch
our strategy in this case below. The key step is that, without knowing R, we can find a vertex set R’
that “approximates R well” in the sense that w(R'AR) = o (w(L)). This key step is explained in the next
paragraph.

Given R’, we will use the asymmetric crossing family from Theorem E.5 to construct P. Suppose for a
moment again that we are in the unweighted case. So |[R’AR| = O (|L|). Consider an (A, B, £, r)-crossing
family where A < V, B + R/, £ «+ |L|, and r + |RN R’|. Using Theorem E.5, we would obtain P
where there is (s,t) € P where s € L and t € RN R’ and, for each u € V, the degree of u in P is at
most O~(|B‘[T) = O(lR/‘_llRﬁR/‘) = O(lR/ZR‘) = O(1). Note that it is valid to apply Theorem E.5, which
requires £ < r, because we are in the lopsided case where R is much larger than L. Formally, the condition
|L| < |RN R'| is valid because R is much larger than L and |R'AR| = O (|L|), i.e., R and R’ are basically
the same (up to 9] (JL|) elements).

By weight bucketing, a natural generalization of Theorem E.5 to the weighted case (formally shown
in Lemma E.17) will give a degree bound of O (n - w(u)/w(R)), exactly what we want. To see this, since
R’ — R takes a fraction of O(w(L)/w(R)) weight in R, there must exist a bucket such that R — R’ takes a
fraction of O(w(L)/w(R)) vertices in R'. However, R’ can be as large as n, so the degree bound becomes
o (%) =0 (n/w(R)). The additional w(u) factor comes from the fact that we also bucket the

weights in A <— V, which is similar to duplicating a vertex u for w(u) times.

Approximate R without Knowing It. To explain the idea of how to find R’ such that w(RAR') =
9] (w(L)) without knowing R. We will further assume here that the graph satisfies common-neighborhood
property, i.e., for every u,v € V, we assume w(NZ* (u)ANZ*(v)) < O (w(L)). This assumption can be
removed using the common-neighborhood clustering from Lemma E.7, generalized to the weighted case in
Lemma E.14.

First, observe that, for every node u € L, since w(Ng"(u)) > w(S) and N&**(u) C LU S, we have
w(Ng“ (u)AS) = O(w(L)). With the common-neighborhood property, we further deduce that, for every
v € V we must have w(NZ"!(v)AS) = O(w(L)). Intuitively, this means that S receives a lot of edges
from every node in V, which gives us enough information for S so that we can approximately find S’ with
w(S'AS) = O (w(L)).Simply by setting R’ = V — ', we can get w(R'AR) = O (w(L)). This is formally

explained in Lemma E.16.

E.3.2 Lopsided Case: Proof of Lemma E.12

Step 1: common-neighborhood clustering. We first compute a common-neighborhood clustering
described in Lemma E.14 below. In Lemma E.14, we should think of £ as an approximation of w(L) where

(L, S, R) is a minimum lopsided vertex cut. £ can be guessed by the powers of 2.
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Lemma E.14 (Common-neighborhood Clustering). There is a deterministic algorithm that given a directed

weighted graph G = (V, E,w) and an integer £, outputs a set of clusters C C 2V in 10) (mn) time such that

1. (sparse) for every v € V, there are at most O(logn) sets in C that contains v,
2. (common-neighborhood) for every C € C and u,v € C, w(NG*" (u)ANZ**(v)) = O(¢logn).

3. (cover) for every minimum vertex cut (L, S, R) with w(L) < £, there is C € C where L C C.

Proof. Define an undirected graph G’ = (V, E') where E' = {(u,v) | w(N&“ (u) AN&"*(v)) < 2¢}. G’ can be
constructed in O(mn) time by explicitly computing N&* (u) ANZ**(v) for any u,v.

We run sparse neighborhood cover [Awe+98] on G’ to get a set of clusters C C 2", which has running
time nearly linear on the size of G’, which is O (nQ) = O (mn). According to [Awe+98], C has the following
properties.

1. For every v € V, there are at most O(logn) sets in C that contains v. This gives the (sparse)

property as in Lemma E.14.

2. The diameter of each C C C is at most O(logn). This means there is a path with length O(logn)
from w to v in C for any u,v € C € C. According to the definition of G, if there is an edge (a,b) € E’,
then we can add and delete vertices with weighted at most 2¢ from N&“(a) to get NZ“*(b). Thus,
we can add and delete vertices with weight at most 2¢ - O(logn) from N&*(u) to get N&**(v) since
there is a path with length O(logn) connecting them, which means w(N&“*(u) AN&“*(v)) = O(£logn),

giving (common-neighborhood,).

3. For every v € V, there exists C € C with Ng/[v] C C. We will prove that, for every two vertices
u,v € L, we have w(Ng* (u) ANZ**(v)) < 2¢. This implies that L C Ng/[u]. Since we know that
Ng/[u] C C for some C € C, this implies (cover). Notice that this proof appears in many previous
works [Li+21; Bli4+25], and we prove it here for completeness.

To prove w(N&“ () ANE* (v)) < 2¢, notice that w(NG“ (u) ANZ*t(v)) = 2w(N&** (u) U N&“*(v)) —

w(NZ () —w(NE™ (v)). We have w(NZ“ (u)UNZ* (v)) < w(S)+w(L) since N&** (u), N&"*(v) C LUS.
We also have w(N&“*(u)) > w(S) since (L, S, R) is a minimum vertex cut of G and N&“'(u) is a
separator of G. Thus, we get w(NZ“' (u) ANZ* (v)) < 2(w(L) +w(S)) — w(S) — w(S) = 2w(L) < 2¢.

The output of the sparse neighborhood cover algorithm on G’ gives the common-neighborhood clustering

as desired. O

To better convey the idea, the rest of the algorithm will be described based on the following assumption.

Assumption E.15. (L, S, R) is a minimum vertex cut of G which satisfies w(R) > Aw(L)logn, and we are
given a cluster C' € C with L C C (where C is constructed by Lemma E.14).

Assumption E.15 can be removed by running the rest of the algorithm for every C' € C. Moreover,
we assume that we know the approximated value of w(L) and w(R) denoted by ¢ and r. To remove this

assumption, we can guess £, by the powers of 2.

Step 2: identifying a set largely intersecting R. In this step, we will construct a set that can be
modified from R by adding or deleting vertices with total weight at most O(w(L)logn), i.e., it intersects R
a lot.

Define Viign = {v € V | w(N&(v) N C) > 0.9w(C)}, i.e., Viign contains all the nodes which has
in-neighbors almost covering C'. Define Vigw = V — Vhign. We claim that Ve, is the set that largely intersects
R.

Lemma E.16. Assume Assumption E.15, we have w(Vipw AR) = O(w(L) logn).

Proof. We first show that it suffices to prove w(Viign AS) = O(w(L)logn). Suppose we have w(Viigh AS) =
O(w(L)logn). We show that the total weight changes due to swapping in and swapping out vertices from
the set Viow to get the set R is O(w(L)logn). Since Viow = V — Vhign, we can add or delete vertices with
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weight at most O(w(L)logn) from Vig., to get V — S. Notice that V' — S = L U R, thus, by further deleting
L from V — S (which has weight w(L)), we get R. Thus, w(ViowAR) = O(w(L)logn) as desired.

We prove that w(S — Viign) = O(w(L) logn). Define the potential function Q = Z(u,v)GE(C,S) w(u)-w(v).
One way to express Q is by Q = > w( (Ww(N°**(v) N S). Let z € L C C (remember that L,S, R
are defined in Assumption E.15) be an arbitrary vertex in L, we have w(N°“!(z) N S) > w(S) — w(L)
since w(N°**(z)) > w(S) (as S is a minimum separator) and N°*(z) C L U S. According to (common-
neighborhood) property of Lemma E.14, for any v € C, we have w(N°* (v)AN°*(z)) < O(w(L)logn),

which means
w(N () N 8) > w(S) = w(L) = O(w(L)logn) > w(S) — O(w(L)logn). (1)

Thus, we get

=w(C) - (w(S) — O(w(L)logn))

On the other hand, Q can be expressed by Q = > _cw(v) -w(N™(v)NC), which according to the definition

Of Vhigh is

Q=> ww(N"(v)NC)

veES

IN

> wv) - (w(©) +< > w(v)~(0.9w(C))>

vESNVpigh vESNV o

= (w(S N Vhign) + 0.9w(S N Vigw)) - w(C)
By combining the two inequalities and canceling the w(C') factor, we get

w(S N Vhign) + 0.9w(S N Vigw) > w(S) — O(w(L)logn)
O(w(L)logn) > 0.1w(S N View)
ie., w(S — Vhign) = O(w(L) logn).
Next, we prove that w(Vhigh — S) = O(w(L)logn). Define Q' = ZW!U)GE(CY‘/MM?S) w(u)w(v). One
way to express Q" is Q" =Y w(©)w(N"(v) N (Vihign — S)). For all v € C, we claim that

w(N°" (v) N (Vaigh — S)) < w(N"*(v)) — w(N°“*(v) N S) < O(w(L) logn).

The last inequality follows because w(N°“!(v) N S) > w(S) — O(w(L)logn) by (E.1). Also, we have
w(N°“(v)) < w(LUS)+ O(w(L)logn). This is because for any vertex z € L C C, w(N°“!(z)) < w(L U S)
and w(N°**(v) AN°"*(z)) < O(w(L)logn) by the (common-neighborhood) property of Lemma E.14. Thus,

Q' =" w) - w(N""(v) N (Viign — ) < w(C) - O(w(L) logn))

veC

On the other hand, Q' can be expressed as

Q=Y w) whN"®NC) = w(Vign —S)-0.9w(C)

vEVhigh—S
The last inequality follows from the definition of Viign.

By combining the two inequalities, we get w(Vaigh —S) = O(w(L) logn). O
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Note that Vio. can be constructed in O(m) time by iterating all edges.

Step 3: constructing a crossing family. In this step, we will construct a crossing family, which is a

set of vertex pairs such that one of them will cross L, R. Formally, we will prove the following lemma.

Lemma E.17. Given Viow which is constructed in step 2 satisfying Lemma E.16, there is a deterministic

algorithm that constructs a family of pairs P C C X Viow such that
1. If Assumption E.15 is true, then there exists (u,v) € P such that u € L,v € R,

2. for every u € C, define degp(u) = [{v € Viow | (u,v) € P}|, we have degp(u) = 19) (1 +n- ;“é;%) .
log® W.
The running time is O(n|C).

Proof. (Algorithm): Split the weights in V' into ¢ = [log W buckets, denoted the vertices in the i-th bucket
as V;, i.e., nodes in V; have weights between 2°~! to 2. Define C; = V;NC, D; = Vigw NV;. For every i, € [q],
apply Theorem E.5 on vertices sets C;, D; with [ = w(L)/(2"log W), r = |D;| — nw(L) log W log? n/w(R).
Let the returned edge set be P; ;. Add all (u,v) € P;; to P.

(Correctness): Let L; = V; N L. There must exists ¢ such that w(L;) > w(L)/log W. Remember that
L C C, which means |C; N L| = |L;| > w(L)/2"logW. Remember that w(ViewAR) = O(w(L)logn) by
Lemma E.16 and w(R) > Aw(L)logn for sufficiently large constant A by Assumption E.15. Thus, we
have w(Viow N R) > w(R)/2. There must exists j such that w(D; N R) > w(R)/(2logW). Notice that
|D; N R| > w(D;j N R)/27 > w(R)/ (27T  log W), implying 27 = Q(w(R)/|D; N R|log W) = Q(w(R)/nlog W).
Thus, we have |D; — R| < w(Dj — R)/27"! = O(nw(L)log W logn/w(R)). From Theorem E.5, P;; must
crosses L, R.

Now, we show the bound for degp(u). According to Theorem E.5, the left degree for the set P; ; is

bounded by
~ nw(L) log W log® n/w(R)\  ~ ‘ 2! o2
O<1+ w(L)]2 log W =0(1+n w(®) log” W

Notice that 2° is roughly the weight of every node in C;. Another log W factor comes from the fact that
each node is included in P; ; for log W times.

(Running time): According to Theorem E.5, the running time for constructing P; ; is bounded by at
most |C;| - |D;|, thus, the total running time is at most 9] (n|C)). O

Step 4: running max-flows on sparsified graphs. The idea is to find (s,t)-separator us-
ing Lemma E.11 for every pair (s,t) € P where P is constructed by Lemma E.17, and the minimum
among them is the minimum cut we want. However, remember that in Lemma E.17, we only guarantee
degp(u) = 9] (I+n-w(u)/w(R)), which means when w(R) is small, it can be as large as n. Thus, P can be
as large as n?. Calling n? max flows may take Q(n?m) time, which is too slow.

To handle the issue specified above, we need to sparsify each max flow instance by deleting “useless”
edges (i) the edges between nodes in N(s), (ii) the edges between nodes outside C. We also need to add an

out

edge from every vertex in N&**(C) to ¢t in order to make sure the cut we found in Gs ¢ has the left-hand

side in C. Formally, we define the sparsified graph Gy c as follows:

E= |J {wo}

uwENZHE(C)

Gst.c = (CUNE(C)U{t}, (Ec(C) — Ec(N&"*(s), N&(s)) U Ey).
The following two lemmas show that G ¢ ,c preserves the minimum separator in G.

Lemma E.18. Any (s,t)-separator in Gsi.c is a (s,t)-separator in G.

out

Proof. Suppose (L', S’,R') is a (s,t)-vertex cut in G, ,c. Since any vertex in N&“*(C) has an edge to t,
we have L' C C. Now we prove that N**(L') C Ng;:’;yc (L"), certifying that S’ is a (s,t)-separator in G.
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If v € Ng“'(L') N Ng"*(s), then v € N&, (L') since every edge from s to neighbors of s are preserved
in Gsc; if v € NZ*'(L') — N&“(s), there exists u € L’ such that (u,v) € E, since v & N&“*(s), (u,v) is

preserved in G ;. So, v € N&“, (L'). O

The above lemma implies that the minimum (s, ¢)-separator in G, ¢,c has weight at least the weight of

the minimum (s, t)-separator in G.

Lemma E.19. Let (L, S, R) be the minimum vertezx cut satisfying Assumption E.15. If s € L,t € R, then

the minimum (s, t)-separator in Gs.c is a minimum (s, t)-separator in G.

Proof. We have Ng:’ftyc(L) C N&"*(L) because the only edges that exist in G c but do not exist in G
are the edges from N&“/(C) to t, but we know L C C by Assumption E.15. Since N&**(L) C S, we have
N&ftﬂc(L) C S. This implies that S is a (s, t)-separator in Gs¢,c.

Thus, the minimum (s, t)-separator in G, ,c has weight at most the weight of the weight of the minimum

(s,t)-separator in G. By Lemma E.18, we know the the two weights must be equal. O

Next, we will prove that the cumulative number of edges in all max flow calls is roughly mn. To do this,
instead of giving an upper bound on the number of edges in Gs+,c for every s,t,C (which actually can be
very large) as done in [Li+21], we count how many times each edge is in a max flow call. This is the crucial

difference between our argument and the one in [Li+21].

Lemma E.20. The total number of edges in all Gs+,c among (s,t) € P,C € C is at most 5(mn) log® W,

where P is constructed in Lemma E.17 and C is constructed in Lemma E.14. That is,

Z |E(Gs.1.0)| = O (mn) - log® W.

(s,t)eP,CEC

Moreover, with O(mn) time of preprocessing, each Gstc can be constructed in time proportional to the

number of edges in Gst.c.

Proof. Given an arbitrary edge (u,v) € E, we prove that there are at most 19) (n) different Gsz+,c’s that
contain it. Notice that besides edges in E, there are edges in E; that are also in G;,;,c. However, the number
of these edges is |[N&**(C)|, which is charged to edges in E intersecting Gs,,c. Thus, proving there are at
most O (n) different G, that contains an arbitrary edge (u,v) € E suffices.

For (u,v) to be included in G ¢,c, one of u, v must be in C. Since u, v can be included in at most O(logn)
different C' according to Lemma E.14, we just need to prove that for a fixed C' with u € C (or v € C),
(u,v) is included in 5(n) different G, ¢c. According to the construction of G c, either u & N&*(s) or
v & N&“*(s). According to Lemma E.17, the total number of pairs (s, t) € P satisfying u ¢ N&**(s) (which is

equivalent to s € N&'(u)) can be calculated as

Y o Ln 268 o
: w(R)
SQNE;,"(u)

= e ) oed
=0 <n+n W) log™ W

=0 <n+n- 211)11)((RR))> log® W
:5(n)-log3W

The last equality is because w(NZ*(u)) > w(S) (because NZ'(u) is a vertex separator), which implies
w(V — N&'(u)) < w(L) + w(R) < 2w(R). The same argument goes for the case when v ¢ N2 (s).

Now we show fast construction of Gs¢,c. For the O(mn) time pre-processing, we compute exactly
N&" (u) — N&** (v) and N&'(u) — N&* (v) for any u,v € V. Now for any s,t,C, in order to construct Gs ¢ c,
we need to find all edges for G +,c. Notice that all edges for Gs+,c are either (1) edges adjacent to s, which

can be constructed directly from N&“!(s), (2) edges adjacent to vertices in C' minus the edges between
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N&“(s), this can be found by including all edges adjacent to vertices in C' — N&“!(s), and then for any
u € C'NNE“(s), including all edges in NZ'(u) — Ng**(s) and N&*(u) — N&**(s), the latter is directly found
from the pre-computed sets (it is too slow to compute them again as N&*(u), N&**(u) could be much larger
than NZ*(u) — Ng**(s) and N&"(u) — N&"*(s)), (3) edges adjacent to ¢, this is essentially determined by the

out

neighbors of ¢ and N&**(C'), where the latter is found in the previous step. O

In summary, the algorithm is as follows. Firstly, guess w(L) and w(R) by powers of 2 (leading to
0 (10g2 W) many possibilities). For each guess, run the following algorithm to find a cut and the minimum

cut among all cuts is the final output.

e (Step 1) construct common-neighborhood clustering using Lemma E.14, which gives C in o (mn) time,

o for every C € C (notice that |C| = 9] (n)), do the following steps to find a vertex cut, the finial output

will be the minimum among them,
— (Step 2) find Viow with respect to C' in O(m) time,

— (Step 38) construct a crossing family P in 19} (n|C]) time according to Lemma E.17. Note that the
total time is ) .. O (n|C|) = O (nQ)

— (Step 4) for every (s,t) € P, construct Gs+,c and find the minimum (s, t)-separator in G, c,
which must be a separator in G according to Lemma E.18, and the total running time is

O (mn)log® W according to Lemma E.20.

Now we argue the correctness. Let (L, S, R) be the minimum vertex cut in G satisfying w(R) > Aw(L) logn.
According to Lemma E.14, there exists C' € C such that L C C. Thus, Assumption E.15 is true for at
least one C' € C, for which Lemma E.17 holds. So, there exists (s,t) € P with s € L,t € R. According
to Lemma E.19, it will return a valid vertex cut of G with minimum weight w(.S). Moreover, any cut found
by the algorithm must be a valid vertex cut according to Lemma E.18. Therefore, the output must be a

valid vertex cut with minimum weight w(S).

E.3.3 Symmetric Case: Proof of Lemma E.13

In the case when w(L) < w(R) < Aw(L)logn, we will first use Lemma E.21 to construct a family of pairs

such that one of them crosses L and R. As in the previous section, we assume ¢ is an approximation of w(L).

Lemma E.21. When a minimum vertex cut (L, S, R) satisfies w(L) < w(R) < Aw(L)logn, there is a
deterministic algorithm with running time 19) (n2 log? W) that constructs a family of pairs P CV x V' such
that

1. there exists (u,v) € P such that w € L,v € R or v € L,u € R,

2. for everyu € V, define degp(u) = |{v € V | (u,v) € P}|, we have degp(u) = O (1 +n- Zé;))) Jog? W.

Proof. (Algorithm): Split the weights into ¢ = [log W'| buckets, denoted the vertices in the i-th bucket as
Vi, i.e., nodes in V; have weights between 2°7! to 2°. For every i,j € [q], apply Corollary E.6 on the vertex
set V; UV, (treat |V; U Vj| as n in Corollary E.6 and relates every integer in [n] to a vertex in V; U V}) with
a = min(n,n - (27209 /¢) . log W - A% logn) (recall that £ is a 2-approximation of w(L)), let the returned
(Vi UV}, ) crossing family be P; ;. If i > j, add all (u,v) € P;; with u € V; to P; otherwise, add all
(u,v) € P;; with uw € V; to P. The total running time is 19) (n2 log? W) since constructing each crossing
family cost 0 (nQ) as o < n.

(Correctness): Let Ly = V; N L and R; = V; N R. There must exists 4 such that w(L;) > w(L)/logW
and j such that w(R;) > w(R)/log W. We will prove that P; ; crosses L, R. Notice that |(V; UV;)NL| >
|Li| > w(L;)/2%, and |(V; UV;) N R| > |R;| > w(R;)/27. Thus, we have

(ViU A SI/I(ViUV) N L < e (2 /w(L)) - log W < a

and
ViUV ASII(ViUV) MR < - (20 fw(R)) -log W < a
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(the inequality holds when a < n, but when « > n, the crossing family is complete which must cross L and
R). This implies that there is (u,v) € P; ; with v € L,v € R and another (u’,v") € P; ; with v’ € R,v" € L.
In any case, the correctness for (1) is proved. Moreover, according to Corollary E.6, we have the out-degree
of u in P;; is at most 19) (1 +n- W) Remember that we only add (u,v) € P;; to Pifu € V;

with 7 > j, which implies w(u) = Q(2™**(%9)). Also remember that £ = 5) (w(R)). Notice that each u can be
included in at most log W many P, ;, thus, we get degp(u) < O (1 +n- w(“)) -log® W. O

w(R)

Similar to Lemma E.18, the total number of edges in the sparsified max flow instances is 0 (mn log? W)

Lemma E.22. Let P be the crossing family from Lemma E.21. For s,t € V, define Gs+ as the graph after
deleting edges between N&*'(s), and the edges between N&'(t). We have

1. the minimum (s,t)-vertex cut does not change in Gs,; compared to G,
2. the total number of edges of G among all (s,t) € P and (t,s) € P is 5(mn) log? W.

Moreover, Gs+ can be constructed in time proportional to the number of edges in G, with O(mn) time

preprocessing.

Proof. The first point is easy to see: vertex cut in G is clearly vertex cut in Gs,, and suppose (L, S, R) is a
(s,t)-vertex cut in Gs.¢, we have Ng“*(s) C LU S and N&'(t) C S U R, which means edges between N&“*(s)
or between NZ'(t) cannot cross L, R, implying that (L, S, R) is a (s, t)-vertex cut in G.

To see the second point, we will prove that for any edge (u,v) € E, there are at most 19} (n log? W)
possible (s,t) € P or (t,s) € P such that G, includes (u,v). There are two possibilities for (u,v) to be
included in Gs, the first one is that (u,v) is an edge from s to N2**(s) or from N&'(t) to t. This case can
happen at most 2n times, since either u is fixed to s or v is fixed to t, and P is not a multiset. The second
case is that one of u,v is in V — N&"[s]. Let us assume u € V — N&“'[s], which implies s € V — NZ'(u).

The total number of such s, t pair in P is at most

~ ZU _Nin(y w(v) ~
2 Z degp(v) =0 <n+n~ va]\;‘%; ) log® W = O (n) - log®> W

’UEV*N&‘;’"’(U)

The last equality is because N&"(u) is a vertex cut, which implies w(N& (u)) > w(S) and w(V — N&'(u)) <
w(L) +w(R) < 2w(R).

To see fast construction of G+, notice that we can use O(mn) time preprocessing to get the symmetric
difference between neighborhood set of every two vertices, then to construct Gs: we simply need to find

neighbors of vertices Vi ; minus the neighbors of s, t. d

In summary, the algorithm first generate 0 (log W) guesses of w(L), for each of them, use Lemma E.21
to get a crossing family P with a pair (u,v) € P satisfying either u € L,v € Ror v € L,u € R, so we need
to construct G, for every (u,v) € P or (v,u) and find the minimum (s, t)-separator, the total running time

and correctness is guaranteed by Lemma E.22.

E.4 An O(mk)-Time Algorithm for Unweighted Undirected
Graphs

The goal of this section is prove Theorem E.2. The algorithm consists of three ingredients: (1) the unbalanced
algorithm, (2) the terminal reduction algorithm, and (3) the terminal-balanced algorithm.
The guarantee of the algorithm for the unbalanced case is summarized as follows. One can view the

minimum degree § as an approximate size of a vertex mincut.

Lemma E.23. There is a deterministic algorithm that takes inputs an n-nodes m-edges undirected graph

G = (V, E), and outputs a vertex cut of G. If there exists a minimum vertex cut (L, S, R) of G satisfying
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|L| < X-0 for a sufficiently large constant A and |L| < |R)|, then the output is a minimum vertez cut of G.

The algorithm runs in 5(m6) time.
For the balanced case, we first define balanced terminal sets.

Definition E.24. For an undirected graph G = (V| E), a terminal set T C V is called a-strongly-balanced if
for every minimum vertex cut of G denoted by S and every connected component of G[V — S] denoted by L,
we have [T N L| > «|S|.

The terminal reduction algorithm is as follows.

Lemma E.25. There is a deterministic algorithm TERMINALREDUCTION(G, T, k) (Algorithm 7) that takes
as inputs an n-vertex m-edge undirected graph G = (V, E), along with a 2V'°8 /2 _strongly-balanced terminal
set T CV and a cut parameter k > kg and k = O(kg), outputs (S',T") where

. [T <0917,

o either S’ is a minimum vertez cut of G or T' C V is a 0.01-strongly-balanced terminal set.

The algorithm runs in time a(mk)
The final ingredients handle the case when the terminal set is balanced.

Lemma E.26. There is a deterministic algorithm BALANCEDTERMINALVC(G, T, k) that takes as inputs an
undirected graph G = (V, E), a terminal set T CV and a cut parameter k, outputs a verter cut of G. If
there exists a vertex cut (L, S, R) of G such that |T N L|,|TNR| = §(|Tﬂ S|) and | TNL| = 5(k), then the

output cut is a minimum vertex cut of G. The algorithm runs in 6(ml€) time.

Remark E.27. The proof is based on the isolating vertex cut lemma [Li+21], which requires the graph to

be undirected.

Via the three algorithmic components from Lemmas E.23, E.25 and E.26, we are ready to prove
Theorem E.2.

Proof of Theorem E.2.

Proof. By the sparsification algorithm of [N192], we can assume the input undirected graph G has number
of edges m < kgn by O(m) time preprocessing. Thus, the minimum degree 6 < 2k¢. Notice that § > k¢.
Thus, by setting k = § we have k > kg and k = O(kg).

Algorithm. The algorithm first use Lemma E.23 on G to get a vertex cut S*. Then the algorithm set
To=V,and fori=0,1,2,... run

S; « BALANCEDTERMINALVC(G, T}, k)

and
(S, T;+1) + TERMINALREDUCTION(G, T}, k)

until T;+1 becomes empty. The returned cut will be the minimum one among S* and S;, S} for all 4.

Correctness. If there exists a minimum vertex cut S and a minimum size connected component L of
G|V — 5] (that makes |V — L — S| > |L|) such that |L| < A|S| = O(9) for a large constant A, then according to
Lemma E.23, S* is a minimum vertex cut. Otherwise, a terminal set To = V' must be 0.01-strongly-balanced.

Let ¢ be the minimum index such that T; is not a 9V/iogn/ 2_strongly-balanced terminal set. Such 4
must exist because the size |T}| is strictly decreasing. Suppose that none of S*, Sy, Sy, ..., Si—1,S;_; is a
minimum vertex cut; otherwise, we are done. We will show that S; must be a minimum vertex cut. If ¢ = 0,
Ty = V is 0.01-strongly-balanced as observed above. If ¢ > 0, since T;_1 is a 2\/®/ 2_strongly-balanced

terminal set, according to Lemma E.25, T; must be a 0.01-strongly-balanced terminal set because we assume



276

Si_, is not a minimum vertex cut. In any case, T} is a 0.01-strongly-balanced terminal set and not a
2\/@/ 2_strongly-balanced terminal set.

By the definition, there exists a vertex cut S and a connected component of G[V — S] denoted by L such
that |3 N L] < 2V1°8"/2|S|. We also have |T; N L| > Q(|S]) and |V — S — L| > Q(|S]). By Lemma E.26, S;
is a minimum vertex cut of G.

Complexity. The sparsification by [N192] takes O(m) time. Lemma E.23 takes O(md) = O(mk¢) time.
According to Lemma E.25, |T;41| < 0.9|T;|, so there can be at most O(logn) loop of algorithm. Each loop
takes time 6(mﬁc) according to Lemmas E.25 and E.26. O

E.4.1 Organization and Overview

Organization. The rest of this section is devoted for proving Lemmas E.23, E.25 and E.26. Lemma E.26
serves as subroutines for Lemmas E.23 and E.25 so we prove it first in Section E.4.2. Another subroutine we
are going to use is common-neighborhood clustering, which we define and show an algorithm in Section E.4.3.
After that, we prove Lemma E.23 in Sections E.4.4 and E.4.5 and Lemma E.25 in Section E.4.6.

We give the technical overview of Lemma E.23 and Lemma E.25 in this section as the proofs are quite

involved.

Overview of Unbalanced Case: Lemma E.23

Let (L, S, R) be a vertex mincut where |L| < |R|. In this section, we assume that G[L] is connected, and

|L|,|S| are known (otherwise, we can approximate the sizes by a factor of 2 using binary search) and

IL] < O(IS]) (E.2)

Fast Common-Neighborhood Clustering. The key technical tool is the fast common-neighborhood
clustering (Lemma E.14). We compute collection of clusters Vi,...V, such that

1. L CV; for some cluster V;,

2. for all cluster V;, and for every pair u,v € Vi, |[N(u)AN(v)| < O(]L|logn), and

3. every vertex belongs to O(logn) clusters.

The construction in Lemma E.14 takes O(mn) time because we explicitly compare the neighborhood set
of every pair of vertices. To obtain é(mn) time, we define a different intermediate graph from the one in the
proof of Lemma E.14, open the box of sparse-neighborhood cover algorithm and apply deterministic sparse
recovery sketching from [NS17]. We show the fast construction in Section E.4.3.

We assume we obtain a collection of clusters Vi,...V, C V satisfying the three properties stated above.

In addition, the clusters Vi,...V, have important structural properties.
Lemma E.28. If L CV; for some i, then either |V;| < O(|S|logn) or |SNV;| < O(|L|logn).

Proof. We prove that if |V;| = w(|S|logn), then |S N V;| = O(]L|logn). Suppose to the contrary that
|S NV;i| = w(|L|logn). We use double counting on the size of Eq(V; NS, V; N R). we have

|Ec(Vin S, VN R)| < [VinS|-O(|L|logn)

since |[Ng(u)ANg(v)| = O(|L|logn) according to the second property of the clusters for any u € V; N S (and
notice that any node in V; N R is not a neighbor of an arbitrary vertex v € L). On the other hand, consider
anode s € L, since [Ng(s)| > |S| and Ng(s) C LU S, we have |S\N¢(s)| < |L|. According to the second
property of the clusters, for any u € R, we have |[N¢g(s) — Ng(u)| = O(|L|logn). Thus, for any u € R we
have |(V; NS) N Ne(u)| > [(V;NS)N Na(s)| — O(|L|logn) > |ViN S| —|L| — O(|L|logn) > |V; N S|/2. The
last inequality is due to |S N V;| = w(|L|logn). Now we get

[Ec(ViN S, Vi R)| > [Vi N R| - Vi 1 5]/2
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By combining the inequalities above, we get |V; N R| = O(|L|logn). Thus, we have
S| > |Vin S| =|Vi| = |VinL|—|ViNR| =w(|S|logn).
This is a contradiction. O

Based on Lemma E.28 and the property of clusters, we have two cases:

Case 1: There is a cluster V; such that L C V; and |Vi| = O(|S|logn). In this situation, we will use
crossing families based on dispersers [TUZ01] with kernelization techniques [Li+21].
We construct a crossing family P by applying Corollary E.6 using n = |V(G)| and a = ©(|S|/|L|) in

O(na) = O(n - %) time. By Corollary E.6, there exists a pair (s,t) € P such that s € L,t € R, and thus

L
K= (S{rtl)lgp ka(s,t) and (E.3)
1P| = O(na) = O(n - %). (E.4)

By max-flow mincut theorem, it suffices to compute (s, ¢)-vertex-capacity max-flow for each (s,t) € P. Before
running (s, t)-vertex-capacity max-flow, we compute a reduced instance (called kernel) of G.

Our task is to compute the kernel of G with the following guarantee:
Given s,t in G = (V, E), return a graph H with O(x - |L|) edges such that
1. if s € L,t € R, then kg(s,t) = ku(s,t),
2. for any s,t, we have kg (s, t) < ku(s,t).

Given such kernels, we can solve Case 1 by computing (s, t)-max-flows on the kernel of G for all (s,t) € P.

The running time is

(E.4 K ~ ~ 2 ~
= m) -O(k - |L|) = O(nk”) = O(mk). (E.5)

The last equality follows because the minimum degree é > k. In this paper, we show a deterministic

Pl Ok - |L]) =" On -

construction by exploiting the property of the cluster V;. In Section E.4.4, we prove the following: Given
s € L,t € R, and a cluster V; such that L C V;, we can deterministically compute a kernel of size O(|V;||L|).
By the assumption of Case 1, the kernel is of size O(|Vi||L|) = O(|S||L|logn) = O(k - |L|) as desired. We
remark that the kernel of size O(k|L|) exists by the randomized construction of [Li}21].

Case 2: There is a cluster V; such that L C V;,|SNV;| < O(|L|logn) and |V;| = w(]S|logn) (which
implies |[R N V;| > |S N V;| because of Equation (E.2)). This case is similar to the proof of Lemma E.26,
which is based on selectors (based on linear lossless condensers [GUV09; Chell]) and the isolating cut

lemma [Li+421].
(E.2)

Let T'=V; be a terminal set. Since |[LNT[,|RNT|>|SNT|and [LNT|=|L| < O(|S]), the vertex
cut (L, S, R) is terminal-balanced. Therefore, applying Lemma E.26 with T' = V; on every cluster V; would
obtain a vertex mincut in one of the clusters. However, one might notice that the running time is z - O (mx),
which is too large for us. To address this, we will use Lemma E.26 not on the whole graph, but only on the
subgraph containing all edges incident to V;, which is enough for us since L C V;. The details are stated

in Lemma E.36.

Overview of Terminal Reduction: Lemma E.25

Fix a vertex mincut (L, S, R) in G. We say that a terminal set T is a-balanced if [T N L|,|T N R| > «|S]|.
We use a-balanced instead of a-strong-balanced for simplicity. The same argument goes through for a-
strong-balanced terminal set. In this overview, we outline an é(mn)-time algorithm for the following

version.
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Terminal Reduction: Given a QM-balanced terminal set 7' C V', compute 77 C V and a
separator S* where |T'| < 0.9|T| such that

e T’ is 0.1-balanced, or

e S* is a minimum separator in G.

logn

We now outline the high-level ideas for the terminal reduction procedure. We define v = 2 .

1. Given T, we compute (X,U) a terminal verter expander decomposition on graph G (see Lemma E.51

for a formal statement). That is, we obtain a vertex set X and a collection of vertex disjoint sets U
such that

e X and all vertex sets in U form a vertex partition. That is, they are disjoint and the union of

them form the vertex set V/,
e There are no edges between two different sets U1, Uz € U,
e For each U € U, the induced subgraph G[U] is an expander with respect to T', and
e |X]|<0.1T].

Simplification. In this technical overview, we assume that for each vertex set U e Y, U C L, U C S,
or U C R. This setting conveys most of the main ideas. This assumption is close to be true because
each vertex set U is an expander with respect to T', the mincut (L, S, R) cannot cross U in a balanced

way, i.e., either most terminals in U are contained in L, S, or R, which is similar to our assumption.

. Main goal. We will construct three terminal sets Thig, Tsmal, T'x so that the terminal set T =

X U Thig U Tsman U T is of size at most 0.9|T'| and compute a vertex cut S* of G so that either
(i) The new terminal set T” is 0.1-balanced, i.e., it satisfies |[L N T'|,|RNT’| > 0.1]S], or
(ii) |S*| = k.

For simplicity, in the following analysis, our main goal will be to show that we will only
[ILNT'| >0.1]9],

the other side |[R NT”| > 0.1|S| can be achieved by the symmetric argument.

For each U € U, we denote Ty := UNT as the terminal set inside U. Let Usman := {U € U: |Ty| = 1},
and Upig := {U € U: |Ty| > 1}. Below, we will describe how to construct Timan and Thig based on
Usman and Upig.

. We Can Focus on Usman by Thig. We construct Tiz as follows: For each U € Uig, add to Thig

arbitrary [|Ty|/2] terminals from Ty. It is easy to see that |Thig| < (2/3)|T|. The following claim

shows the reason why we define Tiig in this way.

Claim E.29. If most terminals in L are contained in Upig, i.e., Y Uty [Ty NL| > |T' N L|/2, then
ig
L O\ Thig| > [T N L|/4 > 0.1]9).

This is because at least half of the terminals in Ty N L are included to Thig according to our simplification
that Ty C L if Ty N L # 0. The inequality |T'N L|/4 > 0.1]S| is because T is v-balanced.

Let Lo := {U € Usman | U C L}. From now, we assume most terminals in 7N L are contained in
Usmall; 1€, D 10y, [Ty NL| >1/2]TNL| > % -S| Since ZUeus [Ty N L| = |L¢|, we have

small mall

|Lel 2 2 -1]. (E.6)

Our next goal becomes this: pick a small number of clusters in Usman (at most 0.01|7|) so that they

hit Lc a lot (at least |L¢|/v) and include all the terminals in these clusters into a terminal set Timal.

. An Easy Case for X. Before we describe how to pick a small number of clusters in Usmail, it

is instructive to first solve an easy case of X where |X N S| = O(]X N L|). Here, we assume that
|X N L| <0.1|S] (otherwise |T" N L| > 0.1|S| and we are done).
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In this case, we can almost apply Lemma E.26 on X as a terminal set except that it requires | X N.S| <
|X NR|, but X may not intersect with R at all. To handle this situation, we define T'x that contains an
arbitrary 0.01|T| nodes from T'— X. If |T'¢ N L| > 0.1]S|, then we are done. Assume |Ts NL| < 0.1]5],
and thus [T’ NR| > |S| since |T| > ~|S| and |[TNX| < 0.1|T|. We claim that [T NS| < | XNLJ|. If true,
then the terminal 7" := X U T'¢ satisfies the conditions in Lemma E.26 and we can apply Lemma E.26
on T” to get a vertex mincut S* in O (m - |[T" NL|) <O (m- (X N L| + [T N L|)) < O (mk) time.
We now prove [T NS| < |XNL|. Fix a vertex set U € L¢. By definition of the expander decomposition,
Ne(U)C XN (LUS). So, |[Ng(U)| <|XNS|+|X NL|. On the other hand, since N¢(U) is a valid
vertex cut, [Ng(U)| > k =1S|. So |S| < |X N S|+ |X N L|, which is equivalent to |S — X| < |[X NL|.
The claim follows as [T N S| < |S — X]|.

Pruning X or Concentrated Tsmai. To handle the general case of X, we define T'x using X in the
same way, and then we define X’ C X by removing vertices in X in such a way that we never remove
any vertex in X N L, and at the end, all but O(|X N L|) vertices from X NS have been removed. The
process of carving out nodes of X into X’ is called the pruning step. To implement the pruning step,
we will construct Tyman C T of size at most 0.1|T] and X’ C X such that either

|Teman N L| > 0.1|S| or X' NL=XNL|X NS <O(XNL|. (E.7)

That is, either we find a small number of clusters in Usman so that they hit Lo a lot (and include
all terminals in these clusters in Timan) or we manage to prune X into X' satisfying Equation (E.7)
(we say that Tsman is concentrated if |Timan N L| > 0.1]S|). Therefore, we can add Tyman to the final

terminal set and run the algorithm for the easy case on X’ (using T'x defined by X’), and we are done.

The main challenge for the pruning step is to characterize the conditions when a vertex
v e X isin X NLand in X NS without the knowledge of set L and S.

The rest of the section is devoted to the pruning step.

Common-neighborhood Clustering on the Expander Decomposition. The solution, which is
the crux of our algorithm, is that we run the sparse neighborhood cover algorithm on the common
neighborhood graph obtained from the bipartite graph between X and U obtained by contracting each
component in Y. More precisely, we define a bipartite graph H := (X UUsman, E') where there is an
edge (z,U) € E’ if and only if there is an edge between x € X to U € Usman in G. To see the intuition
why it helps, we have the following claim. Let a = | X N L| < 0.1]S| (if |X N L| > 0.1|S], then we are
done). We assume the algorithm knows a (we can estimate a up to a constant factor by guessing the

size O(logn) times by the powers of 2).
Claim E.30. For any U1,Usz € Lo, we have |Ng(U1)ANg(Us)| < 2a.

Proof. Notice that Ng(U1) C X is a vertex cut in the original graph G, since different clusters in
U do not have edges connecting them. Moreover, Ng(Uy) C (L U S) N X. The same holds for Us.
Thus, we have k < |[Ng(U1)|, |Na(Uz2)] €< K+ a and |[Ng(Ur) U Ng(Uz2)| < £ + a. This gives us

|NH(U1)ANH(U2)| S 2a. O

By running common-neighborhood clustering on H [Usman] (i-e., running sparse neighborhood cover on
the common-neighborhood graph where there is an edge between Uy, Uz if [Ny (U1)ANg(Uz)| < 2a),
we can get Vi, ..., V, with the following properties.
Claim E.31. We can obtain clusters Vi, ...V, C Usman satisfying

(a) Lc CV; for some cluster V;,

(b) for every cluster V; and every two vertices Uy, Us € Vi, |Nu(U1)ANg(Usz)| < O(alogn).

Remark E.32. We need an O (mk) algorithm for computing Vi, ..., V.. However, we cannot apply

the same intermediate graph because H[L¢] is an independent set. To fix this, the idea is to build
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new virtual edges between Usman carefully so that, the total number of edges is bounded by O(m),

and after adding those edges, L¢ is connected. We refer to Lemma E.49 for details.

. Proof Strategy for the Pruning Step. We exploit the structure of the common-neighborhood

clustering on H [Usman] to help us identify the nodes in X NS while avoiding the nodes in X N L as
follows. We denote V* as a cluster that contains Lo. Note that V™ exists by Claim E.31(a).

At high level, we argue that all but O(a) vertices in X NS have at least 7 neighbors in V* in graph H
(where 7 is a parameter chosen to be closer to |V *|) using the properties of the common-neighborhood
clustering on H [Usman]. At the same time, we ensure that every node in X N L has fewer than 7
neighbors in V* via Tyman (to be defined). Therefore, deleting all nodes in X having at least 7 neighbors
in V* would complete the pruning step. Since the algorithm does not know the set V*, we will try all

clusters Vi,...,V, of a certain size and argue that we never delete any vertex in X N L.

We next formalize the ideas.

. Structural Property of V*. We start with a key property from the common-neighborhood clustering

on H[Usman]. For any vertex € X and U C Usmail, we denote the degree of = in U in graph H as
degy (z,U) := |Nu(z)NU]|.

Lemma E.33. For all § € (0,1), all but O(a - 6 *logn) vertices in X NS have at least (1 — §)|V*|
neighbors in V* in graph H. That is, |Zs| < O(a -3~ logn) where Zs := {x € X N S: degy(z,V*) <
L=V} .

Proof. Fix U € Lc C V*. We have |[Ng(U)N(XNS)| > |S|—|XNL| > |SNX]|—a. By Claim E.31(ii),
INg(U)ANgE(U")] < O(alogn) for all U’ € V*. Therefore, for all U’ € V*, INg(U')N (X NS)| >
|SNX|—O(alogn). In other words, for all U € V*, the number of non-edges from U to X N S is at
most O(alogn). Define NNz (X N S, V™) to be the number of non-edges between X NS and V* in H.
We have the following.

§-|\V*|-1Zs] <NNg(X NS, VT <|V*|-O(alogn).

The lower bound follows since each vertex in Zs has at least § - |V*| non-edges to V*. Therefore,
|Zs| = O(a - 6 'logn). O

Suppose we are given the set V*. How to design an algorithm that removes all but O(a) vertices
in X NS and none in X N L? We almost have the pruning step except that we need the following
property for some § € (0,1) to be specified:

(1+ %)|Lc| <(1-8)V. (E.8)

Given Equation (E.8), we can characterize X N L and almost all nodes in X NS using 7 := (1 —§)|V*|.
Indeed, for all y € X N L and for all but O(a - §~*) vertices z € X NS, we have

E.8)
<

degp (3, V") < (14 Z)lLe| T=(1-0)V'| < degy(z, V7).

in H, and thus it has at most (1 + %)|Lc| neighbors in V* (w.r.t. H). The last inequality follows
since, by Lemma E.33, for all § € (0,1), all but O(a - 6~ ) vertices in X N S have a lot of neighbors,
ie., at least (1 —0)|V*|in V™ (w.r.t. H).

Therefore, by deleting all nodes 2 € X such that degy, (z, V*) > 7, we delete all but O(a-§~1) vertices
in X NS while we do not delete any node in X N L.

(B.6)
The first inequality follows since every vertex in X N L has degree at most |Lco| + S| < (1+ %)\Lc|

Next, we establish Equation (E.8) by using Timan and we will set 6+ = O(log®n).

. Small Lc by Tsman. We construct Tsman as follows. For each V;, we pick arbitrary |Vi|/log2n

elements in V;. Recall that an element in V; corresponds to an expander in Usman. For each of these
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10.

expanders, include its unique terminal into Timan.

The size of Tsman is negligible compared to the size of T' because |Toman| < O(logn)-(|T|/ log? n) = o(|T)
where the O(logn) factor is from the fact that each element is contained in at most O(logn) clusters
Vi.

(B.6)
If |Le| > (1 — m)“’ |, then |Tsman N L| > |Lc| - m Since |L¢| > 2 -S|, we have
|LNT'| > 0.1]S| as desired. From now on, we assume
1 *
|Le| < (1 — )V (E.9)

2log?n

Therefore, for ally € X N L,

1 *
|

2
d V)< A4+ 9)|Lel < (11— v
ey, V") < (14 D)lLel < (1= o)

By setting 6 = in Lemma E.33, we have for all z € (X N S) — Zs,

1
3log2n

(1

- V¥ <d , V5.
Fiogy)IV1 < deg (V)

We now fix § := @ and let Zs be the set defined in Lemma E.33 and define 7 := (1 — =——)|V*|.

3log2n
We conclude with the following lemma.

Lemma E.34. Forally€e XNL, andx € (X NS) — Zs, degy (y, V") < 7 < degy (z, V™).

Therefore, deleting all nodes in X which have at least 7 neighbors in V* would complete the pruning
step. The remaining piece of the puzzle is that the algorithm does not know the cluster V*, which we

describe how to deal with it next.

Finalize the Pruning Step. For simplicity, let us assume that Vi, ..., V; is a partition of the graph.*?
The procedure for deleting vertices in X is as follows: For every cluster V; from Claim E.31, delete all

vertices x € X such that

1
3log?n

degy (z, Vi) ZmaX{(l— )Vi|723|}~

Let X’ be the remaining vertices in X. We now prove the two properties of X'.

(a) |X'NS| < 19) (|IX N L|). Since we try for all V;, we show that the iteration V; = V* will delete a
lot of vertices in X. If V; = V™, then

1 (

" E.9) (E‘G)’Y
=1 WS Lel = 2IS| 2 218

B 3log?n

Therefore, Lemma E.34 and Lemma E.33 imply that | X’ N S| < |Zs| < O(alog®n) = 9) (a).

(b) X’'N L= Xn L. We prove that no vertices in X N L are deleted. If V; = V*, then V* cannot
delete vertices in X N L by Lemma E.34. If V; # V", then notice that X N L has at most |S)|
neighbors in V;. This is because X N L can only be adjacent to vertex sets in L or vertex set
that intersects with S. Moreover, the former case cannot happen since Lc C V™ which is disjoint
from V;. Thus, X N L has at most |S| neighbors in V; and so V; cannot delete vertices in X N L.

E.4.2 Terminal-Balanced Case: Proof of Lemma E.26

In this section, we show the algorithm for the case when a vertex mincut is balanced with respect to a

terminal set (Lemma E.26) and its extension that will be used later (Lemma E.36). Our strategy is to employ

pseudorandom objects (i.e., Corollary E.6 and Theorem E.63).

131n fact, a sparse neighborhood cover is a collection of O(logn) partitions of the graph. To remove this assumption,
it is enough to repeat the algorithm for all the O(logn) partitions.
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We first need to introduce the vertex version of the isolating cuts lemma, which is from [Li+21].

Lemma E.35 (Lemma 4.2 of [Li+21]). There exists an algorithm that takes an input graph G = (V, E) and
an independent set I C'V of size at least 2, and outputs for each v € I, a (v, I \ v)-min-separator Cy,. The
algorithm makes (s,t) maz-flow calls on unit-vertez-capacity graphs with O(mlog|I|) total number of vertices

and edges and takes O(m) additional time.

We are now ready to prove Lemma E.26. The proof is based on an application of selector Theorem E.63
and crossing family Corollary E.6, which shows k calls to max flow are possible when |L| is roughly the same
as |S| and |R| larger than |S|.

Proof of Lemma E.26. Suppose [T NL| < k-n?™ and [T NL|,|TNR| >n"9" .|TNS| where g(n) = o(1).
Let e =n29(") and let S be a (|T), k/e, €)-selector which is a family of subsets of [|T'|]. Here we map each
number in 1, ..., |T| to a vertex in T, and with a little abuse of notation, each X C § is a vertex subset of
T. Here we assume k/e < |T|*7°() for any function o(1). the case when k is large will be solved in the
next paragraph. According to Theorem E.10, we can construct S of size |S| = k- n°) in O (n) time, and
every set X C S has size at least 2. Notice that k < |[T'N L| < k/e and |[T'N S| < k/e. Now according to the
definition of selector, there exists X C S such that [ X NL| =1 and |[X NS| = 0 and | X| > 2. According
to Lemma F.35, by setting the independent set I to be a maximal independent set of X, which must satisfy
[INL|=1,[INS|=0and || > 2, we can get a vertex cut of size at most S since S itself is an isolating cut.
Notice that the running time is 5(m\8|) = O(mk).

Now suppose k/e > |T|'~°M | which means k - n°") > |T|. We construct a (|T|,1/¢)-crossing family P
according to Corollary E.6. Similarly, we abuse the notation a bit and assume each P C P is a subset of
T x T. According to the definition of crossing family, there exists (s,t) € P such that s € L,t € R. Thus, by
running s — ¢ min cut over all (s,t) € P and find the minimum one, we get the minimum vertex cut of G.
The algorithm runs in time O (m|T|) which is fine since k - n°®*) > |T. O

The following lemma is a more fine-grained version of Lemma E.26, which works on a subgraph. The proof
is similar to that of Lemma E.26. This will be needed later for the unbalanced algorithm in Section E.4.5. It
is incomparable to Lemma FE.26 because it further requires L to be a subset of T', where Lemma E.26 does

not have this requirement.

Lemma E.36. There is a deterministic algorithm SUBGRAPHBALANCEDTERMINALVC(G, T, k) that takes as
inputs an undirected graph G = (V, E), a terminal set T CV and a cut parameter k, outputs a verter cut of
G. If there exists a vertex cut (L, S, R) of G such that L CT and |L|,|T N R| = §(|Tﬁ S|) and |L| = 5(k),

then the output cut is a minimum vertex cut of G. The algorithm runs in O(k > ier ING(t)]) time.

Proof. The proof is similar to the proof of Lemma B.26. Suppose [T NL| = |L| < k-n?™ and |L|,|T N R| >
n~9M . |T N S| where g(n) = o(1) and define € and S and I in the same way as in the proof of Lemma E.26.
We will explain what to do when k is large later. Notice that I has the property |I N L| =1,|INS| =0 and
|I| > 2. Now we cannot afford to run isolating cuts on the whole graph because we want the running time to

be smaller. Instead, we construct a graph
G' = (TUNg(T)U{s}, E(T,T U Ng(T)) U{(s,u) | u € Na(T)}

Define I’ = I U {s}. Notice that I U {s} is still an independent set because I C T. The algorithm
use Lemma E.35 on I’, G'. The running time is bounded by O(k > ier INa(t)]) where O, . NG (t)]) is
the size of G'. Now we prove that the minimum isolating cut of I’ (denoted by C, which is a (v, I'\v)-min-
separator for some v € I') on G’ is equal to |S|. Notice that S = Ng(L) = Ng (L) since L C T. Also, notice
that SN I’ = . Thus, S is an isolating cut of I’, which means |S| > |C,| for some v € I’. On the other
way, suppose the connected component containing v after deleting C,, is L,. We have L, C T, otherwise
s € N(Ly). Thus, we have Ng(Ly) = Ng/(Lv). Notice that Ng(Ly) U L, # V since |I] > 2, and there must
exists a vertex in I other than v inside 7" outside Ng(Ly)U L,. Thus, C, is a vertex cut of G, which implies
18] < |Cul.
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Now suppose k/e > |T|*7°M) | which means k - n°) > |T|. Similar to the proof of Lemma E.26, we
construct an (|7, 1/¢)-crossing family P. There exists (a,b) € P such that a € L,b € R. Instead of running
(a,b) min cut on G’ over all (a,b) € P, we run (a,bU{s}) min cut on G’. Any (a,bU {s}) min cut (L', S, R)
satisfying L' C T since s connects to all nodes in Ng(T). Thus, Ng(L') = Ng/(L') and t € R’ where t € V.
Thus, S’ is a vertex cut of G. On the other hand, the minimum vertex cut S of G is also a vertex cut of
(a,bU {s}) for some (a,b) € P since L C T. The total running time is O(k Y ier INa(®)])- O

E.4.3 Faster Common-Neighborhood Clustering Algorithm

In Section E.3.2 step 1, we presented a common-neighborhood clustering algorithm that runs in O(mn)
deterministic time. This running time is too slow as our goal for this section is 10) (mk). Thus, we present a
faster algorithm in this section. We restate the common-neighborhood clustering lemma as in Lemma E.14
that fits our purpose here.

In the following lemma, the symmetric distance oracle Agist : V X V' — N can be viewed as an algorithm
computing the value of |[Ng(u)ANg(v)|. The (sparse) property further requires C to be a collection of
O(logn) partitions of the graph, which is crucial for our usage. The (cover) property can cover all L CV
that is connected and has a low neighborhood symmetric distance, which covers the minimum cut L as we

want.

Lemma E.37. There is a deterministic algorithm CNC(G, Aqist,d) (Algorithm 6) that takes as inputs an
n-vertex m-edge undirected graph G = (V, E), a symmetric distance oracle Agist : V XV — N and d € N+t
which satisfies triangle inequality Agist(u,v) + Agist(v, w) > Aaist(u, w), outputs a set of partitions of V.
denoted by P such that
1. (sparse) |P| = O(logn), for every P € P, P C 2V is a partition of V, which means UcepC =V and
Ci1NCe =0 for C1,Cy € P with C; # Cs, we call C a cluster,
2. (cover) for any L CV where G[L] is connected and Agist(u,v) < d for any u,v € LNU, there exists a
cluster C such that L C C,
3. (common-neighborhood) for any cluster C, for any u,v € C, we have Agist(u,v) = O(dlogn).

The algorithm uses O (m) calls to Agiss and in addition O(nmaxyey |Na(v)|) time.

Algorithm 6: CNC(G, Ag;st, d)

1 Let P« 0,U <+ V

2 Let G' = (V,H = {(u,v) € E | Aaist(u,v) < d})
3 while U # 0 do

4 C+ 0
5 Urem < U, Unext < 0
6 while U,em # 0 do
7 Let u be an arbitrary node in Urem,
8 SetT():QLTl:{u}J:l
9 while |NG,[UT677L](Ti)| 2 |T¢71| or |T~L| Z 1.1|Ti71‘ do
10 14— 1+1
11 Build BFS tree T; on G'[Uren] with root u and only include v to T if Agise(u,v) < 5id
12 Build BFS tree T' on G'[Uyrem| with root u and only include v to T if Agist(u,v) < (5i — 3)d
13 C+Ccu{T}
14 Urem < Urem — T
15 Uneat < Uneat U (15 — T5-1)
16 U + Upeqt
17 P+ PU{C}

18 return P
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Proof of Lemma E.37. We first prove (sparse). Notice that in the same while loop (Algorithm 6), the tree
nodes included in C (Algorithm 6) are disjoint since Algorithm 6 creates T' on G’ [Urem| where T is deleted
from Urem (Algorithm 6). They form a partition of V since the loop ends if Uyen = (). Thus, we only need to
prove that the outer while loop (Algorithm 6) only contains O(logn) loops. We will prove that in each loop,
|Unest| < 0.1|U|, which implies the O(logn) loop numbers since we set U < Uneqt at the end of each loop.
Notice that Uneqzt includes T; — T;—1 (Algorithm 6) where T;_1 C T which is deleted from Uy e, and from the
condition of Algorithm 6 we have |T;| < 1.1|T;_1| which implies |T; — T;—1| < 0.1|T|. Thus, we can charge
|T; — Ti—1] into 0.1]T"|. Notice that the sum of all |T| is at most |U| (Algorithm 6), we have |Uneat| < 0.1|U].

Next, we prove (cover). Suppose L C V where G[L] is connected and Agis:(u,v) < d for any u,v € L.
We will prove that there exists C' € C € P such that L C C. For this purpose, we only need to prove the
following loop invariance: in the while loop Algorithm 6, if L C U in the beginning, then at the end of this
loop, either there exists C € C such that L C C or L C Upeqt. Since Unpezr will be U in the next loop, the
loop invariance will imply (cover). Now suppose L C U. Notice that the trees T included in C (Algorithm 6)
in this while loop form a partition of U, there must exist T' such that L NT # @. Let T be the first one in
the loop of Algorithm 6 that LNT # () (which means L C Upen, at this point). If L C T then we are done
since T is included in C. Suppose L € T', we claim that L NT;_; = (). Otherwise, there exists w € L NT;_1
such that Agist(u, w) < (5¢ — 5)d, which implies Ag;st(u,v) < (5¢ — 4)d for any v € L. Also notice that for
any edge (u,v) € G[L] we have Aqg;st(u,v) < d, thus, (u,v) € H and G[L] = G’[L] which is connected. Thus,
we get L C T since T is a BFS tree that includes a node v if v € Ng/u,.,.1(T) and Agise(u,v) < (57 — 3)d
(Algorithm 6), a contradiction. Now we have LNT;_1 = (. Let w € LNT, we have Agist(u,w) < (5i — 3)d
and Agist(u,v) < d for any v € L, which implies Agist(u,v) < (5¢ — 2)d for any v € L. Therefore, L C T;
since T; is a BFS tree with root u which includes all nodes v with Ag;se(u, v) < 5id. Therefore, L C T; —T;_1,
which means L C Upest.

Next, we prove (common-neighborhood). This is because C only includes T where T' contains all nodes v
satisfying Agist (u, v) < (5i—3)d for a specific node u. If we can prove that ¢ = O(logn), then we are done. For
that purpose, we need to prove the while loop Algorithm 6 only contains O(logn) loops. There are two cases
for the while loop to continue. One is |T;| > 1.1|T;—1|, which can happen at most O(log n) times since |T;| < n
for any 4. In the case that |Ng/(u,.,,|(Ti)| > |Ti—1|, we will prove that [T 11| > |Ti|+|Ti—1| > 2|Ti—1|. Indeed,
for every vertex v € Ng/(u,.,.](Ti), there exists w € T; such that (w,v) € H, which means Ag;s:(w,v) < d,
thus, Agist (1, v) < Agist (U, w) + Agist(w,v) < 5(i+1)d and v € Tyy1. Thus, |Tit1| > |Ti| + |Ti-1] as claimed.
In both cases, each loop of Algorithm 6 implies that |T541| > 1.1|T5—1]|, which can happen at most O(logn)
times.

Next, we prove the running time. To construct G, we need m calls to Ag;s: and O(m) running time. As
proven above, there are at most O(logn) loops of Algorithm 6. In each loop, as proven above, there are at most
O(logn) loops of Algorithm 6. Each of them builds a BFS tree with root u, while building the tree T; will cost
|T: UNG/ U, (T:)| many Ag;s: calls (since we calculate the distance of each of them with «) and in addition
the number of edges inside T; U Ng/(u,...,)(T%) time, which is at most |T; U Ngr(u,...,,)(T%)| - maxyev [Ngr (v)].
Notice that T; 1 is deleted from Uyem and |T; U Ngru,.,.1(T3)] = O(|Ti-1]) at the end of loop Algorithm 6.
Thus, we can charge the oracles and running time to O(|T;—1|). Since [Urem| < n, the number of oracle calls
is bounded by O(n) and the running time is bounded by O(nmaxev |[Ng(v)|). In total, the number of
oracle calls is m + O(n) = 9] (m). O

E.4.4 Oracle for the Unbalanced Case

For the unbalanced case, we wish to use the crossing family which gives roughly n/¢ pairs of nodes where ¢
is roughly the size of L, and one of them will cross L, R. We then want to know k(s,t) for each (s,t) pair
of them. However, the trivial way gives use a running time of O (m) - n«/f, which is far from our goal of
O (mx). The following data structure gives us a way to answer each (s, t) in O (6¢) time, which is sufficient

for us as O (6¢) - ni/l = O (mx). We will show how to use this data structure in the next section.

Lemma E.38. There is a deterministic algorithm that, given an undirected graph G and an integer £, in

~

O(md) time returns
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1. vertex sets Vi,..., V. where each vertex v € V is contained in at most O(logn) many V; for different i,

2. a data structure D that, given any vertices s and t, it returns an integer & > k(s,t) in 16) (64) time.

Suppose (L, S, R) is a minimum vertex cut of G. If |L| < |R| and ¢ = [|L|,2|L|], then one of the following
two events happens.

1. 3, L C Vi, [Vin S| = O(|L|), |Vi N R = Q(|L]).

2. If D is given s € L,t € R, it will return & = k(G).

We need the following sparse recovery tool from [NS17].

Lemma E.39 (Deterministic sparse recovery, corollary of Theorem 4.14 [NS17]). There are deterministic
algorithms Aconstruct(G, ) and Arecover(U, @) such that
o Aconstruct takes as inputs an undirected graph G = (V, E) and a positive integer x outputs a vector U

with length O(x) for each v € V in O(m) time,

o Arccover takes as inputs two vectors U, 4 computed by Aconstruct, outputs Ng(u)ANg(v) in O(:c) time
if INa(uw)ANg(v)| < z.

Proof. Tn Theorem 4.14 [NS17], we set k = 2 and n = |V|, we can construct ® € {0,1}%*" (d = O(z))
implicitly in O(n) time by knowing all the non-zero entities. Now we abuse the notation a bit and define
Ne(u) € {0,1}" for each u to be the identity vecter where the i-th entry is 1 iff the ¢-th node in V is in
N (w). Aconstruct will output v = ®Ng(u) for any u € V, which takes time O(m) in total since ®Ng (u)
takes time O(|N¢(u)|) (each column of ® has O(1) non-zero entries).

Arecover Will take ®Ng(u), ®Ng(v) € {0, l}d and compute ®(N¢g(u) — Ng(v)). According to Theorem
4.14 [NS17], if Ng(u) — N¢(v) contains at most = non-zero entries (i.e., |[Ng(u)ANg(v)| < z), then all the

non-zero entries are returned, which give us N¢(u)ANg(v). O

We show our algorithm for Lemma E.38 as follows, i.e., how to compute the vertex sets V, Vi,...,V, and
the memory space of the data structure D. We will show how D uses the memory space to answer a query

later.

Algorithm for Lemma E.38. The algorithm takes inputs an undirected graph G = (V, E) and an
integer . The following procedure will find the data structure D.

1. Compute the minimum degree of the graph, denoted by §. Let Vi, contain all vertices v with

[Ne ()] = O(9).

2. Define distance Agisi(u,v) for every u,v € Vigw as Aaist(u,v) = |Ng(u)ANg(v)|. Notice that

Agist(u,v) can be computed in time 0(6)
3. Let P «~CNC(G[Viow], Adist,4€). Let Vi,..., V. be all vertex sets in C for all C € P, i.e., z = ZCGP IC].
4. Use Aconstruct(G, Elog2 n) in Lemma E.39 to get a vector v for every v € V.

5. Data structure D memorizes (i) Vi,...,V; and the sizes of them, (ii) for every u € V, the index set

I, = {i | uw € V;}, (iii) the vectors v for every v € V.

The algorithm returns vertex sets V, Vi, ..., V, and the data structure D. We will show the query algorithm

for D later. The following claim is a crucial property.
Claim E.40. For every u,v € Vi, |[Ng(u)ANg(v)| = O(Llogn).

Proof. From Lemma E.37, we have Ag;si(u,v) = O(£logn). According to the definition of Ag;s:, we have
|Nc(u)ANg(v)| = O(£logn). O

The following lemma shows the running time of the algorithm.
Lemma E.41. The algorithm for constructing vertex sets and D described above runs in time 0 (md).

Proof. We analyze each step.
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—_

. Computing the minimum degree costs O(m).

. The distance oracle uses time O(J) for each query.

2
3. By Lemma E.37, the running time is O(m?).
4

. By Lemma E.39, the running time is O(m).
O

Intuition for Kernel Graphs. Suppose we are given s € L,t € R. Let V' be one of the clusters such
that L C V’. Our goal is to compute a graph H such that ka(s,t) = ku(s,t). At the same time, we will
guarantee that xg(s,t) < ku(s,t) always holds even if s,€ L,t € R and L C V' do not hold.

WLOG, we assume that t € Ng[V']. If t € Ng[V'], we delete all neighbors of ¢ and ¢t itself from V', as
they cannot be in L, after which we still have L C V’ and the common neighborhood guarantee of V'. We
define the graph H in the following way. Define Eg(A, B) = {(u,v) € E | u € A,v € B} for two vertex sets
ABCV.

Let H' be the graph with vertex set Ng[V’'] U {t} and edge set Eq(V', Ng[V']) U{(v,t) | v €

Ng(V')}, ie., all edges in G incident to vertices in V' plus new edges from every node in Ng (V')
to t.

Let H be obtained from H' as follows. Vertex s and t mark all of their incident edges. Other
vertices in V' \ {s} mark edges not incident to Ng(s). Then, we delete all unmarked edges from
H/

The following claim is crucial to the correctness and shows the reason for constructing H in the above

manner.
Claim E.42. For any verter set A C V' with s € A, we have Nu(A) = Ng(A).

Proof. We first show that Ny (A) = Ng/(A). It is easy to see that Ny (A) C Ng/(A). Now, suppose for
contradiction that there exists v € Ny/(A) \ Nu(A). Thus, there is u € A C V' where u # s and (u,v) is
unmarked. But this happens only when v € Ng(s). Since s € A, we have v € Ny (A), a contradiction.
Now we show Ng/(A) = Ng(A). This follows from the fact that all edges incident to A C V' are
preserved in H' compared to G. O

Correctness. We need to prove that the s — ¢ minimum vertex cut, denoted by (L’,S’, R') where
s € L',t € R in H has the same size as (L, S, R), which is the minimum vertex cut of G with s € L, € R.

We need to prove two directions.

1. (|S] > |9’|) for that we need to prove S is also a s — ¢ vertex cut in H. Remember that L C V' and
Ng(L) = S. Thus, Ng(L) C Ng[V'], which does not contain ¢, is an s — t vertex cut.

2. (S| < |8'|) for that we need to prove S’ is also a s — ¢ vertex cut in G. Since ¢ has an edge to every
vertex in Ng(V’), we have L' C V', otherwise t € Ny (L'). Thus, S’ = Ng(L') = Ng(L') isa s —t

vertex cut in G.

Moreover, the second argument holds even if L is not a subset of V' or s € L,t € R does not hold. Thus,

we always have kq(s,t) < ku(s,t).

Query algorithm for the data structure D. Before stating our algorithm, we first define our kernel
graph with respect to some V; and s € Vi, t € V as follows.

Definition E.43. For i € [2],s € V;,t € V, let V/ = V; \ N¢|t], define Gi,t = ( ;t,E;"t) where

Ve =Ne[ViTu {t}

EL, ={(s,v) | v € Na(s)}
U{(u,v) |u € V{,v € Ng(u)\ Na(s)}
U{(u,t) | u€ Ne(V/),u # t}
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Note that the construction of Gi,t is the same as the one described in the overview. We state the following
key properties of Gi’t whose proofs are essentially the same as shown above.
Lemma E.44. kg t(s,t) > ka(s,t).
Lemma E.45. Let (L, S, R) be a minimum vertex cut of G. If s€ L,t € R,L C V;, then k¢ t(s,t) = k(G).

Now we are ready to state our query algorithm for D.

Query Algorithm for D

1. Let I be all indices ¢ with s € V;. If I, = 0, return n.
I, ={i€I: |V;]| <O(6logn)}. If I, = 0, return n.

For every i € I}, construct a graph G%, = (Vi,, E% ) defined in Definition E.43.

L

Let S’ be the minimum (s, t)-separator in G;t (which can be done by solving a vertex-capacity max flow

on G;t).

5. return |S’|.

Next, we prove that Gi,t can be constructed efficiently.
Lemma E.46. For every i € I, G, can be constructed in (/)\(|Vz\€) = 6(55) time.

Proof. We can find V; = V;\Ne¢|[t] in time O(|Vi|) by checking whether each node in V; is in N¢[t] or not.
To find Ng[V;], for each u € V{, list Na(u) \ Ng(s) and include them in V{, and also add (u,v) for all
v € Ng(u) \ Na(s) to the set of edges. To list N (u) \ Na(s) efficiently, notice that according to Claim E.40,
Ng(u) \ Ng(s) is guaranteed to have size O(¢logn), and according to Lemma E.39, we can use Ayccover t0
find Ng(u) \ Ng(s) in 5(6) time. In total, we spent time 6(£|VZ\) on Arccover. Finally, add all the edges
from ¢ to Ng(VZ,). Each step takes O (|V;|¢) time, so the lemma is proved. O

We are ready to prove Lemma E.38.

Proof of Lemma E.38. According to Lemma E.37, each v € V is contained in at most O(logn) many V; for

different ¢. The algorithm also returns a data structure D, according to Lemma E.41, it costs (/)\(mé) time to

construct. Given (s,t), according to Lemma E.46, D takes 6(56) time to construct the kernel G%, for any

i € I, (recall that |I,| = O(logn) according to Lemma E.37) and we run vertex-capacity max flow calls on
! ¢ According to Lemma E.44, the returned value of D on each query s, ¢ is at least x(G).

Now suppose (L, S, R) is a minimum vertex cut of G where |L| < |R| and ¢ € [|L|,2|L|]. Notice that if

|L| = Q(|S]), then the first event happens by taking V; = V. Thus, in what follows we assume |L| = o(]S]).

We need the following claim.
Claim E.47. For any u,v € L, [Ng(u)ANg(v)| < 2|L].

Proof. We have |N(u)AN(v)| = |N(u) U N(v)| — |N(u) N N(v)|, where |[N(u) U N(v)| < |L| + |S]|, and
IN(u) N N(v)| = |N(u)| + |N(v)| = |N(u) UN(v)|. Here |N(u)| > |S] since |S| is a minimum separator, same
for [N (v)[. Thus, [N(u)NN(v)| > 2|S|—(|L|+]S]). We have [N (u)AN (v)| < (|L[+|S])—(2[S|—(IL|+|S])) =
2|L|. O

We can assume WLOG that G[L] is connected; otherwise, by taking a connected component of G[L] we
get another minimum vertex cut such that G[L] is connected. According to Lemma E.37 property (cover),
L CV; for some i € [z].

We claim that if |V;| = O(§ logn), then the second event happens. Suppose D is given s € L,t € R, we have
[N (s)] = O(|L| + |S]) = O(6) since |L| = o(]S|) and |S| < 4. Besides, we have i € I, and |V;| < O(dlogn).
Thus, according to the query algorithm for D, Gi,t is constructed. According to Lemma E.45, D will return
exactly |S| = k(G).
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Now assume |V;| = w(d logn), we will prove that the first event happens, i.e., |L| = Q (IVinS|),|VinR| =
Q (IVin S|) (remember that L CVj is already proved). If |[V; N S| = O(£logn) = O(|L|logn), then we are
done since |V; N R| = |V;| — |L| — [Vi N S| = Q(d1logn) (remember that £ = O(|L]) = o(]S|) = o(9)).

Now we will prove that |V; 0S| = w(|L|logn) cannot happen. We use double counting on the size of
Eg(Vin S, VN R). We have

|Ec(Vin S, ViNR)| < Vi S| O(logn).

In fact, every uw € V; N S has at most O(¢logn) neighbors in V; N R. This is because u is a neighbor
v € L, which has no neighbor in V; N R, but the neighborhood of u and v are similar; more precisely,
|Nc(u)ANg(v)] = O(¢logn) according to Claim E.40.

On the other hand, consider a node v € L, since |Ng(v)| > |S| and Ng(v) C LUS, we have |S\Ng(v)| <
|L|. Thus, we have |V; N Ng(v)| = ©(]V; N S]). Now we get

Ea(Vi NS, Vin R)| > (Vi N R|- Vi1 5])

since |Ng(u)ANg(v)| = O(flogn) for any u € V; N R and |V; N Ng(v)| = ©(|V; N S|) = w(flogn). By
combining the inequalities above, we get |V;NR| = O(¢logn). Thus, we have |V;NS| = |V;|—|ViNL|—|ViNR| =
w(dlogn). This is a contradiction since |S| < 4. O

E.4.5 Unbalanced Case: Proof of Lemma E.23

We are now ready to prove Lemma E.23. We describe an algorithm and analysis below.

Algorithm. For every £ = 2° from i = 1 to i = [log(dlogn)] (which serves as an estimate of |L|), the
algorithm uses the following procedure (called the i-th iteration) to find the separator S as follows.

The algorithm firstly uses Corollary E.6 with parameters a = 275 to compute an (n, a)-crossing family
P. Then, it uses Lemma E.38 on G, ¢ to get (i) V1, Va, ..., V2, (ii) the data structure D. Then the algorithm
uses Lemma E.36 on G, V;,dlogn for every i € [z] to get separators S, ..., S, and uses the data structure
D with queries (s,t) € P to get st > k(s,t) for every (s,t) € P. If among |Si1],...,|S:| and k. for any
5,t € P, the minimum value is |S;, |, then set S = S;.; otherwise, suppose the minimum value is &s,; for
some (s,t) € P, we set S to be the minimum separator between s, t, denoted by S, ¢, which can be found
by one call to unit-vertex-capacity max flow on the whole graph.

Finally, return the minimum S among all i as the output.

Correctness. According to Lemma E.36, the returned cuts Si, ..., S, are always a valid separator. Besides,
Ss,t must be a valid separator since it is deduced from a vertex-capacity max flow from s to ¢. Thus, we just
need to prove that one of S is a minimum separator. Suppose (L, S, R) is one of the minimum separators
of G with |L| < |R| and |L|,|S| = O(§). There must exist 4 such that £ = 2* € [|L|,2|L|]. We will prove that
S@ is a minimum cut. In order to prove this, we just need to show that in the ¢-th iteration, either one
of Si,..., S is a minimum cut, or one of K+ for (s,t) € P satisfies s, = k(G). If this is true, then S
is either |S;| for some j such that |S;| = k(G), or some s,¢t minimum separator for some (s,t) € P with
Rs,t = k(G) > k(s,t) (in which case k(s,t) = &(G)).

According to Lemma E.38, there are two events to consider.

Case 1: 3i,L C V;,|Vin S| = O(|L]),|Vi N R| = Q(|L|). In this case, since |[V; N L| < |L| < §logn, by
using Lemma E.36 on G, V;, d logn, we can get S; which is a minimum separator of G.

Case 2: D is given s € L,t € R. We prove that it will return & = x(G). Indeed,
Lemma E.48. there exists (s,t) € P such that s € L,t € R.

Proof. Let (L, S, R) be a vertex mincut in G where |R| > |L|. Since S is a minimum separator, |S| < §

(otherwise the neighborhoods of the vertex with a minimum degree should be the minimum separator). We
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have |S|/|L| < (8§)/(£/2) = a. According to Corollary E.6, since we have |R| > |L| > |S|/a, there exists
(s,t) € P such that s € L,t € R. O

By Lemma E.38, D will return %, = x(G) on such s € L,t € R.

Time complexity. For each iteration, Corollary E.6 and Lemma E.38 use o (md) time. Then Lemma E.36

on each V; takes time O (EvEV- |Nc(v)|) , which in total takes time O (md) since each vertex in V is included

in at most O(logn) Vi’s. One call to s, ¢ vertex-capacity max flow takes time O (m). It remains to bound

the running time of queries to D, which is
|P| - O(5¢) = O(na) - O(50) = O(né?) = O(md).

The first equality follows from Corollary E.6 and Lemma E.38.

E.4.6 Terminal Reduction: Proof of Lemma E.25

This section is devoted to proving Lemma E.25. We first restate the omitted bottlenecks in the overview
and explain how we solve it.

In the overview, we mentioned that common-neighborhood clustering is not efficient as trivially it needs
0 (mn) time. The algorithm presented in Section E.4.3 is efficient enough as logn as the input graph has
degree x which we can guarantee because all nodes with degrees much larger than x must not be in L and can
be deleted. However, according to Lemma E.37(2), it requires L to be connected in G. It is not guaranteed
that Ly is a connected induced subgraph. Remember the definition of Ly: all clusters that are completely
inside L. G[L] is connected indeed, but G[L] contains three parts (i) Ly, (2) X N L, (3) nodes in other

clusters crossing S but not in Ly. Deleting the second and third parts could cause Ly to be disconnected.

Our solution. We try to add (not too many) extra edges to make Ly connected. This is reflected
from Algorithm 7 to Algorithm 7 in the algorithm. The idea is: for every z € X N L, we want to make
sure that all neighbors of x inside Ly are connected by extra edges. A trivial way to do this is by adding a
spanning subgraph on neighbors of x. However, this simple strategy does not solve the problem: assume
neighbors of x are v1, ..., vk, after adding a spanning subgraph connecting them (for example, a star rooted
at v1), if v1 is not in Ly, then the star helps nothing for connecting Ly: there are no edges added to the
induced subgraph on Ly! We solve this issue by the shaving lemma Lemma E.49. At a high level, it helps to
shave nodes out of the neighbors of z, so that the remaining nodes are "roughly in Ly" in the sense that
they have a small neighborhood symmetric difference just as the nodes in Ly, which is enough for us. For
this shaving lemma, think of A as the neighbors of =, and A’ as the neighbors of x inside Ly, we want to

find R covering A’ such that R itself has a small neighborhood symmetric difference.

Lemma E.49. There is a deterministic algorithm SHAVING(G, A, a) that takes as inputs an undirected graph
G = (V,E), a vertez set A and a integer a, return R C A. Moreover, if there exists B C V, A" C A satisfying

the following conditions

o |A'] >0.99|4],

o for any u € A’ we have Ng(u) C B and |B — Ng(u)| < a,
then the returned set R further satisfies

« ACR,

o |[Ng(u)ANg(v)| < 5a for any u,v € R.
The algorithm runs in time O(_ _, [Na(u)]).

A careful reader might notice that even if we connect all neighbors of x inside Ly for every x € X N L,
Ly still could be disconnected: remember L has three parts, and the third part (nodes in clusters crossing S
but not in Ly) is also removed from L, which could disconnect Ly. The solution is to give a better analysis:

if after removing the third part L is disconnected into many components, instead of trying to cover the whole
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Ly using common-neighborhood clustering, we can try to cover each of the components, which are indeed

connected. This does not change the algorithm but puts more challenges on the analysis.

Now we start describing the algorithm. We first introduce the notion of vertex expanders.

Definition E.50. We define the terminal vertex expansion hr of a vertex cut (L, S, R) in graph G with

respect to the terminal set T as follows:

5]
min{|T N (LUS)|,|TN(RUS)|}

hr(L,S,R) =

We say the cut (L, S, R) is (T, ¢)-vertex expanding in G if hr(L,S,R) > ¢ and (T, ¢)-vertex sparse if
hr(L, S, R) < ¢. We say that a graph G is a (T, ¢)-vertex expander if every vertex cut (L, S, R) such that
min (TN (LUS)|,|TN(RUS)|) >0 in the graph G is (T, ¢)-vertex expanding.

We need the following lemma as a subroutine of our algorithm Algorithm 7.

Lemma E.51 (Vertex expander decomposition, [LS22]). There is a deterministic algorithm EXPANDERDE-
COMPOSITION(G, T') that takes as inputs an n-vertex m-edge undirected graph G = (V, E) and a terminal set
T CV, return (X,U) where X CV and U is a set of subsets of V', such that

1. X along with all sets in U form a partition of V, i.e., they are disjoint and the union of them is V,
2. there are no edges between different sets inU, i.e., E(U1,Us) =0 for any U, Us € U with Uy # Us,
3. G[U] is a (T, g log”" ™)-vertex expander for any U € U,

4. |X] <0.01T].

The algorithm runs in time O(m).

Proof. We first calculate Ng(u) N A for any uw € V. This can be done by the following way in time
O ca ING(u)]): for every x € A, we increase the count for each v € Ng(z) by 1. Now let V' contain all v
with [Ng(v) N Al > 0.1]A]. We claim that V' C B and |B — V'| < 1.2a. To see V' C V, notice that at most
0.01|A| nodes in A have edges to V — B. To see |B — V| < a, notice that for a vertex in B to be not included
in V', it needs to have more than 0.9|A| non-edges to A, which includes at least 0.89 non-edges A’. However,
the total number of non-edges from A’ to B’ is at most a - |A|. Thus, there are at most a - |A|/0.9]A] < 1.2a
nodes in B that is not in V’. Now we set R to be all nodes u € A with |[Ng(u)AV'| < 2.2a. For every
node u € A’, we have |[Ng(u)AV'| < a + 1.2a < 2.2a, which means A" C R. For any u,v € R, we have
|Ne(u)ANg(v)| < 4.4a < 5a. O

To prove Lemma E.25, we describe the algorithm, shown in Algorithm 7, and analysis.
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Algorithm 7: TERMINALREDUCTION(G, T, k)

1 Let (X,U) <+~ EXPANDERDECOMPOSITION(G, T') (see Lemma E.51)

2 Let S* =V, Thig = 0, Tsman = 0 and T be arbitrary ||7]/100] nodes in T'— X
3 Let Usman ={U €U |0 < [T NU| <5}, Unig ={U €U | T NU| > 5}

4 foreach U € Uy, do

5

L Include arbitrary [2|T N U[] vertices in T N U into Thig

6 Construct G’ = (X UlUsman, E') where E' = {(z,U) € X X Usman | Ju € U, (z,u) € E}
Let UmM « {U € Usman | [Ngr (U)] < 2k} and Hiow = G'[X UUER)

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

7
8 foreach integer 1 < i < [logk] do
9

Let a + 2°
Let Xjow < {z € X | |Np,,, ()| < 1000a}
foreach =z € X do
Let R, <—SHAVING(Hiow, Na,,, (x),a) (see Lemma E.49)
L Let H, be arbitrary |R.| — 1 edges (not in the original graph) that span R,

small

Build a graph Hconnectea With vertex set Upw'", and edge set be the union of H, for all z € X
Define distance function Ag;st(u,v) = |[Ngr(u) ANgr (v)|
Let P <~ CNC(Hconnected, Adist(u, v), 15a) (see Lemma E.37)
foreach P € P do
Let X'+ X
foreach C' € P do

For arbitrary Llo‘gg‘nj nodes U € C C U™ include |7 N U] into Tyman

if |C| > 10alog?n then

foreach z € X' N Ng/(C) do
L Delete = from X' if |[Ng/(z) N C| > (1 - #) |C|

log3 n

Let S1 «BALANCEDTERMINALVC(G, X' UTx, k) (see Lemma E.26)
Let S2 <~ BALANCEDTERMINALVC(G, Xiow U T, k)
If |S1] < |S*|, let S* <= Sy. If |S2| < |S*|, let S* <S>

27 Let Tl +— XU Tbig U Tsmall U TX

28 return (S*,T")

We now analyze Algorithm 7.

Correctness. We first show that |T”| < 0.9|T|. Remember that T’ = X U Thig U Tsman U T'g. We bound

each term as follows.

1.
2.

4.

According to Lemma E.51, |X| < 0.01]|T].

According to Algorithm 7, Tyig includes [2|T N U[] vertices for every U with TN U > 5, which is at
most 4|7 N U|/5 nodes. Remember that U are disjoint for different U € U, therefore, |Thig| < 4|T'|/5.

According to Algorithm 7, we include TN U into Tsman for at most |C|/ log2 n number of U for every
C € C. Since [TNU| < 5, we includes at most 4|C’|/10g2 n nodes into Tyman for each C. According
to Lemma E.37, . |C| = O(UsmaM logn). Since every U € Usman contains at least one terminal

in T, we have |Tsman| = O(|T|/log n), which is at most 0.01|T'| for sufficiently large n.

According to Algorithm 7, we have |T'x| < 0.01|T|.

In total, [T'| < (0.01 4 0.8 4 0.01 + 0.01)|T| < 0.9/T.

It remains to prove either S* is a minimum vertex cut of G or 7" C V is a 0.01-strongly-balanced terminal

set. Let S be an arbitrary vertex cut of G and L be a connected component after deleting S from G. Since T
is 2V1°8"/2 _gtrongly-balanced and k € [ka, Cke] for sufficient large constant C, according to Definition E.24,
we have |[TNL| > 2V!°6"/2k Our goal is to prove that if [T"NL| < 0.01k, then S* (the output of Algorithm 7)

must be a minimum vertex cut of G. Since T = X U Thig U Toman U Tz, we can assume | X N L| < 0.01k,
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|Thig N L| < 0.01k and |Tsman N L| < 0.01k. Write T =T NL,Ts =TNS,Tr=TN(V —L—S5). In the
following lemmas, we will specify what happens if |Thig N L| < 0.01k and |Tsman N L| < 0.01k, separately.

Lemma E.52. If | X N L| < k/100 and |Tyiy N L| < k/100, then | Uveu,,., (To NU)| > 2VIen/2 /4,

small

o (To A U)| < 2V42 721 /4. Then we have | Uyer,, (T N U)| >
2\/@/216/5 since |TL| > 2\/@/214 and nodes in T can be either U € Usman Ulbig or X where |X| < 0.01|T.

Let U contain all U € Upig with (i) |UNTL| > |UNTg|, (i) |UNTL| > 2|U N S|. We first prove that
|Upeg (TL NU)| > 2\/@/%;/10, For that purpose, we will bound the size of | U bty —td (T NU)|. If (i)

Proof. Suppose to the contrary, | Uvey,

is violated, since G[U] is a (7,2~ log?! ™)-vertex expander according to Lemma E.51 and according to the
% > 279" " gince UN S is a vertex cut of G[U].
This gives us [UNTL| < glos”! "lUNS|. Thus, the sum of |[UNTy| for all U violating (i) is at most gloa® ' np.
If (ii) is violated, then U NTL| < 2|U N S|. Thus, the sum of |U NTy| for all U violating (ii) is at most 2k.
We get | Upegg (T NU)| > 2V108n/2) /5 — gloe® nj 9 > ov/lesn/2g /10

Notice that U N Ty, contains at least 0.4|U N'T| nodes for U € U according to the above properties (i),(ii).
According to Algorithm 7, we will include at least 2/3|7° N U| many terminals in 7N U into Thie for every
U € U, which contain at least 0.05|7 N U| nodes from Tr, N U. Since | Uy iz (Tr NU)| > 2@/216/10, we
have |Tyig N L] > 0.05 - 2\/@/21{/10 > k/100, a contradiction. O

definition of expander Definition E.50, we have

Lemma E.53. If |[X N L| < k/100 and |Tyig N L, |Tsmau N L| < k/100, then one of the following events
happens.

1. There exists a loop Algorithm 7 such that Xiow in Algorithm 7 satisfies | Xiow N S| = O Xi0w N L|)
and [T N S| = O(| Xiow N L]).

2. There exists a loop Algorithm 7 such that X' in Algorithm 7 satisfies | X' N S| = O(|X' N L|) and
[T N S| =O0(X' NL|).

Proof. Let Uinsige C U contain all U such that U C L. Let Ueross € U contain all U such that

UN(LUS)#0and U € L. Notice that for any z € X N L, we have Ng,,,, () C Uinsidze UUcross-
Claim E.54. [Uinside| > klog® n.

Proof. For any U € Usman, if U C L, then [Ng/(U)| < |XNL|+]|S| < 1.01k (that is because S is a vertex cut),
which implies U € Ujoy. Also notice that for any U € Usman with T NU # 0, either U € Uinsige ot UNS # O
where the latter case can only happen for at most k different U as they are disjoint and |S| < k. Each U
 (TuNU)| > 2V5"/2k /4 which
means terminals inside Uiy side is at least 2\/@/%/4 — 4k, and [Uinside| > oVieen/21 /16 — | > klog®n. O

contain at most 4 terminals in 7', and due to Lemma E.52, we have |Uyey

We create O(logn) buckets for elements U € Uipsige according to |Ng(U) N (X N L)|. Let U contain

inside

all U € Usnsige with |[Ne:(U) N (X N L)| € [27,27F1]. There exists j such that [U? .. | > klog®n. Let j be

such an index and write U* = U’ Consider the loop in Algorithm 7 when 2° € [2772,2/7"]. We write

) inside"
a* =2".
Claim E.55. In the loop i described above, | Xiow N S| < 16a™.

Proof. For every U € U™, we have Ng/(U) > |S| and |[Ng (U)N(XNL)| < 8a™ and Ng/(U) C (XNL)U(XNS).
Thus, |Ng/(U) N S| > |S| — 8a™, in other words, U has at most 8a™ non-edges to S. If z € X4, N S, then it
has at most 1000a™ edges to U™, which is at most 1000k. The number of non-edges from x to U™ is at least
|U*] — 1000k > |U*|/2. Thus, | Xi0w N S| < Ba™|U™])/(JU*/2) = 16a™. O

We also need the following useful claim.
Claim E.56. |Ucoss| < 8a™ and |Tx| < 8a™.

Proof. Take an arbitrary U € U™, we have Ng/(U) > |S| and Ng/(U) N L < 8a*. Notice that Ng/ (U) C
(LUS)NX. Thus, |[Ng/(U)N S| > |S| — 8a™, which implies S — X < 8a”. Each U € Ucross must contain at
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least one element in S, and they are disjoint. Remember that T C T — X. Therefore, |Uecross| < 8a* and
|Tx| < 8a*. O

Now if [Xi0w N L| > 0.01a*, according to Claim E.55 and Claim E.56, we have | X0, N S| = O(| Xi0w N L)
and |Tg N S| = O(| Xiow N L|), which completes the proof. In what follows we assume | X0, N L| < 0.01a™.
Write Xnight = (X — Xiow) N L and Xiowr = Xiow N L.

We first define a graph on vertex set Xnignr where x1,22 € Xpignr have an edge connecting them if
Ng/(z1) N Ngr(x2) NUinside 7 0. Suppose this graph has £ connected components denoted by X1, ..., X,. We
write Uy = Ny, (Xq) € Uinsidze UlUeross and U™ = Uy N Uinside-

Claim E.57. For any q € [{] with | X,| > a*, one of the loop of Algorithm 7 when 2° (which we denote by a)
satisfies 2| Xq| < a < 4|X4| (which must happen for exactly one i), there exists a partition P C P (returned
in Algorithm 7) and a cluster C' € P such that U"*** C C'. Denote such partition as P, and such cluster as
Cy.

Proof. Remember R, is defined in Algorithm 7 for every x € X. We first prove that for any = € X, the
condition described in Lemma E.49 is satisfied if we let B = X0, UX,U(XNS) and A’ = Ng,,, (2) \WUinside-
Notice that A = Ng,,,, (z) and A— A" C Ugross. According to Claim E.56, we have |A|—|A’| < 8a*. Remember
that © € Xq C Xpignr. According to the definition of Xpignr, we have Ng,, (x) > 1000a™ (recall that the
low, high is defined with respect to a*), thus, |A’| > 0.99|A|. For any U € A’ = Ny,,,, () NUinsidze, we have
Ng/(U)NL C Xjowr UX, since X, is a connected component where all neighbors of Ng/(U) N Xpignr should
be in the same connected component X,. Thus, Ng/(U) C Xjor U Xq U (X N S) = B. Besides, we have
|Ng/(U)| > |S|, which means |B — Ng/(u)| < | Xiowr| + | Xq| +|S] = |S] £ 0.01a™ 4+ 0.5a < 0.51a. Thus, all
conditions are satisfied Algorithm 7. The conclusion we get is: R, satisfies N, ,, () N Uinsidze C Ro and
|Ng/(u)ANg (v)| < 5a for any u,v € Ry.

Write Ry = Usex,Re. We will prove that (i) U™ C Ry, (ii) Heonnectea[Rq) is connected, (iii)
|[Ng/ (u)ANg: (v)] < 15a for any u,v € Rq. If all of them are correct, then according to Lemma E.37 property
(cover), there exists C' € P € P such that U"*"* C R, C C and the proof is finished.

(i) Ué"s"de C R,. This follows from Ny, () NUinsize C Re for any x € X, and L{;"Side = Uy NUinside-

(i) Heonnected[Rq] is connected. Remember that in Heonnectea, there is a path on R, for every z € X,.
Recall that X, is connected in the sense that z,y € X, have an edge if they share a neighbor in U;nside, in
which case the path R, R, are connected together since Ny, (€) NUinside C Re for any « € X,. Therefore,

Hconnected|Rq] (which is the union of paths R, for z € X) is connected.

(iii) | Ngr (u) ANg: (v)| < 15a for any u,v € R,. For any u € U:"*"* we have Ngr(u) C Xiowr UX,US
and |Ngs(u)| > |S|, which implies |Ng/(u)ANg (v)| < 2| Xiowr U Xq US| —|S| = |S] < 1.02a. For any
w € Ry — L{é"”de, there exists u € Z/I;"Side such that they are in the same path R, for some x € X,
and |Ng/(u)ANg/ (w)| < 5a. Thus, according to the triangle inequality for symmetric difference, we have
|Ng/ (u)ANgs (v)| < 15a for any u,v € Ry. O

Now we have P, and Cj for every q € [{] with |X,| > a* and U;"*** C Cy, we have the following claim.
Claim E.58. There exists q € [£] with|X| > a* and |Cq| > (log* n)|X,| where (U] < (1—1/21og® n)|Cy].

Proof. If to the contrary, [1;"*"%| > (1—1/2log® n)|C,| holds for any of them, then according to Algorithm 7,
at least |L{;"Side|/2 log? n nodes ig T.ﬂ L is included in Tyman. If we can prove leq\za* \U;”Side\ > klog®n,
then Elxq\Za*,lchZ(log‘* )Xyl Uinside| > klog®n — qu(log4 n)|X,| > klog® n — 0.01k log* n, violating the
fact that |[Timan| < 0.01k. Remember that [U*| > klog® n where U* only contain U € Uinsige with
[N/ (U)N(XNL)| >2a*. Any U € U™ satisfies Ng/ (U)N(XNL) C Xiowr UXnighr where the part in Xjour
has size at most 0.01a™, and the part in Xp;gnr, must be in the same X, for some ¢, implying | X4| > 1.99a™.
Thus, ZIXq\Za* Uimside| > klog® n. O
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Now we have ¢ € [¢] with |X,| > a* and |Cq| > (log* n)|X,| where [Ui"*"%| < (1 — 1/2log® n)|Cy|. We
will prove that X’ (in Algorithm 7) satisfies | X’ NS| = O(]X’ N L|) in this specific loop when P = P,
which finishes the proof. We first show that X, C X', i.e., Algorithm 7 does not delete any vertex in
X,. This is because for any x € Xy, Ngr () C U Uleross where U] < (1 — 1/210g? n)|Cy| and
Ueross| < 8a* < 8| X,| < |Cy|/log* n. It remains to prove | X' N S| = O(|X,]) = O(| X' NL|). Let u € U
be an arbitrary element. We have |[Ng/(u)NS| > |S| = | Xiowr| — | Xq| > |S|—0.1a (remember that | X,| > a/4
and a > a”). Notice that for any v € Cy, we have |[Ng/(u)ANg/ (v)| = O(alogn) according to Lemma E.37
property (common-neighborhood). Thus, we have |Ng:(v) N S| > |S| — O(alogn) for any v € Cy. For a
vertex s € S to not be deleted, it needs to have at least |C,|/log® n many non-edges to C,. However, there
are at most O(alogn)|Cq| many non-edges from Cy to S. Thus, the number of nodes in S that is not deleted
is at most O(alogn)|Cyq|/(|Cyl/log®n) = O(a) = O(|X,]) = O(| X’ N L|). Besides, according to Claim E.56,
we have |T's NS| = O(a*) = O(|X’ N L|), which finishes the proof. O

With Lemma E.53, further assume [T N L| < k/100 (otherwise we are done), the S; in Algorithm 7 or
Sa in Algorithm 7 will be a minimum vertex cut of G: |(X'UTg)NS| = O(X’NL) holds due to Lemma E.53,
(X" UTg)NL| <0.02k due to | X NL| < 0.01k and [T N L| < 0.01k, |T¢ N (V — L — S)| > k due to
|T — X| > (logn)k and |Tgx| > |T'|/101, similar for Xjo.,.

Complexity. One can verify that most lines of the algorithm can be run in time O(mk). We will explain

some non-trivial parts as follows.

1. Construction of auxiliary graphs. G’ is constructed by first deleting all vertex set in Upig from G,

and then contract every vertex set in Usmall. Hiow is an induced subgraph of G’.

2. Call of Shaving. In Algorithm 7, the total running time according to Lemma E.491is ) EUENH (@) |Ng: (U)|.
low
Here |Ng/ (U)| < 2k since U € USm!. Thus, it is at most kY .ex Ny, (@) = O(km) since the

number of edges in Hjo,, is at most m.

3. Size of Hconnectea and call of CNC. Honnected is a union of path H,, where H, is a path with length
at most |[Ng,_, (x)|. Thus, the number of edges in Heonnectea is at most m. Moreover, the maximum

small

degree is at most 4k since for every u € U, we have |Ngs(u)| < 2k, where each € Ng/(u) will
add at most 2 edges to u in Heonnecred. The distance oracle Ag;s:(u,v) for any u,v € U™ (which is
the vertex set of Heonnected) can be computed in time O(k) since |Ng/ (u)]|, |[Ner (u)| < 2k according to
the definition of U™, Therefore, according to Lemma E.37, the running time for the CNC call is at

most O(mk).

4. Delete vertex from X’. The size P is at most O(logn) according to Lemma E.37, where each P € P
is a partition. Now we explain the total running time of Algorithm 7. To implement it for a specific
P € P, we first iterate over all x € X and v € Ng,,, (), add a count 1 to the C € P for u € C, which
cost O(m) time. After that, we get |Ng,,, (z) N C| for every z € X and C' € P. For each C, we can
find Ng/(C) in time the sum of the degree of every node in C, and decide whether to delete each node

or not in O(1) time. Since P is a partition, it costs time O(m).

E.5 Construction of Pseudorandom Objects

In this section, we discuss the construction of the crossing family (Theorem E.5 and Corollary E.6) and the

selectors (Theorem E.10).

E.5.1 Crossing Family

The goal of this section is to prove Theorem E.5 below. Recall the definition of the crossing family from
Definition E.4.
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Theorem E.5. There exists a deterministic algorithm that, given two sets A, B and two integers £,r with

(< |A|, r < |B|, and £ <, outputs an (A, B,,r)-crossing family in O(]A| - max{1, ‘Bl[r}) time such that

. . A B|—r
the degree of every element in A is at most O(max{1, %})

The degree of an element = € A in a crossing family, P is |[{y € B | (z,y) € P}|.
The Crossing Family uses an explicit construction of a pseudorandom object named disperser defined

below, and the theorem regarding the explicit construction of disperser follows.

Definition E.59 ((k,¢)-Disperser [TUZ01]). A bipartite graph G = (V, W, E) is a (k,¢)-disperser if every
subset A C V of size at least k has at least (1 — ¢)|W| distinct neighbors in W. A disperser is explicit if, for

every vertex v € V and 4, the ¢** neighbor of v can computed in 0 (1) time.

Theorem E.60 (Paraphrase of Theorem 1.4 from [T'UZ01]). For every integer n and k < n that are powers
of 2, and a constant ¢ € (0,1), there is an explicit (k,e)-disperser G = (V = [n], W, E) with left-degree

d = (log n)(CE~ﬁ(’) and we have |W| € [ciowkd/ log® n, chignkd] for some universal constants cg.60, Ciow, Chigh-

We extend the construction of disperser in Theorem E.60 to Lemma E.61 so that, the inputs n, k can be
arbitrary integers and not just powers of 2 and the left-degree of the disperser can be amplified arbitrarily to

any given d > (log n)(cE.ao)'

Lemma E.61. Given three positive integers n,k,d with k <n, 0 < d < n and a constant € € (0,1), we can
construct an explicit (k,e)-disperser D = (V,W, E) with |V| = n and clm,,b’“g‘—g; < W] < chignk - d' where
d' = ©(max(d, (logn)©#-60))) is the left-degree of the graph G.

The proof of Lemma E.61 is mostly by adjusting parameters appropriately and is deferred to the

Section E.7. Given Lemma E.61, we first prove a relaxed version of Theorem E.5 below.

Lemma E.62. There exists a deterministic algorithm that, given two finite sets A, B and two integers I, r
with I < |A|,r < |B| and | < r outputs an (A, B,l,r)-crossing family in 5(|A\ -|B|/l) time. The degree of
every element in A is at most 5(|B\/l)

Proof. (Construction) We first construct two dispersers. Let D1 = (Vi = B, Wi, E1) be the disperser
constructed using Lemma E.61 with n = |B|,k = r,d = (logn)°26°, ¢ = 1/8 as inputs and Dy = (Vo =
A, Ws, E5) be the disperser constructed using Lemma E.61 with n = |A|,k =1,d = (r/l) - (logn)°F 60, e = 1/8
as inputs.

By Lemma E.61 we have the guarantee that |[Wi| € [r - (logn)©=-60=3) . (logn)(#:60)] since d' =
(logn)(©#60)  Similarly, we have d’ = (r/1) - (logn)°? ¢ for Dy as r > I thus [Wa| € [r - (logn)#60=3) .
(logn)©#60)] as kd' =1 - (/1) - (logn)(¢=-60) = r. (logn)=-60),

Note that although the sizes of W1, W» are in the same range they need not be equal. Assume Wi > W
(other case is similar) and 8 = ||W1|/|Wa|| € [1,log® n]. Each vertex in W> is duplicated 3 times and then
choose |W1| — B|W2| arbitrary vertices in W> and duplicate one more time to reach the size |W;| exactly.
Hence every vertex is duplicated at least 8 times and at most 8 + 1 times. Since the set with duplicates of
Wy has size exactly Wi, we can arbitrarily map both sets and without loss of generality assume they are
same say W. We define Dy = (Vo = A, W, E3) where Fj is obtained by duplicating incident edges when
duplicating vertices in Ws.

Any subset of size at least [ in D, has at least (1 —¢)|W2| neighbors in W, so the number of non-neighbors
are at most €|Wz|. So the number of non-neighbors of the same set of size at least [ in D5 are at most
g(B + 1)|W2| and the fraction of non-neighbors in the W is e(8 + 1)|Wa|/|[W| < e(1 + 1/8) < 2e. The first
inequality follows as |W| > B|Wa|, second inequality follows due to 8 > 1. Thus Dj is (I, 2¢)-disperser.

We now bound the right-degree of Dy. The total number of edges in Dy is | B|- (logn)(°#:60), The average
degree of the right vertices is |B| - (logn)(°Z:¢0) /|W|. Hence, by an averaging argument there cannot be
more than |W|/4 many vertices of degree greater 4|B| - (logn)(¢#-60) /|W|. Therefore, at least 3|W|/4 many
vertices in W have right-degree at most 4|B| - (logn)(¢#-60) /|W| < o (IB]/r) we call this set Wsmali.

Let Np(v) be the set of neighbors of vertex v in graph D. We extend this definition to sets where Np(.S)
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is the union of set of neighbors of vertices present in S. Recall D1 = (B, W, E1) and D5 = (A, W, E3). We
define the (A, B, I, r)-crossing family P as

P ={(u,v) |u€ Av € Np,(Npy(u) N Waman) }

(Running time and degree bound) For each vertex u € A we have \NDé (u)| < r(B8+1)(logn)(c=c0) /[,
Since we are only considering neighbors of u that are also in Wsmali, the size of neighborhood of N D} (w)NWaman
in Dy is |[Np, (Np, (u) N Waman)| < Ww 0 (IB|/r) = 9] (|B|/!) which is the out-degree of u € A
in P. Since each edge takes O (1) time to compute, it takes 9} (JA] - |B|/1) time to compute P.

(Correctness) For all L C A, R C B which are of size at least [, r respectively, we need to show that
PN(L x R) # 0. Since D is a (I,2¢)-disperser we have |[Np, (L)| > (1 — 2¢)|W| = 3|W|/4 as e = 1/8.
Similarly, |Np, (R)| > (1 —&)|W| = 7|W|/8 as D, is a (r,e)-disperser. Since |Wgman| > 3|W|/4, we have
ND/Z (L) N Waman N Np, (R) # 0 and let w be any vertex in this intersection. We conclude PN (L X R) # 0
because w € ND/Z (1) N Waman for some u € L which also has an edge to some vertex v € R as w € Np, (R)
which concludes (u,v) € P. O

We can extend the lemma above to get a better bound when r > |B|/2 using a simple trick and prove

Theorem E.5.

Proof of Theorem E.5. 1f r < |B|/2, we know that |B| —r > |B|/2 so we apply Lemma E.62 with A, B,[,r
as inputs to get crossing family P of degree at most O (IB|/1) < 19) ((I1B] =) /).

If r > |B|/2 let B" C B be an arbitrary subset of size exactly 2(|B| — r). Let 7' = |B| — r and
" = min(|B| — r,1), we have v’ > I’, thus we can apply the Lemma E.62 with A, B’,l’,7" as inputs to get
crossing family P of degree at most O ((|B| — 7)/l') = max(1, (|B| — r)/l) as required.

We will now prove that P is also an A, B, [, r crossing family. For any subset L C A, R C B of size at
least [, r respectively, let R = RN B’. As R > r we have the guarantee that |R'| = |RNB'| > |B|—r=1'.
We also have |L| > >1'. Thus from Lemma E.62 we have P N (L x R") # () which implies PN (L x R) # 0
as R' C R. O

Given Theorem E.5, Corollary E.6 follow immediately.

Corollary E.6 (Symmetric crossing family). There exists a deterministic algorithm that, given an integer
n and a parameter a > 1, outputs P of size O (an), a subset of [n] x [n] in time 0 (an), such that for any
partition (L, S, R) of [n] that satisfies |R| > |L| > |S|/a, we have PN (L x R) # 0. Moreover, for each
z € [n], the out-degree of x in P, i.e., |{y | (z,y) € P}, is at most O ().

Proof. Algorithm: Guess the size of |L|,|R| by powers of 2, denoted by [, r. For each guess [, r satisfying (1)
I<r,(2)l+r<mn,and (3) (n —r)/l < a+ 1, we run Theorem E.5 with parameters A =V, B =V and the
corresponding [, r and take the union of all of those crossing families as P.

Running time and degree bound: There can be at most log? n such crossing families, each taking atmost
o (Al - (|B] = r)/1) = O (n(n —r)/l) = O (ne) time to construct. The total running time is still O (na). The
out-degree of every vertex in each crossing family is bounded by 0 (n=r)/l) = 0 (a) based on condition
(3). Hence the out-degree of every element in A is at most log?n - O (@) = O ().

Correctness: For every partition (L, S, R) of [n] that satisfies |R| > |L| > |S|/« let [,r be the highest
powers of 2 that are at most |L|,|R|. It is easy to verify that all the above three conditions are satisfied.
Thus the crossing family constructed with this [, r as inputs has non-empty intersection with L x R, so does
the union P. O

E.5.2 Selectors

We mainly prove Theorem E.10 in this sub-section, which follows from Theorem E.63 stated below. Recall

the definition of the selector.
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Definition E.9 ((n, k, €)-selector). For every positive integers n, k with k < n and parameters ¢ € [0, 1], an
(n, k, €)-selector S is a family of subsets of [n] such that, for every two disjoint subsets L and S of [n] with
sizes satisfying ek < |L| < k and |S| < k, there exists a set U € S such that [UNL|=1and [UNS|=0.

Let T € S be the set such that TN L = {z} and TN S = () then we say that T selects = from L avoiding
S.

Theorem E.63. There exists an algorithm that, given integers n,k and parameters € € [0,1],a € (1/n,1)
%here k< (%)1%1 . (log%n)%, return a (n, k, €)-selector S of size at most |S| < k' . (%)3“’/0‘ n

O (n)- (%)Hl/a running time and every set T € S has size at least n/(k*+e - (%)2“/“).
We give the proof of Theorem E.10 (recalled below) assuming Theorem E.63.

Theorem E.10. For any integer n and parameter € > 1/n°(1), there exists k > n'~°1) depending on € such
that, given any k < k, we can compute a (n, k,e)-selector S of size at most |S| = 5(1@) in O (n) time, and

every set U € S has size at least 2.

Proof. Let i(n) = log(1/e)/logn = o(1) as € > 1/n°" and a = max(y/1(n),1/+/logn). Let k = n'~7™ >
nt=°W with f(n) = O(a + @ + %) = 0(1) based on our choice of parameters. Our choice of f(n)

satisfies the premise of Theorem E.63 that is k = n' =/ < (%)ﬁ . (log%n)% as k < k. Apply Theorem E.63
with n, k, e, o as input and return the output (n, k, €) -selector S.
Based on our choice of parameters we have
(lognlog k)1+1/a < (10g2 n)g/a

g g
< )+ 2FECER) (2/a)

< n°® (o = max(y/%(n), 1/1/log n) (1)

From Theorem E.63 we have

§] < ke (BB R e L B (S yiet/e (OBIOBRY I/ o g ) o) < o),
og n

1-f(n)

the second inequality follows from premise, the third inequality follows as k = n and Equation (1).

The time taken is 6(n) - (%)1“/“ < n't°M | The size of every set T € S is at least n/m >
2

n (ke (lsnlosk 242/ > 9 as k< o < (3)7 - (5 2. .
We construct the selector family from a lossless expander, which is defined as follows:

Definition E.64 ((k, «)-lossless expander). A d-left regular bipartite graph G = (Vz, Vg, I') with left vertex
set Vi, right vertex set Vz and the neighborhood function I' : Vi, X [d] — Vg where I';(v) := I'(v, i) for
i € [d],v € Vi, denotes the i*" neighbor of vertex v; is a (k, a)-lossless expander for some k < |Vz| and
a € [0,1], if every subset S of V, of size at most k has the size of its neighborhood |N¢(S)| > ad|S].

['; *(r) denotes the set of all left vertices whose i‘" neighbor is r for some i € [d],r € [m]. A lossless
expander is said to be explicit if I';(v) can be computed in polylog(|Vz + Vr|) time for any i, v.

[Chell] shows how to construct an explicit lossless expander stated below.

Lemma E.65 (Corollary 2.23 from [Chell]'). Let o > 1/poly(n) be an arbitrary number'®. Then, for
parameters N € N, K < N, and € > 0, there is an explicit 2P -left regular (25, (1 — €))-lossless expander
G = ({0, 1}V, {0,1}P™™ 1) with D < (1 4+ 1/a)(log(NK/e) + O(1)) and M < 2D + (1 + a)K'°. Moreover,

T; is a linear function (over Fa) for every fized choice of i € {0, 1}D.

4 The original lemma in [Chell] constructs a lossless condenser, however, according to Lemma 2.2.1 of [TUZ01]
lossless condenser is equivalent to a lossless expander. The original version also states the lemma over any field of
fixed prime power p, however we set p = 2 as it is enough for our purpose.

15 Although the original version of the lemma states « to be constant, lemma still holds for any a > 1/poly(n)

160ne additive factor of D comes from the condenser construction of [Chell], the other D comes from the equivalence
of condenser and expander in [TUZ01]
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The neighborhood function of lossless expander I" in Lemma E.G5 is constructed based on evaluations of
polynomials in F,, for prime p. We state the following property of linear functions, which is required to prove

a lower bound on the size of the sets in the selector family.

Proposition E.66. For some prime number p, let f : Fp — ]Fg be a linear function for some integers a,b
with a > b in the field F,. Forr € IFZ, let f=1(r) be the set of all vectors in Fy that map to r, then every
nonempty set f~'(r), has size at least p°~°.

This proposition follows from the property that f(z+y) = f(z)+ f(y) for any =,y € F;, where operations
are performed in the field Fp.

We conclude the following theorem using the Lemma E.65 and Proposition E.66.

Lemma E.67. There exists an algorithm given n, k, e, o as inputs with k < O(lo’gl%n)l/(l'*'“) satisfying n = 27V
for some N € N, € € (0,1) and o € (1/n,1), constructs a d-left reqular bi-partite graph G = ([n], [m], E) is a
(k,1— )-lossless expander in O (nd) time. We have d < O(%)Hé and m < d* - k', Let T be the
neighborhood function of G, we have the guarantee that every non-empty set \F;l(r)| has size at least n/m

fori € [d],r € [m].

Proof. Let’s provide N, K(= logk),e,a as inputs to Lemma E.65, the output G is a (k, (1 — €))-lossless
expander.

From Lemma E.65 we have the following bound on the size of the right vertices m = p™ < 22P.9K(+a) —
d? - k' and the left degree d = 2P < O(%)Hé. As mentioned in Lemma E.65, it takes O (1) time
to compute each edge. Since there are at most nd edges, it takes 9] (nd) time.

For any fixed i € [d], from the construction in Lemma E.65 we have I'; is a linear function that maps
FY to F37. Thus, for every right vertex r € [m],i € [d] such that T'; ' (r) # @ has size at least 2 =n/m

according to Proposition E.66. O

We define another type of expander called unique neighbor expander with guarantees that follow from

the lossless expander and are enough for proving Theorem E.63.

Definition E.68 ((k,a)-unique neighbor expander). A d-left regular bipartite graph G = (Vz, Vg, E) is a
(k, )-unique neighbor expander for some k < |Vz| and a € [0, 1], if every subset S of Vi, of size at most k

has at least ad|S| many vertices in its neighborhood Ng(,S) which have unique neighbor in S.

Proposition E.69. A bipartite graph G = (VL U Vg, E) that is a (k, (1 — €))-lossless expander is also a
(k, (1 — 2¢))-unique neighbor expander.

This proposition follows from the definitions. We are now ready to prove Theorem E.63.

Proof of Theorem E.63. Given integers n, k as inputs let n’ € [n, 2n] be a power of 2. We duplicate arbitrary
n' —n many elements from [n] and add them to [n] so the size is exactly n'. Let I' : [n'] x [d] — [m] be the
neighborhood function of lossless expander G = (Vi U Vg, F) obtained by giving n', k' = 4k, = ¢/8, a as
inputs to Lemma E.67. We have |Vz| = n/ and let |Vg| = m and d is the left-degree of G. For each i € [d],

€ FyE ”/, let T';(z) :== I'(x,i). We construct the selector family as follows

S={r7"(j) i € [d],j € [m]}.

From Lemma E.67 we know that d < O(log”;#k/)1Jré < O(%)1Jré and m < (k)T <
O(d?k**®). So the size of the family is at most dm < O(k'**d®) < O(k'*= . (%)3%’/0‘) and it
takes 5(nd) < 5(11) . (%)Hl/a. We also have that each non-empty set I';'(j) has size at least
n/m > O(n/(k*+e - (%)Hwa)) based on the bound of m.

From Proposition E.69 we have the guarantee that G is also a (k, (1 — 2¢’))-unique neighbor expander.
For any set A C V7, of size at most k', we have the guarantee that there are at least (1 — 2¢’)d|A| vertices in
Vg that have unique neighbors in A. There are at least (1 — 2¢’) fraction of vertices in A that are unique

neighbors to some vertex in Vi. Otherwise, the number of vertices in the neighborhood of A that have
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unique neighbors is strictly less than (1 — 2¢")d| Al as each left vertex can have at most d neighbors, leading
to contradiction.

Let v € A be the vertex that is the unique neighbor of some vertex r in V. There exists an ¢ € [d] such
that I'(v,4) = r. Then we have the guarantee that ANT; ' (r) = {v}. Hence, at least (1 — 2¢’) fraction of
vertices in A can be selected by some set in S.

We now prove that the S is a (n, k, €)-selector. Let L, S C [n] be two disjoint sets of sizes ek < |L| < k
and S < k. Let A C Vi, be the set of vertices corresponding to L, S along with their duplicates if they exist.
We consider that an element is selected even if its duplicate is selected. We have |A| < 2|L US| < 4k =k'.
Since less than 2¢’|A| < ek cannot be selected by S and the size of L is greater than ek, there exists at
least one vertex in L that can be selected by S, avoiding all other vertices in A = L U S. Hence, S is

(n, k, )-selector family. O

E.6 Exposition of Gabow’s Algorithm

Through this section, we aim to provide an exposition of Gabow’s algorithm for finding the minimum vertex

cut in light of recent developments in maxflow literature. We prove the following theorem.

Theorem E.70. There ezists an algorithm that takes an undirected graph G = (V, E) and a cut parameter k
as inputs and outputs either a vertex cut of size less than k or guarantees that the graph is k-vertex connected

in O(n + kv/n) mazflows on graphs of size at most m where |V| =n, |E| = m.

The main idea of Gabow’s algorithm is to find a pair of vertices (s,t) such that s € L, t € R so that
applying a unit-vertex-capacity maxflow across the pair would return the separator S of size less than k.

Gabow uses the Ramanujan expander to find such a pair.

E.6.1 Ramanujan Expander

We start with defining the Ramanujan expander. Let A denote the adjacency matrix of the graph G, and
D represent the diagonal matrix with the i-th diagonal entry as deg(v;), where v; is the i-th vertex of the
graph G. The eigenvalues of the matrix AD™! are denoted by A1 (G), A2(G), ... \n(G), sorted from large
to small. Notably, AD™? is often called the column-wise normalized adjacency matrix or the random walk

> 2¥ =t

matrix. Alon and Boppana famously showed that A\2(G) — on(1) for any d-regular graph G of n

vertices. The graphs that (almost) achieve this lower bound are called the Ramanujan expanders.

Definition E.71 (Ramanujan Expander). A d-regular graph X = (Vx, Fx) is a Ramanujan expander if

A2(X) <24/d—-1/d.
We use the following explicit construction of the Ramanujan graphs from [LPS86; Mar88].

Lemma E.72 (Explicit construction of Ramanujan Expander). Given integers n and d € N, there exists a
d'-regular Ramanujan expander X = (Vx, Ex) with |Vx| < cg.72n for some universal constant cg.72, where
d < d < 4d. This expander can be constructed in O(nd) time.

The critical property of the Ramanujan graph that is exploited in Gabow’s algorithm is that any two
large disjoint subsets of the graph are connected by an edge across them. This is implied by the expander

mizing lemma (see, e.g., [Vadl2]) stated below.

Lemma E.73 (Expander mixing lemma). Let G = (V, E) be any d-regular graph. For oall S, T CV we have,

S|-|T|-d
151171 -d < A(G)-d- /18| |T)|

[B(S, )]~ P <

Intuitively, the expander mixing lemma states that for any d-regular graph with small A2 value behaves

close to a random graph, i.e., the number of edges between any two subsets (S, T) is close to the “expected"
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number of edges between them in a random graph with p = d/n. The expander mixing lemma implies the

following corollary for Ramanujan expanders whose proof is left as an exercise to the readers.

Corollary E.74. Let X = (Vx, Ex) be a Ramanujan expander. For any L, R C Vx, if |L| - |R| - d’ > 4|Vx|?,
then Ex (L, R) # 0.

The technical issue of Lemma E.72 is that, given a number n, it does not give a graph with precisely
n vertices. Below, we show that this problem can be easily fixed by taking an induced subgraph of the
Ramanujan graph of the required size n. Since any two large sets in the sub-graph also belong to the original

Ramanujan graph and the edge between them is retained as we take the induced sub-graph.

Lemma E.75 (Two large sets are connected). For an integer n and a degree parameter d, we can construct
a graph H = (Vu, En) with n vertices and a mazimum degree of 4d in O(nd) time such that, for any
A,B C Vu, if |A| - |B| - d > 4c% -on?, then Eu(A, B) # 0 for some universal constant cg.72.

Proof of Lemma E.75. Given integers n, d apply Lemma E.72 and construct d’-regular Ramanujan expander
X = (Vx, Ex) in time O(nd). We construct H = (Vi, Eg) from X as follows. Let Vg be any arbitrary
subset of Vx of size n and Fy = Ex(Vu, Vi) which is the subset of edges Fx whose both endpoints are in
V. Hence, it takes at most O(nd) total time to construct the graph H. Maximum degree of H is at most
d’ < 4d from Lemma E.72.

For any L, R C Vg C Vx, if we have

IL| - |R|-d" > |L| - |R| - d > 4c% 7on® > 4|V |?

as d’ > d, |L||R|d > 4c%, 7on® and |Vx| < cp.72n respectively. From Corollary E.74 we have guarantee that
Ex(L,R) # 0, hence Ex (L, R) # 0. O

E.6.2 Overview of Gabow’s algorithm

For any mincut (L, S, R) the key observation is that both L and R contain at least d¢ — k¢ many vertices,
where d¢ is the minimum degree of a vertex in the graph G, and k¢ is the vertex connectivity of the graph
G. We define the difference between d¢ — kg as the gap vo of the graph G. We omit the subscript G when
it is clear from the given context.

In the following lemma, we demonstrate how to leverage the gap and find a cut smaller than k for any

given parameter k.

Lemma E.76. Given an undirected graph G = (V, E) with a gap v and a cut parameter k, there exists an
algorithm that either outputs a cut of size less than k or declares that the graph is k-connected in O(n + %)

mazflows on graphs of size at most |E|.

From the above lemma, it is clear that the graph should have a large gap v for a smaller runtime. We
can modify the graph G to construct a new graph G’ with a large gap. We then use Lemma E.76 on G’ to
find a cut of size less than k’, say S, and then construct the separator S in G from the separator S’. Since
any general graph need not have a large gap, we create a new one by modifying the original one, as proven

in Lemma E.77.

Lemma E.77. Given an undirected graph G = (V, E), there exists an algorithm that constructs a graph
H = (Vu, En) of size at most |E| with a gap v, a vertex cut (L, S, R) of the graph G in O(yn) mazflows. If

ka < k, we also have the guarantee that |S| < k, or V \ Vi is contained in every mincut of G.
Given these two lemmas, let us first prove Theorem E.70.

Proof of Theorem E.70. Using [N192], we can reduce the number of edges in the graph to O(nk) without
affecting the vertex mincut if a mincut of size less than k exists. Thus, § = O(k).

If £ < y/n, then § = O(y/n), and we can directly apply Lemma E.76. The number of maxflows is
O(n + 6%/y) = O(n) and is dominated by O(n + k+/n), so we are done. Hence, k > /n.
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We can assume § > /n as otherwise § < y/n < k, and we return the minimum degree cut. Given a graph
G, we use Lemma E.77 to increase the gap to §/y/n, which outputs H, a cut (L, S, R) and takes O(d/n)
maxflows. If |S| < k, then we are done.

Otherwise, we apply Lemma E.76 with H and k' = k — |V \ Vx| as inputs to either find a cut (L', S", R')
of H of size less than k' or declare that kg > k. If |S’| < &/, then (L', S’ U (V \ Vi), R’) is a valid vertex
cut of G of size less than k. If kg > k' implies kg > k, because if kg < k, from Lemma E.77, we have
the guarantee that |V \ V| is contained in every mincut of G, which implies kg < k', and we arrive at a
contradiction.

This takes O(n 4 6%/v) < O(n + §y/n) maxflows as v > §//n. Note that the number of edges in H is at
most that of G. Hence, the runtime is at most O(n + d/n) maxflows on graphs of size at most G. Since
d = O(k), the runtime is at most O(n + kv/n) maxflows. O

We now prove Lemmas E.76 and E.77, starting with Lemma E.76.

E.6.3 Exploiting a Large Gap

The critical idea in proving Lemma E.76 is to use Ramanujan expanders to find a pair of vertices (s,t) that
lies across a vertex mincut (L, S, R), i.e., s € L, t € R. Below, we recall the lemma regarding Ramanujan
expanders in Section E.5.1.

Let H be the Ramanujan expander constructed with |Vx|, d as inputs to the above lemma for any subset
Vi of V. From the above lemma, if L, R of a mincut (L, S, R) of G have a large intersection with Vg, i.e.,
A=LNVyg,B= RN Vg, then the degree d needed to satisfy the condition in Lemma E.75 is small, thus
optimizing the size of the Ramanujan graph. Thus, we need to find subsets Vg with large |A|, |B|, which

brings us to the following definition.

Definition E.78 (p-rich). A set T' C V is said to be p-rich in a graph G for some integer parameter p if
there exists a mincut (L, S, R) of G such that |[TNL| > p and |TNR| > p.

Using Lemma E.75, we conclude the following lemma from [Gab06], rewritten here for completeness.

Lemma E.79 (Lemma 2.4 from [Gab06]). Take any k > kg and let T be a p-rich set of size t. Let
Xiqa = (Vx, Ex) be the Ramanujan expander constructed with t,d =1+ % as inputs to Lemma E.75,
where p' = max(p, 15%). Then

ke = min{ke(z,y) : (z,y) € Ex}

Proof. Since T is p-rich, let (L, S, R) be a vertex mincut such that « = |[LNT| > pand 8 =|RNT| > p.
Since (L, S, R) is a partition, we have a4+ 3 + |S| = ¢. Without loss of generality, let a > 3, which implies «
has a size of at least %‘Sl > % Thus, ad > p'pd > 4(cE_72t)27 which implies there exists an edge across
Ex(LNT,RNT) # 0 according to Lemma E.75. Hence, the result follows. O

We now see how to find a very rich set (high p) but small in size. Below, we show how to construct such

a set. We have the following lemma for any vertex a € V.

Lemma E.80. For any vertez a € V, if k(a) > k, then for any vertex mincut (L, S, R), |[Na(a)NL|,|Ng(a)N
R| > min(4, k(a)) — Kk + 1.

Proof. Let (A, C, B) be the vertex cut corresponding to x(a). Assume, for contradiction, |Ng(a) N L| <
min(k(a),d) —k + 1. Let I € L be any vertex; we have |L| + |S| > § + 1, implying |L| > § — x + 1. Hence,
L\ Ng(a) #0. Thus, (L \ Ne(a),(Ne(a) NL)U S\ {a},{a} U R) separates a from the rest of the graph
with a separator of size at most |Ng(a) N L| 4 |S| — 1 < min(k(a),d), which is a contradiction. O

According to Lemma E.80, if the graph has a large gap, i.e., 6 — x > 7, and k(a) > k+ 7 > Kk + 7, then
the neighborhood set of a is 7-rich.
We define kw (T) for a set T C V as the minimum number of vertices we need to remove, including the

vertices in T, to disconnect the set T' from the rest of the graph. It can be computed by computing the
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rooted vertex connectivity of a new vertex ¢ in a graph Gr constructed by joining the vertices of T' to ¢ with

an edge.

Let (A, C, B) be the vertex cut corresponding to x(a). Since we have (A, C, B) as a vertex cut, the idea
is to either use them to construct a set whose weak separation gives us the mincut or return a "small" set
that is rich. We first note the following property of a mincut and how it intersects with a rooted mincut for

some vertex a.

Lemma E.81. A mincut (L, S, R) exists such that one of the following is true.

e A contains L or R
e (or) C contains L or R

e (or) A or B is contained in S, and S is min(|A|, | B])-rich.

Proof. Assume A and C do not contain L or R. Hence, L, R span across A, B,C. LNC, RNC # ; otherwise,
LN A, LN B does not have an edge across them, and (LN A, S, RU (LN B)) is a vertex mincut that satisfies

the first condition.

Since L spans across A, B,C and L N C # @, we have either LN A # @ or L N B # . Similarly, with R,
we have RNA#Q or RNB # 0.

If LNA#(and RN B # (), then we have
ISNB|+|SNC|+|RNC|=|Neg(RNB)| > k(a) =|C|
|[SNB|>|CNL|
We now consider Ng(L N A),
INg(LNA)|=|SNA|+|SNC|+|LNC| < |S]=k

Thus, (LN A,S,V\ ((LNA)US)) is a mincut that satisfies the first condition. Hence, at least one of
LN A, RN B is empty. Similarly, at least one of LN B, RN A = 0.

Thus, if we have LN A =0, then RN B # (). Since LN A = (), we have LN B # () as otherwise C' contains
L. Since LN B # 0, we have RN A =0, thus A C S.

Any subset of L, R has its neighborhood set of size at least x as it cannot be smaller. We have
INc(LNB)| =|LNC|+|SNC|+|SNB| > |S| which implies |LNC| > |SNA| = |A]. Similarly, [RNC| > |A|.

If we start with assuming L N A # (), then we will have |[LNC|,|[RNC| > |B|. Thus, C is min(|A|,|B])-
rich. O

Given the above lemma, we are ready to define the algorithm. The algorithm takes a graph with a large
gap, and either returns a 7-rich set or a cut of size less than k. The critical steps of the algorithm are as

follows:
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Algorithm 8: KCUTORRICHSET(G, k)
Input: A graph G = (V, E) and connectivity parameter k.

Output: Either a vertex cut of size less than k or a 7-rich set T'.

1 if 6 > n/2 then
2 L return V

Let a be a vertex of degree §.

Bow

Let (A, C, B) be the minimum rooted vertex separator for a.
if k(a) < k then

‘ return (4,C, B)
else if k(a) > k + 7 then

‘ return Ng(a)

o N o o

9 else
10 Let TC AUBand [T| =k
11 if kw(C) <k or kw(T) < k then

12 ‘ return Corresponding vertex cut
13 else
14 L return C

Lemma E.82. There exists an algorithm that takes a graph G and a connectivity parameter k as inputs and

nds either a separator of size less than k or a T-rich set of size at most 26 for 7 = =% in at most O(n
2

mazflows.

Proof. We know from the previous discussion that the vertex set V' is (6 — x)-rich, which implies it is also

(6 — k)/2-rich. If the minimum degree is very high, i.e., § > n/2, we obtain a 7-rich set of size n < 24.

As shown in Algorithm 8, we compute the rooted vertex connectivity of a vertex a with degree 9§,
which gives the vertex cut (A, C, B) where C is a separator of size x(a). Note that any subset B C B has
INa(B)| > k(a).

If k(a) < k, we return (A, C, B) and we are done. Otherwise, if k(a) > k, and it is significantly larger
than k (i.e., k(a) > k + 7), then, according to Lemma E.80, N¢(a) is 7-rich, which is of size 4.

If k(a) < k+ 7 and we have § = k + 27, then there exist at least k vertices in AU B, and we construct a
set T of size k < 2§. Note that we can increase the size of a p-rich set to 26 by adding arbitrary vertices
while still keeping it 7-rich.

Let (L, S, R) be a mincut of size less than k, and from Lemma E.81, we have the following cases:

e If A contains L or R, in which case C spans across only S, R or L, S, the weak separator of C gives

the mincut, i.e., K = kw (C).

e If C contains L or R, in which case AU B spans across only S, R or L, S, the weak separator of AU B
gives the mincut. Since we are interested only in a cut smaller than k, we take k vertices from AU B

as the set T and find its weak separator xkw (T').

e Otherwise, C is min(|A|,|B])-rich. Since § = k + 27 and k(a) < k + 7, we have min(|A|,|B]|) > 7.
Hence, C' is a 7-rich set, and |C| < k+ 7= ‘HTIC < 20.

Thus, Algorithm 8 either returns a cut of size less than k or a 7-rich set. We first compute the rooted
vertex connectivity for a vertex, which takes n maxflows. Then, based on the x(a) value, we run at most two

more weak separator calls, each taking O(n) maxflows. O

Proof of Lemma E.76. Given a graph G with a gap ~y, we apply Algorithm 8 to either find a cut of size less
than k or a 7-rich set T of size ¢t < 26 in at most O(n) maxflows. We then apply Lemma E.79 with inputs T’

and k. The algorithm guarantees that applying (s, t)-maxflows on edges of X; 4 returns mincuts, which are
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at most

|[Ex| <t-4d From Lemma E.75
2
<26- 0 )t - From Lemma E.79
T max(7, 5+)
2 J— J—
<O<i> T—%,max(r, Qk):¥zg

Hence, the total number of maxflows is at most O(n + %) on graphs of size at most |E|. If the mincut is less
than k, according to Lemma E.81, we either get a vertex cut of size less than k or a 7-rich set. According to
Lemma E.79, we find the mincut if a 7-rich set is returned. Thus, we find a cut of size less than k; otherwise,

we conclude that the graph is k-connected. (|

E.6.4 Gap Enlargement

We now see how to increase the gap and construct a graph with a large gap. We first do the following

preliminary observations.

Lemma E.83 (Lemma 3.1 from [Gab06]). Let G = (V, E) be a graph.

1. For any vertex x € V with k(x) > kg, « belongs to the vertex mincut of G.

2. For any pair (z,y) € V x V with k(z,y) > ke, EU{(z,y)} does not destroy any vertex mincut in G.

Proof. o If k(z) = K@, then there exists a mincut that separates x from the rest of the graph G. Since

k(x) > kg, every mincut of G contains z.

o For any pair (z,y), if k(z,y) > kg, then there exists no mincut such that x and y lie on both sides of

the mincut. Thus, adding an edge does not destroy any mincut of the graph G.

These two important observations play a key role in constructing the graph H from G that has a large
gap. Based on Item 1, we have the guarantee that the vertex x belongs to the mincut of the graph G when
we assume the mincut is of size less than k. Let (L, S, R) be any mincut of the graph G. We can remove
z from the graph G \ {z}, and the set S\ {z} remains the mincut of the residual graph “G — z”. This

modification reduces d¢ by 1. However, removing x from G might also reduce d¢ by 1.

Let F be the set of vertices whose degree is d¢ — 1 in the residual graph. For any v € F', we can increase
the degree back to d¢ by adding an edge with one of its non-neighbors, say v, after confirming that they
always lie on the same side of every mincut by computing x(u,v). If K(u,v) > k and we have kg < k, then
we know according to Item 2 that adding edge (u,v) does not destroy any mincut, thereby increasing the

degree of u to dg. Thus, it takes |F| maxflows to increase all the degrees in F.

We formally define the algorithm below that increases the gap by 1 and prove its correctness and runtime.
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Algorithm 9: IncreaseGap
Input: A graph H = (Vu, Ex) with gap v(H), a cut (L, S, R)
Output: A graph H' = (Vy/, Eg/) with gap v(H) + 1, an updated cut (L, S, R)
1 Choose any x € Vi. Compute kg (x) and the corresponding cut (X, Z,Y)
2 if |[ZU (V \ Vu)| < |S| then
s | (L,S.R) « (X,ZU(V\Va),Y)

4 end

5 Let H = H \ z removing = from the graph H

6 Let F = {y € Nu(x) | degyp (y) = 6(H) — 1}

7 for uw € F do

8 Iterate over V- to find w such that (u,w) ¢ Eg

9 Compute xx/ (u, w) and the corresponding cut (U, Q, W)
10 if | QU (V\ V)| <|S| then

1 | (L.S,R) « (U,QU(V\ Vi), W)

12 end

13 H' = H' U (u,w) adding the edge (u,w) to H’
14 end

15 return H', (L, S, R)

Claim E.84. The Algorithm 9 takes a graph H with gap v(H) as input and outputs a graph H' with gap
Y(H) + 1, both of size at most H, in O(|Vu|) mazflows on graphs of size at most m, where m is the size of

the original graph. It also maintains the smallest verter cut in the original graph G.

Proof. We maintain the invariant that (L, S, R) is a valid vertex cut in the original graph G and update it
whenever we find a smaller one. Assuming kg < k and conditioned on not finding a cut of size less than k so

far, we have the guarantee that V' \ Vi is contained in every mincut.

Hence, (X,Z U (V \ Vg),Y) is a valid cut in G. Therefore, we update (L, S, R) with the newly found
cut. Conditioned on not finding the mincut, we have the guarantee that x belongs to every mincut in G
according to Item 1. Thus, we can safely remove it from the graph H, constructing a new graph H'. We
have k(H') = k(H) — 1.

However, §(H') can also decrease by 1, keeping the gap the same. Now, we increase the minimum degree
of H' by adding edges to the vertices with degree §( H) — 1, checking if (s, t)-vertex mincut across the two
vertices in H' occurs after extending the cut to the graph G by taking the union with V' \ Vg . Thus, we
increase the minimum degree by 1, which increases y(H') by one. The number of edges in H' is, at most, the

number of edges in H, as we only add edges to a vertex if an edge is deleted from it due to the removal of x.

Computing k(z) takes n maxflows. It takes a maxflow call to increase the degree of a vertex in F. Hence,
the total number of maxflow calls is at most n + |F| < 2n = O(n). O

We are now ready to prove Lemma E.77 by using Claim E.84.

Proof of Lemma E.77. We initialize H with G = (V, E) and (L, S, R) with the minimum degree cut in G.
Applying the INCREASEGAP subroutine « times constructs a graph H' = (Vys, E/) with gap v of size at
most |E|, and (L, S, R) is a valid vertex cut in G.

If |S| < k, we are done; otherwise, |S| > k. If kg < k, then from Claim E.84, we have the guarantee
that the smallest cut found so far is not the mincut; hence, the vertices removed from G, i.e., T =V \ Vg,

belong to every mincut of G. O
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E.7 Omitted Proofs from Section E.5.1

E.7.1 Proof of Lemma E.61

Before we give the proof we state and prove two simple claims that help in proving Lemma E.61. The

following claim generalizes the Theorem E.60 to work for any given n, k and not just the powers of 2.

Claim E.85. Given two positive integers n, k with k < n and a constant ¢ € (0, 1), we can construct an explicit
(k,e)-disperser D = (V,W, E) with |V| = n, left-degree d = O((logn)°E-5°) and |W| € [clowl.fgigdn,chmhkd]

where Ciow, Chigh are some universal constants.

Proof. Let n’, k" be the powers of 2 such that n < n' < 2n and k/2 < k¥’ < k. Tt follows that k" < n'. Let
D' = (V' W', E’) be the explicit (k’,e)-disperser obtained with n’, k', e as inputs to Theorem E.60 with
left-degree d = (logn')°F-6° and |W| € [c{owﬁ,cﬁighk’d}.

Consider any arbitrary subset V of V' of size exactly n and consider the induced subgraph of D’ restricted
to V,W’ and let E be the edge set of the induced graph of D’ on V U W’. Any subset S of size at least
k of V (of V' as well), is also a subset of V' of size at least k' as k' < k, so the neighborhood of S in D’
is at least of size (1 —&)|W’|. Since we take the induced subgraph of V' U W’, the neighborhood of S in
D is same, thus D = (V,W = W’ E) is a (k,¢)-disperser with number of left vertices exactly n. Since
logn < logn’ < 1+logn the left-degree d = (logn’)°#-60 < c-(logn)°F-° for some constant ¢, d > (logn)°E-060

and W satisfies the size requirements for some universal constants given by Theorem E.60. ]

The left-degree d of the disperser is ©((logn)#-¢%) as given in Theorem E.60. Lemma E.61 (recalled
below) generalizes Theorem E.60 by making the degree arbitrarily large as needed. Note that the degree

cannot be made smaller than c(logn)°?-6° where c is some universal constant.

Lemma E.61. Given three positive integers n, k,d with k <n, 0 < d <n and a constant ¢ € (0,1), we can
construct an explicit (k,e)-disperser D = (V,W, E) with |V| = n and clow% < |W| < cpignk - d' where
d' = ©(max(d, (log n)<°E-°‘°>)) is the left-degree of the graph G.

Proof. 1f d < (logn)°E-5° then let D = (V, W, E) be the explicit disperser obtained by giving n, k, ¢ as inputs
to Claim E.85 and just output D. From the guarantees of Claim E.85 we have D as an explicit (k, £)-disperser
with |V| = n, the left-degree d = O((logn)°F-60) = d’ as d < (logn)°F-5° and the bounds of W are satisfied.

If d > (logn)°#50, let v = [d/(logn)©#0)]. Construct a disperser D = (V,W, E) with yn, vk, as
inputs to Claim E.85. Let V' be the set of super vertices obtained by contracting arbitrary partition F of V
where each set contained in the partition is of size exactly 7, we have |V'| = n as |V| = yn. For any u € V',
let Su C V be the set in F that contains u.

E' = {(u,v) | u € V', € W and there exists an edge from some vertex in S, to W in E}

For every u € V' the set of edges in E’ are precisely those obtained by taking the union of edges in E that
are incident to every vertex s € S,. We output D’ = (V', W, E’). The disperser might have multi edges and
need not be simple.

We now prove the required properties of D’. For any u € V' the left-degree in D’ is |Sy| - d” where d”’ is
left-degree of D. From the guarantee of Claim E.85 we have d” = ©((log(yn))#:60) = ©((logn)°E-50) as
log(yn) = O(logn) and |S,| = . Thus the left-degree of D’ is v - ©((logn)°E-¢0) = ©(max(d, (logn)°E-60))
as required.

It is an explicit disperser i.e., each edge in E’ can be computed in 0 (1). Let there be some ordering
among the vertices in V, the same ordering applies to vertices in S, for any u € V'. We can compute *"
edge of vertex u for i € [y - d"] by computing (i mod d”)™ edge of (i/d")"" vertex in S, of D in O (1) time.
We have |V'| = |V|/y =n as |V| = yn is guaranteed from Claim E.85.

We have |W| € [clow% Chigh (YR "] = [Clow 2% Chignkd'] as yd” = ©(d) and d’ = d = max(d, (log n)°” )

yn)’ log3n>

where ¢[oy,, Chign are some universal constants.
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It is left to prove that D’ is a (k,e)-disperser. Any subset T' of V' of size at least k corresponds to a
subset of V of size at least vk. From the guarantees of Claim E.85 and based on the construction of E’ the
size of the neighborhood of T is at least (1 — €)|W]| as required. O
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